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PBEFACE. 



many questions which necessarily excite our intere; 

curiosity are discussed in the dynamics of a particl 
this subject has always been a favourite one with students. 
for example, is it that by observing the motion of a pendul 
can tell the time of the rotation of the earth, or knowin 
how is it that we can deduce the latitude of the place ? Wh 
our earth travel round the sun in an ellipse and what wo 
the path if the law of gravitation were different ? Wou 
other law give a closed orbit so that our planet mi 
undisturbed) repeat the same path continually? Is tt 
resisting medium which is slowly but continually bringir 
orbit nearer to the sun ? What would be the path of a p 
in a system of two centres of force ? When a comet passei 
to a planet does it carry with it in its new orbit some 
to prove its identity ? 



by which the whole solution ot a dynamical probl< 
to depend on a single integral. 

The last word has not yet been said on these 
student finds as he proceeds much left to discovei 
questions to ask. 

When we extend our studies so as to includ 
perturbations and to take account of the fini 
bodies the mathematical difficulties are much in< 
dynamics of a particle we confine ourselves to si 
and easier mathematics. 

As the subject of dynamics is usually rea 
mathematical course, the student cannot be exp 
all its difficulties at once. In this treatise the pc 
a first reading are printed in large type and the st 
to pass over the other parts until they are referrec 

The same problem may be attacked on man 
therefore have several different ways of finding 
what follows the most elementary method has 
put first, other solutions being given later on. 
simplicity they have also generally been treat 
dimensions. In these ways the difficulties of 
separated from those of pure geometry and it 
both difficulties may thus be more easily overc< 

Some of the examples have been fully worke 
hints have been given. Many of these have be 
the Tripos and College papers in order that they 
indicate the recent directions of dynamical thougl 

I cannot conclude without thanking Mr Dicksc 
He has kindly assisted me in correcting most o! 
has given material aid by his verifications and sug 
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CHAPTER I. 

Velocity and Acceleration. 

1. THE science of dynamics is divided into two parts. L 
the geometrical circumstances of the motion are considered i 
from the physical causes of that motion. In the other the i 
in which the motion is produced by the action of forces is in 1 
gated. The first is usually called kinematics, the second is c 
sometimes kinetics and sometimes dynamics. 

2. Let us consider the geometrical motion of a point 
given curve. The motion is said to be uniform when equal sj 
are described in any two equal times. The space described m 
unit of time measures the velocity. 

The word "any" in this definition is important. If al 
spaces described in successive units of time were equal, the m 
need not be uniform. 'For example, the hands of a clock : 
over equal spaces in successive seconds, but in some clocks 
space is described by a jump at the end of each second. 

In discussing the geometry of the motion, the time is regf 



described in t f units of time is given by s s = v ( 
leads to the converse equation, in uniform motion t 
equal to the space described in any time divided by tho 

3. When all the arcs described in equal times i 
the velocity is variable. By the principles of th 
calculus we consider the arcs described in infinitely 
The point being in any position P at the time t, let < 
described in a following interval of time St. If ti 
described uniformly the velocity would be Ss/St. ' 

ds 
value when Bt is indefinitely small is ^-~n- This 

fined to be the velocity in the position P. This 
usually expressed in the following words. 

The- velocity of a point when variable is measurei 
or arc which would be described in a unit of time if t 
to move uniformly with the velocity it had at the v 
consideration. 

It is worth while to give a more formal proof of the important e 
Let, as before, 5s be the arc described in the next interval St. '. 
greatest and least velocities of the 'point in that interval. The t 
between v^St and v 2 8t, and therefore SsjSt must lie between Vj and 
! and v 2 become equal to each other and- therefore each is equa 
therefore must be the value of v. 

4. Parallelogram of velocities. Velocities 
pounded by the parallelogram law. Let a point P 

uniform velocity u 
straight line OA an 
at the end of a giv 
OP = wt. Let the 
OA move, alway 
parallel to itself, w 
velocity v and come into the position BC in the SE 
is evident, from the properties of similar figures, the 
has described the diagonal OG of the parallelogram, 
sides of which are OA and OB. The two veloci 
proportional to the lengths of the straight lines OA 
are evidently represented by those lines in directio 
tude. When therefore a- particle moves with two 




ART. 7.] THE PARALLELOGRAM LAW. 3 

lines OA, OB, its motion is the same as if it were moved with a 
single velocity represented in direction and magnitude by the 
diagonal 00 of the parallelogram constructed on OA, OB as sides. 

5. This rule is the same as that given in Statics for com- 
pounding forces which act at the same point. Hence all the rules 
of Statics, which are derived from the parallelogram of forces, will 
also apply to velocities. 

We may therefore infer the triangle of velocities, and all the 
various rules for resolving and compounding velocities, both by 
rectangular and oblique resolutions. 

6. Moment of a velocity. The moment of a velocity about a 
point may be denned in the same way as the moment of a force. 
Let a point P be moving with a velocity v in a direction repre- 
sented by the straight line APB. Let ON =p be the perpendicular 
drawn from any point G on the straight line APB. The moment 
of the velocity v about C is then defined to be equal to vp. 

Using the same proof as that adopted in Statics, we infer that 
the moment of the velocity of a point about any straight line is 
equal to the sum of the moments of its components. 

7. This theorem enables us to express the moment of the 
velocity about the origin in several different forms, all of which 
are in common use. 

Let a point P move along a curve. It is proved in Art. 12 
that the polar components of the velocity are drfdt and rdd/dt; 
the moments of these about the origin are respectively zero and 

JQ 

r 2 dd/dt. The moment of the velocity is therefore r 2 -7- . 

at 



straight line APB. When we require the moment of the velocity 
along AB about any straight line CD which is inclined to the 
the same extended definition as in Statics. 

Let MN be the shortest distance between AB and CD ; res 
along AB into two components, one along Nz parallel to CD and 

perpendicular to CD. The fc 
latter v sin 6, where is the 
AB and CD. The momen 
defined to be zero, the mom< 
v sin 6 .p where p=MN. ' 

If a point move along AI 
the moment of that velocity al 
where p is the shortest distan 
CD and 6 is the angle contai 
The symmetry of this res 
moment about AB of a ve 
the same as that about CD of an equal velocity along AB. 




9. 



Ex. Given the two straight lines ^-~- = ^ -- = ' ; 



X, /JL, v; X', &c. are the direction cosines of the two lines. A 



along one of them; prove that the moment of the 
velocity about the other is vi, where i is the deter- 
minant in the margin. 



f~J 
X 
X' 



10. Relative velocity. Two points P, Q ai 
two straight lines AB, CD with velocities u, v. 3 
find their relative velocity. 

Let any number of bodies be situated with 
let that space be moved carrying the bodies w 
railway carriage) ; it is evident that the relati 
the bodies are unchanged. If then we impres 
points P, Q a velocity equal and opposite to that 
say P, the relative positions and motions are i 
point P is now at rest and the velocity of Q is 
its own velocity, viz. v, and the reversed velocity, v 

To find the relative velocity of Q with regard to 
the actual velocity of Q with the reversed velocity Oj 
the parallelogram law. 

Ex. A. circle is rotated in its own plane about a point in its 
an angular velocity w and a point P moves on the circle in th 
with angular velocity 2w relative to the circle. Prove that P 



ART. 13.] 



COORDINATE VELOCITIES. 
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11. Coordinate velocities. Let P, P' be the positioi 
point moving on a curve APP' at the times t and t + 
spectively. Let 

OM=ai, MP = y 
be the coordinates of P ; OM', 
M'P' those of P'. Let PL, 
drawn parallel to Ox, cut 
P'M' in I, then 

PL = das, LP' = dy. 
By the triangle of veloci- 
ties the sides PL, LP' of the 

triangle PLP' represent the oblique components of veloci 
the -same scale that PP' represents the resultant velocity, 
components of velocity are therefore PL/dt and P'L/dt. I 
a point move on 'a curve, and its coordinates are so, y, the Car 

components of its velocity are equal to -j- and -rr . 

12. Let PH be a perpendicular drawn from P on OP'. 
sides of the triangle PHP' will ultimately represent on the 
scale the component velocities perpendicular and parallel 
radius vector OP. These components are therefore PHjc 
HP'/dt. If OP = r and the angle P0x = 6 we know b 
elementary principles of the differential calculus that PH 
and HP' dr ultimately. The components of velocity alon 

perpendicular to the radius vector are therefore -,- and r-?- . 



T 4- 



14. Ex. 1. The component velocities of a point in the dim 
are 2at and 2&+0. Prove that the path is a parabola whose axis 

ay = bx. 

We have dxjdt^Zat, :. x=at*+A. Similarly y may be fou 
first t 2 and then t, the path follows at once. 

Ex. 2. The component velocities parallel to the axes of a; a 
are ax and 6y + /3. Prove that the path is (by -f /J)= Ax\ 

Ex. 3. The polar components of velocity parallel and perj 
radius vector are 2a0 and Lr. Prove that the path is br=a&*+A. 
Ex. 4. If a particle be moving in a hypocycloid with vel( 
represent the velocities of the centre of curvature and the centre 
circle corresponding to the position of the particle, prove that 

us r 2 _ 4F 2 

(c-Z>) 2 (c + 6) 2 ~(c-6) 2 ' 

c being the distance between the centres of the generating circles 
of the moving circle. 

15. Acceleration. This word is used to expr 
which the velocity is increasing. It may be eith 
variable. 

If a, point move in such a manner that the increm 
gained in any equal times are the same in direction 
magnitude, the acceleration is said to le uniform, 
of velocity in each unit of time measures the ma< 
acceleration. 

16. First, let the point move in a straight line. 
velocity at any time t ; after a unit of time has ela 
be the velocity. After a second unit of time the 
be VQ + 2/, because equal increments are gained i 
Hence after t~ t units of time the velocity has 
/(* A))- If v be the velocity at the time t } we hav< 

v = v +f(t - < ). 
The quantity /is the acceleration. 

17. If the point does not move in a straight line t 
is only slightly altered. Let Oy represent the dire 
the constant increments of velocity are given to 
let Ox be the direction of motion at the time t = 
be the components of the velocity in the directic 
Occ and Oy respectively at the time . After a ui 



ART. 21.] ACCELERATION. 

that parallel to Ox is unchanged because no velocity has 
added in that direction. After t 1 units of time, the comp< 
of velocity parallel to Oy is v +f(t ), while that parallel 1 
is still u . If u, v are the components of velocity at the ti 
\ve have 



The magnitude of the acceleration is /, and its direction is Oy 

18. When the increments of velocity in equal time! 
unequal in magnitude, or not the same in direction, the acci 
tion is said to be variable. To obtain a measure we folio 1 
method adopted to measure variable velocity. 

Acceleration when uniform is measured by the velocity gene 
in any unit of time. When variable, the acceleration at any ii 
is measured by the velocity which would be generated in tht 
unit of time if the acceleration had remained constant in magr 
during that interval and fixed in direction. 

19. To find the equations of motion of a point moving 
straight line with a variable acceleration f. 

Let v and v + dv be the velocities at the times t and t 
Assuming the principles of the differential calculus, dv 1 
the increment in the time dt, it follows by a simple propc 
that dv/dt is the velocity which would be added in a unit of 
if the acceleration had remained constant. Hence, by Art. 1 



regard to the independent variable t. If the thirc 
coefficient were required, we should use some su 
the -hyper-acceleration, but this extension is not 
dynamics. 

22. It appears that acceleration bears the s; 
relation to velocity that , velocity bears to space. \^ 
moves in a straight line the velocity is the rate of in 
space, the acceleration is the rate of increase of the v< 

23. Just as velocity is positive or negative aco 
space measured in the positive direction is increasing c 
so acceleration is positive or negative according as t 
increasing or decreasing. A negative acceleration 
called a retardation. 

24. To find the motion of a point P moving in a 
with a uniform acceleration f. 

Let the position of the point at the time t = t 
s=s , and let v be the velocity. Since /= cfisfdt 2 , w< 

v = ds/dt=ft + A. 
Hence v =ft + A, 

and v=f(t-t 6 ) + v 6 . 

Integrating again, since v = ds/dt, 

s=i/(-g 2 + ^ + 5. 
Hence s = v t -f B, and therefore 



25. The three fundamental formulae of elem 
matics follow from this result. If the point start froi 
s = at the time t 0, 



v" = 2fs -t w 2 . 

26. Ex. 1. A particle describes a space s in time t with a i 
tion, the velocities at the beginning and end of this period being 
that s = ^(v a + v) t. Notice that the coefficient of t is the m 
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Ex. 2. A particle moves from rest with a uniform acceleration. Prove th< 
average velocity is half or two-thirds of the final velocity, according as the tii 
the space is divided into an infinite number of equal portions and the av 
taken with regard to these. [St John's Coll., ] 

Ex. 3. Two points P, Q move on a straight line AB. The point P starts 
A in the direction AB with velocity u and. acceleration /, and at the same ti 
starts from B in the direction BA with velocity u' and acceleration /'; if thej 
one another at the middle point of AB and arrive at the other ends of AB 
equal velocities, prove that (u + u 1 ) (f-f') = B(fu'-f f u). [Coll. Exam. ] 

Ex. 4. A heavy particle, projected horizontally on a smooth table 
velocity v, is reduced to rest by the resistance of the air after describing a sp, 
Supposing the resistance of the air to be a uniform force, prove that, whe; 
particle is projected vertically upwards with any velocity, the squares of the 
of ascent and descent to the point of projection are in the ratio 2gs - v z to 2g< 

Ex. 5. A particle is projected vertically upwards from a point A. 1 
resistance of the air were constant and equal to i>g, where n is less than i 
prove that the times of ascent and descent are as */(!-) : ,/(l + n). 

Ex. 6. A particle is projected vertically upwards in vacuo from a 
point P. Prove that the product of the times of passing through another 
point Q is independent of the velocity of projection from P. 

Ex. 7.. Two particles P, P' starting simultaneously from the points A, A' 
initial velocities , u', move in the straight line AA' with accelerations /, / 
v , v' are their velocities when the distance PP' exceeds the initial distance A 

s, then 

(v'-v)*=(u'-u)* + 2(f'-f)s. 
See Arts. 10 and 39. 

27. Ex. A point P, at any given moment, is in the position. moving i 
direction Ox with a velocity u. A uniform acceleration / is given to it i: 
direction Oij. It is required to exhibit geometrically the position and directi 
motion after t seconds. 

To find the direction of motion we measure lengths OA, 013 along Ox, 
represent on any scale the velocities u and/i respectively. The direction of ra 
after t seconds is parallel to the diagonal OD of the parallelogram A OB. 

To find the position of the point we measure lengths equal to the spacef 




velocities the diagonal OG of the parallelogram c< 
OA, OB represents the resultant increment of velc 
of time. The point is therefore uniformly accelen 
acceleration is represented in direction and magnituc 
The actual velocity at the time t + 1' (if requii 
found by compounding the velocity at the time t 
both the components OA, OB, each multiplied t 
their resultant after multiplication by t'. 

29. Hodoeraph. Let a point move in a curve and let P be i 
time t. From the origin draw a straight line OH to represenl 

magnitude the velocity v 
is parallel to the tangen 
length is equal to KV, when 
constant introduced to si 
which OH represents the v 

x) x^"" B /^ / As the point travels f 

path, the point H describi 
which is called the hodogra 

Let P t P' be two positions of the point at the times i, t + dt; 
spending points on the hodograph. Since OH,. OH' represent 
P, P' in direction and magnitude, the third side EH' of the tris 
represent in direction and magnitude the velocity given to the pi 
dt. It follows by a simple proportion that HH'/dt represents i 
would have been added to the velocity at P if the acceleratu 
constant for a unit of time. 

The tangent at H therefore represents the acceleration in dire.c\ 
of an elementary arc HH' to the time dt of describing it measures 
the acceleration on the same scale that the radius vector OH represt 

In this way the hodograph represents to the eye the motion of a 
In general language, the radius vector represents the velocity, 
acceleration. If r is the radius vector and a the arc BH, then r= 
where / is the acceleration. 

3O. To find the hodographvrlieii both the curve described by 
of P are given. If ^ be the angle the tangent at P makes with s 
line taken as the axis of x, we notice that KV and i/> are the polar 
From the conditions of the question \ve first find v and \f> in t 
quantity. Then eliminating that quantity \ve obtain the pola 
hodograph. Several examples will be given in the chapter on cen 

31. To find the equations of motion of a poin 
curve with variable acceleration. 

We may deduce the components of acceleratii 
the axes of coordinates from the acceleration of a 
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ON = y. The components of the velocity of P have been she 
to be the actual velocities of M and N as they move along 
axes of x and y respectively. This being true for all position: 
P, the acceleration of P is the resultant of the accelerations of 
and N, If then X, F are the component accelerations of P, 
have y_ cfo y_^ 

dtf 3 dt*' 

32. Ex. 1. When a point Q describes a circle with a uniform velocity 
projection P on any diameter x'Ox oscillates on each side of the centre throu 
length equal to the radius. Prove that the acceleration of P tends towards 
varies as the distance from 0. 

Let the arc described by Q per unit of time subtend an angle n at the ce] 
let the angle QOx be a when *=0. Then at the time t, the angle Q0x=nt 
If a be the radius, the length OP=a cos (nt + a.), hence the acceleration 

cPxjdt 2 = - an 3 cos (nt + a) = - n%. 
The minus sign shows that the acceleration tends towards 0. 

An oscillatory motion represented by as = acos(t + a) is usually called a si 
harmonic oscillation. 

Ex. 2. A point P moves towards a fixed point so that its velocity varii 
x n , where x=OP. Prove that the acceleration varies as a; 2 ' 1 " 1 . Is the accelen 
to or from 0? 

33. The Cartesian components of acceleration are not the only ones whicl 
required in dynamics. The components in polar coordinates and those along 
tangent and normal are continually used. Besides these there are the compor 
for moving axes and the extension of all these formula to three dimensions, 
order to avoid raising unnecessary difficulties at the beginning of the subje< 
shall confine our attention in the present chapter to the simpler cases. The o1 
will be taken up iu the sections on resolved velocities and accelerations. 

34. The general principle on which the component of velo 
or acceleration in any fixed direction has been defined maj 
summed up in the following manner. 



Art. 12 the components of velocity at P along and p 
to OP are u = drjdt and v ~ 
the time t + dt let the partic 
the components of velocity al< 
pendicular to the radius vectc 
OP', are u l u + du and ^ = v 
the angle POP' = dQ, the c< 
velocity at the time t + dt in 

OP is u\ cos dd v-i sin dd. 

This direction being fixed in space for the time dt, the 

along the radius vector OP is 

(u + du) cos dd (v + dv) sin dd u. _du 
dt = 'dt ~ 




Limit 



Similarly the acceleration perpendicular to the radius 

, . . (u + du) sin dd + (v + dv) cos dQ v dd 

Limit = u ,^ 

dt dt 

Substituting for u, v their values given above, the ac< 
and S along and perpendicular to the radius vector i 
are respectively 

,., _ d-r fdd\* 
= dP~ r \di) ' 



dtdt 



+ dt 



d 



rdt V dt 



36. To fund the resolved accelerations along the 

normal. 

Let the arc AP = s. By Art. 3, the velocity v i 
the tangent and v = ds/dt. 
t+ dt the point is at P', its 
in the direction of the tange: 
v 1 = v + dv. The components 
directions of the tangent and 
are therefore Vjcosd!-^ and v lt 
d-^r is the angle the tangents 

make with each other. The acceleration along the 

is therefore m T . . (v + dv) cos d^r - v dv 

= .Limit 5- = -T- . 

dt dt 

Similarly that along the normal in the direction i 
radius of curvature p is measured positively, is 




ART. 38.] 



COMPONENTS OF ACCELERATION. 



37. We have now obtained three different sets of components for the ace 
tions of a moving point. These are the components X, Y along the axes 
components R, S along and transverse to the radius vector, and the compo 
T, N along the tangent and normal. Any one set can be deduced from any otfi 
by a simple resolution. 

The components E, S are evidently connected with X, Fby the equations 
E=Xcos9 + Ysm6, S= -XsinO + Ycos &. 

Writing X=d?xldt-, Y=d*yjdP and substituting o; = rcos0, y = rsio.0 we arri 
a simple but rather long differentiation at' the values of E and S given in Ar 
In the same way we have 

T=Xcos\f/+Ysin\//, N= -Xsin^+Ycos $. 

The process of deducing the polar and the tangential-normal componer 
acceleration from the Cartesian components may be shortened by the foil 
artifice. If xr cos 6 we have by differentiation 

d"x (d-r f ( W\ 3 l ( n drd& d*ff) . 
X=~= _ - r - ) } cos 6 - <2 + r - } sin 0. 
dt~ (dt- \dt/ ) I dt dt dt-) 

Since the axis of x is arbitrary in position, let it be so talcen that the radius ^ 
v as it turns round the origin is passing through a; at the time t. We then 

6 = 0, and X becomes E : hence E = -,- - r ( -=- ) . To find the acceleration 5 

dt 2 \dtj 

pendicular to the radius vector, we take the positive side of the axis of x pa 
to the direction in which S is to be measured ; that is, the axis of x must b 
right angle in advance of the radius vector. Putting therefore 9= -$TT, we 



. 

r dt 



dt 



38. The three elementary sets of components may be summed up in the f< 
ing table. They are to be measured positively in the direction in which the 1 
named in the fourth column is measured positively. 





vulocity 


acceleration 


positively 




/If 







39. Relative accelerations. Two points P, 
along two curves, it is required to find the acceleratio: 
to P. By the same reasoning as in Art. 10, it folio 
impress on both points an acceleration equal and op] 
of one of them, say P, their relative motions and 
are unaltered. This leads at once to the following 
celeration of Q in space is the resultant of its accelei 
to P and of the acceleration of P. As we generall 
components of acceleration, we say that the com 
acceleration of Q in any direction is equal to its com, 
to Pplus the component of the acceleration of P. 

40. Ex. 1. The position of a point P is given by its polar 
referred to a fixed origin O and the axis of x. The position- oi 

polar coordinates r lt 6^ referred i 
tlie axis of x i parallel to x. It ii 
the component accelerations of <J 

The polar accelerations of P 




If JRj, &u represent similar 

;,, 0j, are written for r, 0, these are the accelerations of Q re 
<l>0^ - 0, we see by a simple resolution, that the resolved part of 
ration of Q in the direction PQ is 



The resolved part perpendicular to PQ is 

S l -Jl sin (f> + S cos 0. 

In the name way the resolved parts along and perpendicular to OJ 

It + E l cos - Sj sin ^>, 
S + 7?! sin tp + S 1 cos 0. 

Kx. 2. Tho point P describes a circle of radius a with a u 
The point Q describes a circle of radius I relatively to P with a t 
Prove that the components of the space acceleration of Q along 
to PQ are respectively v-/b + cos < . w a /a and sin <j> . ifja, where 0= 

Ex. 3. A point P describes a circle of 1 foot radius in 1 ho' 
describes a concentric .circle of 4 feet radius in 14 hours, both p< 
counter-clockwise direction ; show that the line joining them rota 
clockwise direction for a period of 43^ minutes followed by a peril 
in tLe clockwise direction. .[( 

Ex. 4. A circular wire of radius a moves in its own plane \v 
that its centre has a simple harmonic motion of amplitude a 
moves on the wire uniformly, completing a circuit in the per 
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the acceleration of the bead is towards the centre of the simple harmonic moi 
and that its path is an ellipse of eccentricity (f ^/5 - f )*'. [Coll. Exam. 18 

Ex. 5. A railway passenger seated in one corner of the carriage looks out of 
windows at the further end and observes that a star near the horizon is travers 
these windows in the direction of the train's motion and that it is obscured by 
partition between the corner windows on his own side of the carriage and the mi< 
window while the train is moving through the seventh part of a mile; Prove 1 
the train is on a curve the concavity of which is directed towards the star 
which, if it be circular, has a radius of nearly three miles, the breadth of the carri 
being seven feet and the breadth of the partition four inches. 

[Math. Tripos, 18 

41. Angular velocity and acceleration. A rigid body is said to be turr 
round an axis OA when each point is describing a circle whose plane is perj 
dicular to OA and whose centre lies in OA. Let <p be the angle which the p] 
containing any point P of the body and the axis OA makes with pome plane fixe 
space and passing through OA. The rate at which the angle <f> is inereasin 
called the angular velocity of the body. Following the same line of argument a 
the case of linear velocities, the angular velocity is measured by d<j>jdt and 
angular acceleration by d 2 <j}jdt 2 . 

We notice that if P l be any other point in the body and a the angle the p] 
PjO.4 makes with the plane of reference, the angle - ^ is independent of the ti 
so that d<f>jdt = d(p 1 jdt. 

If Q be any point of the body, r its distance from the axis OA and u = d0/c 
the angular velocity, the point Q is moving perpendicularly to the plane QOA \ 
a velocity equal to wr. 

If the rotation continue only for a time dt the axis OA (by rotation about w] 
the motion in that time can be constructed) is called the instantaneous axis and 
the instantaneous angular velocity. 

42. An angular velocity u about an axis is geometrically represented I 
length OA proportional to w measured along the axis. The direction of the rota 
is determined by the convention used in Statics to indicate the direction of rota 
of a couple. If OA be the direction in which the length is measured the rota 
when positive, should appear to be in some standard direction to a spectator plf 
with his feet at A and head at 13. This standard direction is often taken to be 



Let v be the velocity of Q, then 



If Q lie on OC, p=0, and therefore every point of OG is at rest. 
the resultant axis of rotation. Also since ft=t>/p the angular velo 
axis is 0. 

44. The theorem of the parallelogram of angular acceleration^ 
that of angular velocities, just as the parallelogram of linear accelei 
from that of linear velocities. 

45. The rule for compounding angular velocities heing the satr 
in Statics to compound forces, we may interpret the limiting case \\ 
section is at infinity as we do the corresponding case in Statics. 
simpler to deduce the result independently. 

Let the body have instantaneous angular velocities w, to', about twc 
OA, O'B distant a from each other. The resultant velocity, of any j 
plane of OA, -O'B and distant y and y + a from them respectively is w 

Firstly, let w + w' not be zero. Equating the velocity of Q to zer 

every point on a straight line 0"C determined by y ~- , is 

CO + CO 

resultant axis of rotation is therefore parallel to OA, O'B and at a di 
the former. To find the resultant angular velocity fj we notice that 
a point Q situated on OA is represented both by fi ( - y) and w'a. 
tuting for y, J = w + w'. 

Secondly, let co + co' = 0. The resultant velocity of Q is independ* 
equal to w'a . Hence every point in the plane of the axes (and therefc 
of the rigid body) is moving with the same velocity in the same d 
infer, that tiuo equal and opposite instantaneous angular velocities abou 
are together equivalent to a translation in a direction perpendicular 
containing the axes. 

46. Units of space and time. The ordinary u 
is the second of mean solar time. Space is measure' 
feet or centimetres. The metre is 39'37 inches nearl} 
centimetre is the hundredth part of the metre. The uni 
then either one foot or one centimetre per second, and 
acceleration is a gain of one unit of velocity per second 

47. We are not however restricted to use these 
the unit of space be a- feet and the unit of time r sec 
unit of velocity is then a feet per r seconds, i.e. O-/T < 
seconds units of velocity. The unit of acceleration ii 
cr/r feet .per second, to be added on every r seconds, i 
per second added on every second. The unit of ace 
therefore cr/r 2 feet-seconds units of acceleration. 
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seconds are used. Then since the measure of the same tt 
varies inversely as the length of the units employed, we h 

T 2 

F=f-. 

J <r 

48. Ex. 1. If the acceleration of a falling body due to gravity is g\ 
when a foot and a second are the units, show that the acceleration is 981*17 \ 
a centimetre and a second are the units. 

Ex. 2. A point moving with uniform acceleration describes 20 feet in the 
second which elapses after the iirst second of its motion. Prove that the acce 
tion is to that of gravity as 32 to 32-18. Prove also that if a minute be the 
of time and a mile that of space the acceleration will be measured by 240/11.* 

[Math. Tripos, 1 

Ex. 3. If the area of a field of ten acres is represented by 100 and the acce 
tion of a heavy falling body by 58f , find the unit of time. [Coll. 

Since an acre is 4840 square yards, 100 new square units is equf 
4840 x 9 x 10 square feet. The new measure of length is therefore 66 feet. 

T 2 

T be the required unit of time, then 58 = - . 32. This gives r- 11 seconds. 



Laws of Motion. 

49. If one portion of matter, say A, act on another, , 
mutual action is in dynamics called force. If we are examii 
the motion of A only, disregarding B, this force is said tc 
external to A, but if we are taking both portions into consideral 
the action is an internal force. An external force is usually cs 
<m impressed force. The mutual actions and reactions betv 
the molecules or parts of a body are internal forces. These fc 
have different names according to the circumstances of the ( 
When the bodies are apparently in contact, their mutual actic 
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Let v be the velocity of Q, then 



v 

If Q lie on OC, /j=0, and therefore every point of OC is at rest. Hence OC is 
the resultant axis of rotation. Also since & vlp the angular velocity about the 
axis is O. 

44. The theorem of the parallelogram of angular accelerations follows from 
that of angular velocities, just as the parallelogram of linear accelerations follows 
from that of linear velocities. 

45. The rule for compounding angular velocities being the same as that used 
in Statics to compound forces, we may interpret the limiting case when the inter- 
section is at infinity as we do the corresponding case in Statics. It is however 
simpler to deduce the result independently. 

Let the body liave instantaneous angular velocities w, w', about tivo parallel axes 
OA, O'B Distant a from each other. The resultant velocity, of any point Q in the 
plane of OA , -0' and distant y and y + a from them respectively is uy + u' (y + a). 

Firstly, let w + w' not be zero. Equating the velocity of Q to zero, we see that 

every point on a straight line 0"C determined by v/ = , is at rest. The 

w-f w 

resultant axis of rotation is therefore parallel to OA, O'B and at a distance y from 
the former. To find the resultant angular velocity we notice that the velocity of 
a point Q situated on OA is represented both by ( - y) and u'a. Hence substi- 
tuting for y, n = w + w'. 

Secondly, let w + w'=0. The resultant velocity of Q is independent of y and is 
equal to a' a. Hence every point in the plane of the axes (and therefore every point 
of the rigid body) is moving with the same velocity in the same direction. We 
infer, that two equal and opposite instantaneous angular velocities about parallel axes 
are together equivalent to a translation in a direction perpendicular to the plane 
containing the axes. 

46. Units of space and time. The ordinary unit of time 
is the second of mean solar time. Space is measured either in 
feet or centimetres. The metre is 39'37 inches nearly, while the 
centimetre, is the hundredth part of the metre. The unit velocity is 
then either one foot or one centimetre per second, and the unit of 
acceleration is a gain of one unit of velocity per second. 

47. We are not however restricted to use these units. Let 
the unit of space be cr feet and the unit of time r seconds. The 
unit of velocity is then a- feet per r seconds, i.e. CT/T of the feet- 
seconds units of velocity. The unit of acceleration is a gain of 



ART. 50.] UNITS OF SPACE AND TIME. 17 

seconds are used. Then since the measure of the same thing 
varies inversely as the length of the units employed, we have 



48. Ex. 1. If the acceleration of a falling body due to gravity is g= 32-19 
when a foot and a second are the units, show that the acceleration is 981-17 when 
a centimetre and a second are the units. 

Ex. 2. A point moving with uniform acceleration describes 20 feet in the half 
second which elapses after the first second of its motion. Prove that the accelera- 
tion is to that of gravity as 32 to 32-18. Prove also that if a minute be the unit 
of time and a mile that of space the acceleration will be measured by 240/11.* 

[Math. Tripos, I860.] 

Ex. 3. If the area of a field of ten acres is represented by 100 and the accelera- 
tion of a heavy falling body by 58$, find the unit of time. [Coll. Ex.] 

Since an acre is 4840 square yards, 100 new square units is equal to 
4840 x 9 x 10 square feet. The new measure of length is therefore 66 feet. Let 

r 2 
r be the required unit of time, then 581=^ . 32. This gives r=ll seconds. 

Laws of Motion. 

49. If one portion of matter, say A, act on another, B, the 
mutual action is in dynamics called force. If we are examining 
the motion of A only, disregarding B, this force is said to be 
external to A, but if we are taking both portions into consideration, 
the action is an internal force. An external force is usually called 
an impressed force. The mutual actions and reactions between 
the molecules or parts of a body are internal forces. These forces 
have different names according to the circumstances of the case. 
When the bodies are apparently in contact, their mutual action is 
called pressure, when at a distance, the action is called attraction. 

Nothing has been said of the size of the .body, but it is 
convenient to divide bodies into small portions. A body so small 
that its position in space when free is determined by the co- 
ordinates of one point may be called a particle. This division 
into indefinitely small particles is not necessary for our present 
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left to itself; (2) how the motion is affected by the acti' 
an external force, say, due to the presence of another bod 
(3) how the action of B on A is related to the reaction of A > 
The answers to these questions are given in Newton's La^ 
Motion. 

The strict definition of the meaning of the word force as 
in dynamics is determined by these laws. We do not con 
all the actions which one body can exert on another but 
only which tend to alter the instantaneous motion of the 
The .following definition or explanation is commonly given. 
word force is used to express any cause which produces or 
to produce a change in the existing state of rest or motion q 
body. 

The velocity of a body has both direction and magnitud 
must therefore suppose that the cause of this motion alsc 
both direction and magnitude. To determine a force we rei 
to know (1) its point of application, (2) its direction, and (! 
magnitude. The unit of magnitude will be considered preset 

51. Newton's Laws of Motion are as follows* : 

Law 1 . Every body continues in its state of rest or of um 
motion in a straight line, except in so far as it may be compell 
change that state by impressed forces. 

Law 2. Change of motion is proportional to the impr 
force, and takes place in the direction of the straight line in i 
the force acts. 

Law 3. To every action there is always an equal and con\ 
reaction ; or } the mutual actions of any two bodies are always < 
and oppositely directed. 

52. The first law of motion asserts that the internal fore 
a body do not alter the uniform motion. This law is r 
repetition of the explanation of the word force given in Ar 
The law asserts that the causes of motion must be external. 
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The law is sometimes expressed by saying that the body has 
inertia. The body has no power of itself to change its state of 
rest or motion, but goes on moving in the same direction with the 
same velocity when not acted on by an impressed force. 

63. To define a uniform state of motion we require the measurements of space 
and time. If we assume the truth of the first law for some particular body, we can 
measure time by the space passed over by that body. The rst law then asserts 
that the spaces described by any other body (not acted on by any external force) 
are equal when the spaces simultaneously described by the clock-body are equal. 
There remains the practical difficulty of obtaining a body free from external 
forces, which could be used as a clock. For this purpose we have recourse to some 
other dynamical result. 

Applying the principles of dynamics, as developed from the laws of motion, to 
a rotating body, it can be proved that the motion of rotation about a certain axis 
is uniform if the external forces have no moment about that axis. The rotation of 
such a body may be used very conveniently as a clock. 

The rotating body actually chosen is the earth. The forces which tend to alter 
the period of rotation are so small as to be only scientifically perceptible. This 
period, scientifically amended where necessary, is used as a unit of time. The 
practical methods of adapting our clocks to the rotation of the earth are described 
in treatises on astronomy. 

We have specially mentioned the rotation of the earth because that supplies the 
measure of time in common use. Other phenomena may also be used, for 
example, the velocities of the different kinds of light and their wave lengths in 
vacuo are constants. Their numerical values, have been calculated, and from these 
we could deduce unalterable units of space and time. The numerical values 
connected with any perpetual phenomenon would enable future observers to dis- 
cover our present units from their determinations of the same periods and lengths. 

54. The words " change of motion " in the second law mean 
t( change of momentum." 

The quantity of matter in a body is called its mass, This 
may be measured by taking any given lump of matter as the 
unit of mass. Confining our attention, for the moment, to any 
the same kind of matter, the mass of any other lump niay be 
deduced by taking the ratio of the volumes. 

The momentum of a body, all the points of which are moving 
in parallel straight lines with equal velocities, is the product of the 
mass by the velocity. 

\1T ,nf\4-'ftr\ 4-T-.n4- 4- U ^ w\ A-rv. ^.-n 4-1 /-* f <-. T-./-vJir V> n n /^ I ^,/^4-T / w n V. A 
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left to itself; (2) how the motion is affected by the action of 
an external force, say, due to the presence of another body B; 
(3) how the action of B on A is related to the reaction of A on B. 
The answers to these questions are given in Newton's Laws of 
Motion. 

The strict definition of the meaning of the word force as used 
in dynamics is determined by these laws. We do not consider 
all the actions which one body can exert on another but those 
only which tend to alter the instantaneous motion of the body. 
The .following definition or explanation is commonly given. The 
word force is used to express any cause which produces or tends 
to produce a change in the existing state of rest or motion of the 
body, 

The velocity of a body has both direction and magnitude, we 
must therefore suppose that the cause of this motion also has 
both direction and magnitude. To determine a force we require 
to know (1) its point of application, (2) its direction, and (3) its 
magnitude. The unit of magnitude will be considered presently. 

51. Newton's Laws of Motion are as follows * : 

Law 1 . Every body continues in its state of rest or of uniform 
motion in a straight line, except in so far as it may be compelled to 
change that state by impressed forces. 

Law 2. Change of motion is proportional to the impressed 
force, and takes place in the direction of the straight line in which 
the force acts. 

Law 3. To every action there is always an equal and contrary 
reaction ; or, the mutual actions of any two bodies are always equal 
and oppositely directed. 

52. The first law of motion asserts that the internal forces of 
a body do not alter the uniform motion. This law is not a 
repetition of the explanation of the word force given in Art. 50. 
The law asserts that the causes of motion must be external. 

* The reader-who desires something more than the slight sketch here given of 



The law is sometimes expressed by saying that the body has 
inertia. The body has no power of itself to change its state of 
rest or motion, but goes on moving in the same direction with the 
same velocity when not acted on by an impressed force. 

63. To define a uniform state of motion we require the measurements of space 
and time. If we assume the truth of the first law for some particular body, we can 
measure time by the space passed over by that body. The first law then asserts 
that the spaces described by any other body (not acted on by any external force) 
are equal when the spaces simultaneously described by the clock-body are equal. 
There remains the practical difficulty of obtaining a body free from external 
forces, which could be used as a clock. For this purpose we have recourse to some 
other dynamical result. 

Applying the principles of dynamics, as developed from the laws of motion, to 
a rotating body, it can be proved that the motion of rotation about a certain axis 
is uniform if the external forces have no moment about that axis. The rotation of 
such a body may be used very conveniently as a clock. 

The rotating body actually chosen is the earth. The forces which tend to alter 
the period of rotation are so small as to be only scientifically perceptible. This 
period, scientifically amended where necessary, is used as a unit of time. The 
practical methods of adapting our clocks to the rotation of the earth are described 
in treatises on astronomy. 

We have specially mentioned the rotation of the earth because that supplies the 
measure of time in common use. Other phenomena may also be used, for 
example, the velocities of the different kinds of light and their wave lengths in 
vacuo are constants. Their numerical values, have been calculated, and from these 
we could deduce unalterable units of space and time. The numerical values 
connected with any perpetual phenomenon would enable future observers to dis- 
cover our present units from their determinations of the same periods and lengths. 

54. The words " change of motion " in the second law mean 
<( change of momentum." 

The quantity of matter in a body is called its mass. This 
may be measured by taking any given lump of matter as the 
unit of mass. Confining our attention, for the moment, to any 
the same kind of matter, the mass of any other lump may be 
Deduced by taking the ratio of the volumes. 

Tine momentum of a body, all the points of which are moving 
in parallel straight lines with equal velocities, is the product of the 
mass by the velocity. 

We notice that the momentum of a body has direction a.n.4 
magnitude. It may be compounded and resolved by the parallelo- 
gram law. Let m be the mass, v the velocity, and let 6 be the 
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line ; then v cos 6 is the component of velocity, and mv cos tic. 
component of momentum in the direction of that straight line. 

55. The force spoken of in the second law is an extern: 
force. It includes the ideas of the magnitude of the force an 
the time during which its action is considered. During th 
time the direction and magnitude of the force continue ui 
changed. We may also regard it as an impulse by which tl: 
whole momentum is instantaneously communicated to the body. 

Consider the case in which a uniform force F acts on a movir 
particle in the direction of its motion, and in the time t' 1 1< 
the velocity be increased from v to v'. The second law asserl 
that the change of momentum produced in a unit of time, vi 
m (v' -y), divided by the time t' t, is proportional to th 
magnitude of F. 

If the force F is not uniform, the time t' t must be replace 
by dt and the velocity v v by dv, Art. 19. The law then asser 
that the product of the mass and the acceleration is proportion: 
to the instantaneous magnitude of the force F. We then hav 
F varies as mf. 

56. The arguments for the truth of Newton's laws may 1: 
classed under three heads. 

First, we can make an appeal to common experience; th: 
is considered to suggest the laws in a general way. We the 
try some simple experiments so arranged that they can be coi 
ducted with considerable accuracy. These test the laws on] 
within the limits of . error of the experiments, but, by taking car 
these can be reduced to a small amount. 

Secondly, we can show that having granted some portions i 
the laws as being truly founded on an experimental basis oth< 
portions follow by pure reasoning. _ 

Lastly, we can assume the laws as a working hypothesis an 
deduce from them the proper motions of a variety of bodie 
If these are found to agree with the observed motions, the lav 
are tested within the limits of error of the observations. Let i 
consider these latter tests a little more fully. 

57. The position of a planet, the times of the beginning an 
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the results of dynamics. The calculations by which these 
edictions are obtained are very complicated, depending on the 
>mbmation of many forces acting diversely. There are therefore 
any causes of error. The predictions in the Nautical Almanac 
e made some years beforehand, so that any small error, say 

a velocity, might be expected by accumulation to produce a 
nsible effect. Yet notwithstanding both these opportunities of 
Meeting errors, the predicted places agree with the observations. 
\. many of the astronomical calculations the truth of the law 

gravitation is assumed. The comparison of the predictions 
ith observations is a test of the truth of that law, as well as 

the principles of dynamics. 

The solutions of the equations of motion have also in some 
ses led to unexpected results, which had never been discovered 
itil they were suggested by theory. For example, no one had 
iticed the slow rotation of the plane of vibration of a pendulum 
le to the rotation of the earth until Foucault deduced it from 
r namical principles. 

Our belief in the truth of the laws of motion may be made 

rest on these latter considerations. We may regard these laws 

the axioms on which the science of dynamics is founded. All its 

edictions have as yet been verified. It is only when we arrive 

a result contradicted by experience, after due allowance has 

ten made for the necessary errors of observation, that we can 

5 called on to amend so much of the laws as has led to the 

ror. 

Still such a course would be felt to leave something wanting. 
r e require to know how the laws were discovered, or at least 
bat considerations would make them probable. For this reason 
very brief summary of the arguments has been given in the 
[lowing articles. 

58. First law. Let a body be set in motion by any cause, say it is projected 
sng a horizontal plane. We notice that when the cause ceases to act, the body 
atinues in motion. It has therefore some power of retaining the motion given 

it. There is only a question of degree ; does it retain the whole or only some 
rtion of the velocity given to it? The body gradually comes to rest, but we also 
serve that there are forces tending to stop the body, such as friction and the 



in treatises on elementary dynamics may be utilized for this purpose, but the one 
most commonly used is Atwood's machine. 

59. Before proceeding to that experiment let us consider some points connected 
with the second law. How is the action of a force affected by the previously 
existing motion of the body? We must show that both in direction and in magni- 
tude the action is independent of the velocity. Let us take gravity as the force to 
be experimented on. We find that a stone dropped from a moving support, say, 
the ceiling of a railway carriage in rapid uniform motion, hits the same point of 
the floor that it would have hit had the carriage been at rest. Since, by the first 
law, the stone retains the horizontal velocity of the carriage, gravity must have 
acted vertically on the moving particle, that is in the same direction as if the 
particle were at rest. 

If a number of balls are simultaneously projected horizontally from a platform 
with different velocities, they reach the ground at the same time ; only one knock 
is heard. Gravity has therefore pulled all the balls through equal vertical spaces 
in the same time. This experiment suggests that the magnitude of gravity is not 
altered by the existing motion of the particle attracted. 

These experiments cannot be made with great accuracy. They are first attempts 
to answer the question placed at the beginning of this article. 

60. In Atwood's machine two heavy particles are attached together by a string 
which passes over a pulley. If IB, w' are the weights of the particles, the moving 
force is w-w' while the weight of the mass moved is w + w'. By choosing nearly 
equal values of w and w' the motions produced by gravity can be made as slow as 
we please. The spaces described and the velocities generated can therefore be 
measured with some degree of accuracy, and the results compared with the laws of 
falling bodies. The machine being carefully constructed, some allowance may be 
made for the inertia of the' pulley, the friction, &c. Even the resistance of the air, 
owing to simplicity of the motion, could be allowed for; but it is almost imper- 
ceptible in such slow motions. By an arrangement of platforms small weights can 
be added or subtracted so that the moving force can be suddenly increased or 
decreased at pleasure. By making this force balance the resistances we can test 
the first law. By other changes we can determine whether the effect of a force is 
modified by a previously existing velocity. 

61. The equation F=mf. Let F be the force which will just support a body 
when attracted by the earth. Then reversing this force we can imagine the body 
to be acted on in the same direction by two forces each equal to gravity. Each of 
these forces can act only by producing motion in the body and we have just seen 
that this action is not modified by any existing motion. Assuming this, each, 
force will generate the same velocity in the body in the same time. Thus twice the 
velocity is produced by twice the force, and generally the velocity produced varies as 
the force when the mass is constant. 

Again, if we suppose that two equal volumes of the same -material are placed side 
by side, and each acted on by equal forces, equal velocities are generated in the 
same time. If the initial velocities are equal, the bodies will continue to move 
side by side, without pressing on each other, and we may suppose them to be united 
into one mass. "Thus twice the force will produce in twice the mass the same 



velocity, and generally the force varies as the mass when the velocity produced is 
constant. Varying both the velocity and the mass, we conclude that the magnitude 
of the force varies as the mass multiplied by the velocity generated. This product 
is called momentum, Art. 54. 

62. Lastly let us consider how far the equality of action and reaction is 
suggested by elementary considerations. It' we press a stone with the finger, the 
finger is pressed back by the stone. If a horse pull a body by a rope, the tension 
of the rope impedes the progress of the horse. To determine if these actions are 
equal, we shall examine separately the conditions when the bodies are in contact 
and when they act at a distance. 

We have to prove that when two bodies in contact press on each other, the 
momentum lost by one is equal to that acquired by the other. In our test experi- 
ment, we arrange the circumstances so that these changes of momenta can be 
readily observed. Let us suspend two spherical balls by strings and allow them to 
impinge on each other. The initial positions being given we can find the velocities 
just before impact. By observing their subsequent motion we can deduce the 
velocities just after the impulse is concluded. In this way Newton showed that 
the changes of velocity were such that the momentum lost by one was equal to 
that gained by the other. 

Let us next compare the forces exerted by two mutually attracting bodies. It 
was a well-known fact that a magnet attracts iron, but Newton showed experi- 
mentally that the iron attracts the magnet with an equal force. This he effected 
by floating both in separate vessels in standing water. The vessels being placed 
in contact, neither was able to propel the other. The resultant force on each 
body was therefore zero. Admitting that the mutual action and reaction of the 
vessels in contact are equal and opposite, it follows that the attraction of each of 
the distant bodies on the other was equal to the pressure between the vessels and 
therefore equal to each other. 

63. Units of mass. The second law of motion enables us 
to extend our measurement of mass to bodies of different materials. 
We first select some quantity of a standard substance and define 
that to be the unit of mass. Such a quantity of the same or 
another substance is then said to be of the same mass when two 
forces, known to be equal, acting on the two masses generate 
equal velocities in equal times. The second law then asserts 
that, with this definition of mass, the momentum generated by 
every force is proportional to that force. Art. 55. 

The British unit of mass is defined by Act of Parliament. 
It is a quantity of platinum preserved in the office of the Ex- 
chequer and called the Imperial standard pound Avoirdupois. 
One seven-thousandth part of it is declared to be a grain, and 5760 
grains to be a pound Troy. The French standard of mass is called 
the gramme. This is the one-thousandth part of a certain mass 
of platinum preserved in the Archives and called a kilogramme. 
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kilogramme to 2 '2 pounds. The system of units derived from the 
centimetre, gramme and second is usually called the C.G.s. system. 
That founded on the foot, pound and second may be called the 
F.P.s. system. It should be noticed that the pound and the gramme 
are measures of mass, not weight. 

A very full account of the history of the English standards of weight and of 
their comparison with the Freneh standards was given by the late Prof. W. H. Miller 
in the Phil. Trans, for 1856. 

64. Units of Force. The unit of force is that force which, 
acting on the unit of mass for a unit of time, generates a unit of 
velocity. This is usually called Gauss' absolute unit of force. 

When the unit of mass is the Imperial pound and the units 
of space and time are a foot and a mean solar second, the unit 
of force is called a poundal. When the unit of mass is the 
gramme, and the units of space and time are a centimetre and a 
second, the unit of force is called a dyne. 

Since the pound is 453'59 grammes and a metre is 39*37 inches, 
it is clear that the poundal generates a velocity of 1200/39'37 
centimetres in 453'59 grammes. By the second law the magni- 
tude of a force is proportional to the product of the mass by the 
velocity generated ; the poundal is therefore equal to 
1200 x 453-59 



This makes the poundal equal to 13825 dynes nearly. 

When a force F, constant in magnitude and fixed in direction, 
generates in a mass m a velocity v in a unit of time, we know 
by the second law that.F=A-mw where A, is some constant de- 
pending on the units of m, v and F. Since F is a unit when in 
and v are units, \ 1. Hence F mv. 

When the force F is not constant in magnitude for any finite 
time, we have recourse to the principles of the differential 
calculus. Let /be the acceleration, then /is equal to the velocity 
which would be generated in a unit of time if the force F 
continued constant in magnitude for that time. Hence F mf> 
see Art. 55. 

65. The determination of the magnitude of a force by ex- 
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attraction of the earth on different bodies at the same place are 
proportional to the masses of those bodies. This is true whatever 
be the materials of which the body is made, provided only they 
may be regarded as particles when compared with the size of the 
earth. 

This is an experimental . fact which is independent of the 
laws of motion, and is referred to here as a practical method 
of comparing forces. Forces therefore may be compared by 
measuring the weights which they would support at any the same 
place on the surface of the earth. 

Let W be the force of attraction of the earth on a mass m 
at any given place, let g be the acceleration, tKen the equation 
F mf becomes W = mg. 

The law of gravitation asserts that g is a constant at the same 
place on the surface of the earth. It is sometimes called the 
constant of gravitation. 

The average value of g for the area of Great Britain is about 
32*18 when the units of space and time are a foot and a second. 
When the unit of space is changed to (Centimetres, the numerical 
value of g becomes 981. 

The equation W mg shows that the weight of a unit of mass 
is ff. The poundal, or unit of force, is therefore l/#th part of the 
weight of the unit piece of platinum. Art. 63. Since 16 oz. make 
the pound, the poundal is roughly equal to the weight of half an 
ounce. The dyne is consequently equal to l/13800th part of half 
an ounce, Art. 64, roughly a 64th part of a grain. 

66. There are two elementary experiments by which it may be shown that g 
is a constant at the same place and from which the numerical value may be 
deduced. 

In Atwood's machine, let v^ , ??i a be the masses suspended by a string over the 
pulley, Art. 60. If the law of gravitation is true, the weights are m^g and m. 2 g. 
The mass moved being m 1 + m and the moving force (11^ - ?vi 2 ) g, the equation 
W=mf shows that 

(Hii + mo)/=(iK 1 -m 2 )0 

where / is the acceleration. By measuring the initial and terminal velocities we 
can find the value of / and therefore of g for any assumed masses ),, m*. Eepeat- 
ing the experiment with other masses, we find that the constancy of g is verified as 
far as the imperfections of the machine allow. 

67. The method adopted bv Newton is more accurate. He measured the times 



kinds. Whatever the matter placed inside might be, the time of oscillation (under 
similar circumstances) was found to be the same. The forces of attraction, 
measured dynamically by the motion communicated, must therefore have been 
proportional to the masses moved. 

The theory of the oscillation of a particle suspended by a string is given in the 
chapter on constrained motion. Many experiments have been made since Newton's 
time for the purpose of determining the numerical value of g. In these the 
oscillations of bodies of finite size have been observed. An account of some of 
these experiments is given in the author's Rigid Dynamics, vol. i. 

68. Accelerating 1 Force. The quantity / in the equation 
F mf is the acceleration measured, as already explained, by the 
velocity generated per unit of time. The quotient F/m is called 
the accelerating force. It is equal to the acceleration and the 
word "force" appears to have been added merely to show from 
which side of the equation the quantity is derived. It is a 
convenient phrase to use when we wish to call attention to the 
fact that the impressed forces under discussion are proportional to 
the masses acted on. 

The product of the mass and the acceleration is called the 
effective force. Thus md 2 xjdP and ma^y/dP are the Cartesian 
components of the effective force on the particle m. The utility 
of this name will be better understood when we come to the dis- 
cussion of the motion of several connected particles. 

69. The vis viva of a particle whose mass is m and velocity v 
is mv*. The half of this quantity has also been called the vis viva, 
but in England it is more usual to call this latter quantity, viz. 
^mv~, the kinetic energy. 

70. The work of a. force. The theory of work is so much 
used in statics that only a very brief account is necessary here. 

Let the point of application A of a force F be moved to a point 
B, where AB=ds. Let 6 be the angle made by the direction of 
motion of A with the direction of the force. Then FcosOds is 
the work of F for the indefinitely small displacement ds. It is 
also called the virtual moment of F. The work may also be defined 
to be the product of the force by the resolved displacement of the 
point of application in the direction of the force. 

If the point continue to move and describe any curve, the 
integral /.Fcos Ods is defined to be the work. 
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f h 

If the space is finite and equal to h, the work is I Wdz. The 

JQ 

work is therefore Wh. 

71. The theoretical unit of work is the work done by a 
dynamical unit of force acting through a unit of space. As ex- 
plained in Art. 64, this unit of force might be the poundal and the 
unit of space the foot. 

The work required to raise a given weight a given height 
is taken as a practical unit of work. The unit adopted by English 
engineers is that required to overcome a force equal to the gravity 
of a pound through a space of a foot. This unit is called afoot- 
pound. 

In the C.G.S. system the theoretical unit is the work done by a 
dyne in acting through one centimetre. This unit is called 
the 6rg. 

The work done when a kilogramme (Art. 63) is raised one 
metre is the practical unit and is written kilogramme-metre. A 
kilogramme-metre is 7 '23 foot-pounds very nearly. 

72. The rate of doing work is measured by the work done 
per unit of time. Thus, if the particle describe a space ds in the 
time dt, the rate of doing work is Fcos6ds/dt. The rate is 
therefore Fv cos 6. 

The term horse-power is used to express the work done per 
unit of time in practical measure. The unit of horse-power is 
usually taken to be 550 foot-pounds per second. 

The term force de cheval corresponds to horse-power, but with 
different units. The unit of force de cheval is 75 kilogramme- 
metres per second. A force de cheval is therefore 541 foot-pounds 
per second ; i.e. '98 of one horse-power. 

Ex. I. If the unit of space is <r feet, the unit of time r seconds, and the unit of 
mass ^ pounds, prove that the unit of force is fj-a-jr^, the unit of energy is /Jt.ff 2 jr-, the 
unit of horse-power /tr 2 /T 3 ; see Art. 47? 

If F, E, H represent the force, energy and horse-power with these units, find 
their measures where feet, seconds and pounds are the units. 



The Equations of Motion. 

73. Equations of Motion. When the resolved part F of 
the impressed- force in any direction and the mass m are given, 
the corresponding equation of motion is found by equating F/m to 
the resolved acceleration in that direction. For example in 
Cartesian coordinates, if JTj, Y 1} be the components of the im- 
pressed force, we unite XJm, YJm for X, Y in Art. 31. We 
thus have 

<foc X l fry y\ 
dt 2 m ' dt" m 
The polar and other resolutions may be treated in the same way. 

74. To make the meaning of these equations clear, let us 
consider the case of a particle moving in a straight line under 
the action of several forces, F l} F z , &c. The corresponding 
theorems when there are no restrictions on the motion of the 
particle will be considered later on. 

If m be the mass in motion, the equation of motion takes the 
form 

dv dv ,, ,,,. 

s-s-*+* + (1) - 

where s is the space described, and v the velocity at the time t. 

This equation may be integrated in two ways. Taking the 
time t as the independent variable, we have 

mv-mv = JF 1 dt + fF4t + (2), 

where v fl is the velocity at the time t , and the limits of integration 
are t to t. The forces F 1} F,,, &c. may not act during the whole 
time, thus FI might act from i x to ^ + a, F 2 might act from 4 to 
t, + /3 and so on. In such cases the limits of each integral should 
be from the time of beginning to the time of ending of the force. 
For the sake of conveniently using the equation we notice (what 
really follows at once from the second law) that each force F adds 
to the moving mass a momentum equal to JFdt, where the integration 
extends over the time of action of the force. This is called the 
time-integral of the force. The equation (2) is called the equation 
of momentum. 

75. Taking the space 6' as the independent variable, we 
have 



It follows that the increase of the kinetic energy of the mass 
moved is equal to the sum of the works of the several forces. 
Each force F communicates to the moving mass an amount of 
kinetic energy equal to JFds where the integration extends over the 
space described while F acts on the mass. This is called the space- 
integral of the force, The equation (3) is called sometimes the 
equation of vis viva and sometimes the equation of energy. 

If the velocity of the mass is the same at any two times, the 
momentum added on by some of the forces must be equal to that 
removed by other forces. 

If again the velocity is the same in any two positions, the 
work added on by some of the forces must be equal to that sub- 
tracted by other forces. 

In this way we obtain two equations to find the one quantity v. 
If the forces F lf F z , &c. are constant both the space and time- 
integrals can be at once found. We therefore use either or both 
the equations (2) and (3). If the forces are functions of either t 
or s, only one of the integrations can be immediately effected. We 
use the equations (2) or (3) according as the forces depend on the 
time or on the position of the particle. 

76. When the system 
contains more than one par- 
ticle, their mutual actions 
may have to be taken into 
consideration. Suppose, for 
example, that two particles 
P, P', whose masses are m, TO', 

are constrained to slide on the straight lines Ox, Ox', and are 
acted on by the forces F, F' in these directions. Let these be 
connected by a string of given length which passes over a smooth 
pulley G. The two equations of energy are 

$m (w 8 - vo ) = fFds - JT cos Bds, 

%m r (v f * - W) =/FW -JT cos O'ds' 

where 6, & are the angles the two portions of the string make 
with Ox, Ox. To use these equations we must eliminate the 
unknown tension T. 

We notice that the string is in equilibrium under the action 




statics, their total virtual moment or work is zero. We have 
therefore 



Adding therefore the two equations of energy together 
%m (a 2 - fl c 2 ) + w' (V 2 - v ' 2 ) = JFds +JF'ds'. 

The tension therefore may be omitted informing the equation of 
energy, when both the particles are brought into the equation. 

77. Consider next the two equations of momenta 

m (v - v ) = fF dt - JT cos dt. 

m (v - v/) = JF'dt - JT cos O'dt 

The tension T measures the whole momentum transferred per 
unit of time from one particle to the other along the string. 
The components transferred are respectively Tcos#, Tcos0', and 
these are not equal. The transverse components Tsin0, Tsm0' 
are destroyed by the reactions of the rods Ox, Ox. If however 
the pulley G is situated at the intersection of the rods, and Q' 
are always zero, and the component momentum added to one 
particle is equal to that taken from the other. 

Since the particles must now move with equal velocities, we 
have if = v. Eliminating T from the equations of momenta, we 
have 

(m + m'} (v - v ) = JFdt - JF'dt. 

We can thus eliminate the reaction T by combining the two 
equations of momentum when the reaction makes equal angles 
with the directions of resolution. 

78. Examples*. Ex. 1. Two heavy rings P, P', of unequal mass, slide on two 
smooth rods Ox, Ox' at right angles and equally inclined to the horizon at an angle 
o = JT. The rings are connected by a straight string of given length I and start from 
rest at distances a, a' from 0. Find the motion. 

Let s, s' be the distances of P, P' from at the time t. Since the particles 
start from rest the equation of vis viva becomes 
^ (HJ 2 + m'i>' a )=Jmff sin ads + $m'g sinads'=g sina {m(s-a)+m' (s'~a')\ ...... (1), 

the limits of integration being s = a to s and s'=a' to s'. The length of the string 
being given we have the geometrical equation 

s 2 + s' 2 = J 2 = a- + a' 2 .................................... (2). 

Differentiating (2) we have sv + s'v' = ............................................. (3). 



The equations (1) and (3) give v and v'. When the particles again come to rest, 
v=0, v'=0. Substituting in (1) and using (2) we find, besides the initial solution 
s=a, s = a', 

_ 2im'a'+ (m 2 - m'-) a ,_ 2mm'a - (rw 2 - >' 2 ) a' 

vfi+m' 2 ' ~ m*+'m- 




Let 2/ be the initial depth of the centre of gravity of the particles below the 
horizontal line through 0, y the depth at the time t. The equation (1) then gives 

$(mv* + m'v' z )=g(m+m') (y-y ) (4). 

The centre of gravity G cannot therefore rise above the horizontal line AB drawn 
through the initial position H, for if it could, the right-hand side of (4) would be 
negative while the left-hand side is essentially positive. Since the distances of the 
centre of gravity from Ox, Ox' are respectively T)=s'm'IM and =sm/Jlf, where 
M=m + m', we see from (2) that the path of the centre of gravity is the ellipse 

H + JZl-JL 
m* m*~ M*' 

This conic cuts the straight line AB in two points H, K. If both these points lie 
between the rods the centre of gravity continually oscillates in the elliptic arc having 
H, K for the extreme points. If either H or K lies outside the rods, one particle 
will pass through the intersection 0. 

If the string instead of being straight were bent by passing through a small 
pulley at the intersection of the rods, we could eliminate T from the two equations 
of momentum. We then have 

(m + m') v=\mg ainadt-fa'g Binadt=g Bina(m-m')t. 

The equation of vis viva is the same as before, but since v'= ~v and s' -a'=a-s r 
it takes the simpler form 

Jj (<wi + m') v z =g sin a (in- in') (s - a). 

These equations give s and v in terms of the time t. We notice that if m>m', the 
particle P descends along the rod Ox and finally draws P' up to 0. 

Ex. 2. Two small rings of masses m, m' are moving on a smooth circular wire 
which is fixed with its plane vertical. They are connected by a straight weightless 
inextensible string. Prove that, as long as the string remains tight, its tension is 

. 1 where 2a is the angle which the string when tight subtends at the 

centre and 6 is the inclination of the string to the horizon. [Pemb. Coll, 1897.] 



Ex. 3. A bucket of mass M Ibs. is raised from the bottom of a shaft of depth 
h feet by means of a light cord which is wound on a wheel of mass m Ibs. The 
wheel is driven by a constant force which is applied tangentially at its rim for a 
certain time and then ceases. Prove that if the bucket just comes to rest at the top 
of the shaft, t seconds after the beginning of the motion, the greatest rate of -working 

in foot-poundals per second is ~TioT / T""T"TT\ The mass of tlie wneel 



considered to be condensed in its rinj. [Coll. Ex. 1896.] 

Let the force F act on the rim for a time t'. This force communicates a 
momentum Ft' to the system, which (since the system comes to rest after a time t) is 
equal to that removed by gravity in the whole ascent, therefore Ft'=Mgt. If s' is 
the space ascended in the time t', the force F communicates a work Fs', which is 
equal to that removed by gravity in the whole ascent h, therefore Fs'=Mgh. Since 
the mass moved is M+m and F - Mg is the acting force we have also the two 
equations (If + m) v' = (F- Mg) t', (M + m) s'=$ (F - Mg) t' 2 where v' is the velocity at 
the time t' (Art. 25), These four equations determine F, t', v', s'. The rate of 
adding work to the system, is Fv (Art. 72), and this is greatest when v is greatest, 
i.e. when v = v'. The result follows without difficulty. 

Ex. 4. A train of mass m runs from rest at one station to stop at the next at a 
distance 1. The full speed is V and the average speed is v. The resistance at the 
rails when the brake is not applied is uVjlg of the weight of the train and when the 
brake is applied it is u'Vjlg of the weight of the train. The pull of the engine has 
one constant value when the train is starting and another when it runs at full speed. 
Prove that the average rate at which the engine works in starting the train is 

imF 2 (H + ff )/l, where I = ? _ - i . [Coll. Ex. 1895.] 

There are three stages of the journey. During the first the engine pulls with 
force F, the acceleration is F/m - wF/Z, and the velocity increases from zero to F. 
During the second stage the velocity is uniform and equal to F, the pull F' of the 
engine just balancing the resistance. During the third the engine stops working, 
the brake is applied and the acceleration is -u'Vjl. Using the formulas of Art. 25, 
and remembering that the sum of the spaces in the three stages is I, while the 
average velocity is I divided by the sum of the times, we deduce F. The average 
rate of working is the quotient "work by time," Art. 72; during the first stage 



Ex. 5. The cage of a coal-pit is lowered for the first third of the shaft with a 
constant acceleration, for the next third it descends with uniform velocity, and then 
a constant retarding force just brings it to rest as it reaches the bottom of the shaft. 
If the time of descent is equal to that taken by a particle in falling four times the 
whole depth, prove that the pressure of the man inside on the bottom of the cage 
was at the beginning 23/48ths of his weight. [Coll. Ex. 1897.] 

The initial acceleration / is found to be 25#/48. If E be the pressure required 
the equation of motion of the man is mf=mg - R. This leads to the value of E. 

Ex. 6. One engine A starting from rest generates in two minutes in a train a 
velocity of 45 miles per hour while it passes over a distance of 1 mile on the level. 
Another engine JJ of equal weight can pull the same train up an incline of sin" 1 1/80 
at a full speed of 20 miles per hour. Assuming that the resistance due to friction, &c. 
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the horse-power at which A works for the two minutes is 1'52. J . times the horse- 
power of B. [Math. Tripos, 1893.] 

Ex. 7. A window is supported by two cords passing over pulleys in the frame- 
work of the window (which it loosely fits) and is connected with counterpoises each 
equal to half the weight of the window. One cord breaks, and the window descends 
with acceleration /. Prove that the coefficient of friction between the window and 

the framework is --J - ',- , ', where a is the height and b tlie breadth of the window. 
(0+l)b 

[Coll. Ex. 1896.] 

Let the pressures of the window against the framework on one side at the bottom, 
on the other at the top, be R, R'. Since the window does not move sideways or 
turn round, we have the statical conditions R = R', 2'i=2ZJa. Considering the 
vertical motion for the weight alone and for bqth bodies respectively, we have 

pr/= T - p/0, f ir/= %Mg - 2R. 

These determine /JL. 

Ex. 8. A two-wheeled vehicle is being drawn along a level road with velocity v : 
the wheels (radius c) are connected by an axle (radius r) fixed to them and the weight 
of the vehicle exclusive of the wheels and axle is IF, and its centre of gravity is 
vertically above the middle point of tie axle. Prove that if the shafts are in a 
horizontal plane with the tops of the wheels, the horse is working at the rate 

-77-5 5~r-^rr> where X is the angle of friction between the axle and its bearings. 
x /(c 2 - r 2 sm j X) ' fe 

[Coll. Ex. 1895.] 

The vehicle, being in uniform motion, is in equilibrium under the action of the 
pull F of the horse, the reaction R of the axle acting at some angle to the vertical 
and the friction jRtanA. The equations of Statics give J?, R, and 0, and the 
required rate of working is Fv. 

Ex. 9. A particle of mass m is suspended from a fixed, point by a string of 
length a, and from m is suspended another particle of mass m' by a string of length 
I. If a horizontal velocity be suddenly communicated to m, show that the tensions 
of the strings are immediately increased by amoitnts which are in the ratio 

1+ ._J!L_ : i. [Coll. Ex. 1895.] 

m (a + b) 

Let T, T' be the tensions of the strings above and below m. Since in describes a 

ini)'~ 
circle whose centre is 0, its vertical acceleration is v^jti, hence = T-T'~m<j. 

The vertical acceleration of m' is equal to that of m plus that due to the relative 
motion. Relatively to m it begins to describe a circle of radius b with a velocity v, 
the relative vertical acceleration is therefore v-jb, see Art. 39. Hence 

/ v z v z\ 

m + -- = 7" - m'ff. 
\ a b J 

Solving these equations the result follows at once. 

Ex. 10. lu the system of pulleys in which the string, passing round each pulley, 



The equation of momentum for the rth pulley counting downwards is 

md?y r ldt'>=mg-2T r +T r+1 , 

where T T and T n+1 , being the power and weight, are zero. Also the velocity of each 
pulley is half that of the one just above. Multiplying these equations by 1, 2, 
2 2 ... 2"" 1 beginning at the lowest and adding the results the tensions disappear. 

Ex. 11. In the system of pulleys in which each string is attached to the weight, 
there are two pulleys, the weight of the moveable pulley being w, the power P and 



the weight W. Prove that the acceleration of W is g ~ - [Co 11 - Ex. 1897.] 



Ex. 12. A prism with axis horizontal 'and whose section by a plane perpen- 
dicular to it is a regular polygon ABCD... of in sides is fixed with the uppermost 
face AB horizontal, and n equal particles are placed at the middle points of AB, 
C, &c. These are connected by a continuous string which passes over smooth 
pulleys at the corners JB, C, &o. Assuming that the faces are smooth, prove that 

the initial acceleration is J- ( cot ~ - 1 ) . [Coll. Ex. 1897.1 

2n \ 4n / 

Ex. 13. Two equal particles are connected by a string one point of which is fixed 
and the particles are describing circles of radii a and 6 about this point with the 
same angular velocity so that the string is always straight. ' The string is suddenly 
released, prove that the tensions of the two portions are altered in the ratios 
(a + b) : 2a and (0 + 6) : 26. [Coll. Ex. 1895.] 

Before the release the tensions are mv-^ja and mvjjb, where v 1 /a=v 2 lb = u. 
After the release the relative space velocity is v=v 1 + v 2 . The acceleration of each 
particle being T/m, the relative acceleration is 2Tjm. Since the relative path of 
either is a circle of radius r=a+b, the relative acceleration is v 2 /r. Equating 
these, the tension is mu 2 /2r. The result follows. 

Ex. 14. A cubical box slides down a rough inclined plane, whose coefficient of 
friction is yu, two sides of the base being horizontal. If the box contain sufficient 
water just to cover the base of the vessel, prove that the volume of the water is 
JiU. times the internal volume of the vessel. [Coll. Ex-. 1897.] 

The relative acceleration of a particle of water and the box must be perpendicular 
to the surface. 

79. Linear and Angular Momentum. Let the momentum mv of any 
particle P'of a system be represented in direction and magnitude (Art. 54) by a 
straight line PP'. Since velocities obey the parallelogram law, we may proceed as 
in Statics and replace the momentum PP' by three linear momenta at any assumed 
origin in the directions of the axes, and three couple momenta. 

Let the coordinates of the particle be x, y, z and the direction cosines be X, /*, v. 
The three linear momenta being the resolved parts of mv are mv\, mvp, mw 
respectively. These are often called linear momenta. The three couple momenta 
are the moments of the momentum mv about the axes. We know by the corre- 
sponding theorem in Statics that these moments are 



mv 



y 



mv 



x 



mv 



x y 



V- 
These are called the angular momenta about the axes. 

The linear momentum of a particle in any direction is the resolved part of the 



80. Impulsive forces. In some cases the forces act only 
for a very short time, yet, being of great magnitude, produce 
perceptible effects. Let a force F act on a particle of mass m 
for a time T. Let v be the velocity at any time t less than T, 
and let V, F' be the velocities at the beginning and end of the 
interval T. We have 



m = F, /. m(V'-V)= Fdt ........... (1). 

at Jo 

Let the force F increase without limit while the duration T 
decreases without limit. The integral may have a finite limit, 
say P. The equation then becomes 

m(7'-F) = P ........................ (2). 

If Vj, v 2 are the greatest and least velocities during the impact, 
the space described lies between ^T.and v z T, and both these are 
zero in the limit. The particle therefore has not had time to move, 
but its velocity has been changed from V to V. This sudden 
change of velocity is the distinguishing characteristic of an 
impulse. 

We may consider that a proper measure has been found for a 
force when from that measure we can deduce all the effects of 
the force. Since in the case of the limiting force the change of 
velocity is the only element to be determined we may measure 
such a force by the quantity P. When P is known, the change 
of velocity is given by (2). 

81. An impulse or blow is the limit of a force whose magnitude 
is infinitely great and time of action infinitely small. A finite 
force F is measured by the momentum generated per unit of time. 
An impulse P is measured by the whole momentum generated 
during the whole time pf action, that is, P=fFdt. 

When the direction of the force. F remains fixed in space 
during its time of action, the resolved part of P in any direction 
is also the limit of the resolved part of F. When the direction 
of F is not fixed in space, we resolve F into its components X, Y. 
The integrals of these, viz. X l =JXdt, Y l =fYdt, are defined to be 
the components of the limiting impulse. 



Strictly speaking, there are no impulsive torces m nature, but 
there are some forces which are very great and which act only for 
a short time. The blow of a hammer is a force of this kind. Such 
forces should be treated as finite forces if the small displacements 
during the time of action cannot be neglected., and as impulses 
when these are imperceptible. 

82. The general equations of impulsive motion follow from 
those of finite forces. If (u lt Vj) are the Cartesian components of 
velocity we have, by Art. 73, 

dui TT dv 1 17 . 

*-&-* m di= Y - 

where X, T are the components of a finite force F. Let (u, v), 
(u' } v) be the components of the velocity just before and just 
after the action of any impulse. Let X-^^JXdt, Y l =fYdt be 
the components of the impulse, Art. 81. We then have by inte- 
gration, 

m(u' u) = Xi, m(v' v)~Y 1 . 

These equations may be summed up in the following working 

rule, 

/ Res. Mom. \ / Res. Mom. \ _ /ResolvedN 
\after impulse/ \before impulse/ ~ \ impulse / ' 

83. Elastic smooth bodies. -When two spheres of any 
hard material impinge on each other they appear to separate 
almost immediately and a finite change of velocity is generated 
in each by the mutual action. Let the centres of gravity of the 
spheres be moving before impact in the same straight line with 
velocities u, v. After impact they will continue to move in the 
same straight line ; let u', v' be their velocities. Let m, m' be the 
masses,. R the action between them. The equations of motion are 

m(n'-u) = -R, m'(v'-v) = R (1). 

These equations are not sufficient to determine the three quanti- 
ties u', v' and R. To obtain a third equation we must consider 
what takes place during the impact. 

Each of the bal.ls is slightly compressed by the other, so that 
they are no longer perfect spheres. Each also in general tends 
to return to its original shape, so that there is a rebound. The 



ptjriuu 01 j.iii|ja,uu may mereiore oe uiviueu moo uwo parus. jpirsuy, 
the period of compression, during which the distance between the 
centres of gravity of the two bodies is diminishing and secondly, 
the period of restitution in which the distance is increasing. The 
first period terminates when the two centres of gravity have the 
same instantaneous velocity, the second when the bodies separate. 

The ratio of the magnitude of the action between the bodies 
during the period of restitution to that during compression is 
found to be different for bodies of different materials. If the 
bodies regain their original shapes ve*y slowly the separation 
may take place before this occurs and then the action during 
restitution is less than that during compression. 

In some cases the force of restitution may be neglected, and 
the bodies are then said to be inelastic. In this case we have just 
after the impact u' v. This gives 

D mm' . , mu + m'v 

R - ,(u v\ :. u= - ......... (2). 

^ J m+m ^ 



If the force of restitution cannot be neglected, let R be the 
whole action between the balls, R Q the action up to the moment 
of greatest compression. The magnitude of R can be found by 
experiment. This may be done by observing the values of u' 
and i)' and thus determining R by means of the equations (1). 
Such experiments were made in the first instance by Newton 
and led to the result that R[R is a constant ratio which depends 
on the materials of which the balls are made. Let this constant 
ratio be called 1 + e. The quantity e is never greater than unity; 
in the limiting case when e = 1 the bodies are said to be perfectly 
elastic. 

The Newtonian law R/R<> = 1 + e gives only a first approxi- 
mation to the motion, and is not to .be regarded as strictly true 
under all circumstances. 

The value of e being supposed to be known the velocities after 
impact may be easily found. The action jR must be first calcu- 
lated as if the bodies were inelastic, the value of R may then be 
deduced by multiplying by 1 + e. This gives 

7 (-)(!+) .................. (3). 

^ ^ ^ 



me unree equations compnsea in ^i; ana ^o; give 
motion. Substituting from (3) in (1), we have 
mu + m'v m'e . N 

, / OA _ T 1 

m + m' m + m /ox 

(3). 



mu + mv me , 

T- H / (u v 
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84r. We notice as a useful corollary that 

v' u' = e (v u) (4). 

The relative velocity after impact bears to the relative velocity before 
impact the ratio of e to 1. 

By the third law of motion the momentum gained by one ball 
is equal to that lost by the other ; the whole momentum being un- 
altered by the impact. Hence 

mu' + m'v' mu + m'v (5). 

This result follows also by eliminating R between the equations (1). 

The equations (4) and (5) may be used to determine u', v', 
when the impulse R is not required. 

85. When two perfectly elastic spheres of equal mass impinge 
on each other the bodies exchange velocities. In this case, by (3), 

R = m (u -y) 

and the equations (1) then show that u' = v, v' = u. Conversely 
we may show in the same way that if the spheres exchange 
velocities their masses are equal and the elasticity is perfect. 

- 86. When a sphere impinges on a fixed plane, we regard the 
plane as an infinitely large mass. Putting m infinite, we find 

jR = mu (1 + e), u' = eu, v' 0, 

the velocity of the sphere is therefore reversed in direction and its 
magnitude is multiplied by e. 

Ex. If the plane be in motion \vith a velocity F, prove that the velocity of the 
sphere after the rebound is - eu+ V (1 + e). ' 

87. If one sphere of mass m impinge directly on another of 
mass m' which is at rest and if m = m'e, the equation (3) gives 
jK = mu. The impinging sphere therefore loses its whole mo- 
mentum and is reduced to rest. 

In the same way, let n spheres be placed in a row at rest 
and let their masses form a geometrical nroeression of ratio \le. 



If any velocity is given to the first, it will strike the next in order 
and be reduced to rest. The second will strike the third and 
remain at rest and so on. Finally the last sphere will proceed 
onwards with the whole momentum communicated to the first. 

If the spheres are perfectly elastic, e = 1 and the same things 
happen when the masses are equal. 

If the spheres are placed close together, they are only in 
apparent contact ; and each impact will still be concluded before 
the next begins. Each ball transfers the momentum to the next 
in order and remains in apparent rest, the last ball moving 
onwards with the whole momentum communicated to the first. 

This may partly explain why, in some cases when blows have 
been given by the wind or sea to masses of masonry, the stones 
to leeward have been more disturbed than those exposed to the 
blows. 

88. Ex. A series of perfectly elastic balls are arranged in the same straight 
line, one of them impinges directly on the next and so on ; prove that if their 
masses form a geometrical progression of -which the common ratio is 2, their 
velocities after impact will form a geometrical progression of which the common 
ratio is 2/3. [Math. Tripos, I860.] 

89. Two smooth homogeneous spheres A and B impinge 
obliquely on each other. To find the subse- 
quent motion. 

Let the common tangent plane at the 
point of contact be the plane of xy, and 
let the common normal be the axis of z. 
The spheres being smooth the mutual im- 
pulse acts along the axis of z. 

Let F 1} F 2 be the velocities of the two 
spheres, before impact, F/, F 2 ' the velocities after. Let 
(MI, Vj,^), ( 2 , i> 2 , Wj) 

be the components of the velocities F l5 F 2 , and let the same 
letters, when accented, represent the components of F/, F/. Let 
m, mf be the masses. 

Since the impulse has no components parallel to the axes of 
x and y, we have 




r m '> n t x /-i x / , 

R = ----- ; (w^ w) (L + e), Wiw-i -- , w., w, = , . 
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These equations determine the components of the velocities after 
the impact. 

When the bodies are rough, the mutual impulse does not 
necessarily act along the common normal. The problem then 
becomes more complicated. The reader will find this case discussed 
in the author's Rigid Dynamics. 

90. When two imperfectly elastic spheres impinge on each 
other, vis viva is always lost. 

First, let the spheres impinge directly on each other. We 
have, as in Art. 83, 

,., mm' , w-i , \ / R , R 

R = , (u - v) (1 + e), u -u -- , v = v + -, . 
m + m N ' x ' m in 

:. mu" 1 + m'v' z = mu- + m'v 2 + \ 2 (v - u) + R n ^~- ~ L R 

[ mm ) 

, n mm' . .._ . 
= mu- + niv ---- ; (u - vf(l e 2 ). 
m -t-m x 

The last term being essentially negative, the vis viva is decreased 
by the impact. 

Next, let the spheres impinge obliquely. Let 2T be the 
vis viva before, 2T' that after the impulse. Then, as in Art. 69 
2T = m (Mr 4- Vj* + Wi 2 ) + m' (us + vf + w 2 2 ), 

while 2T 7 ' is expressed by the same formula after the letters u, v, w 
have been accented. Hence 



m -i-m ' 

It follows that vis viva is always lost. 

If V is the relative normal velocity before impact, the vis viva 
lost is ~ 



m + m 



The vis viva after impact is equal to the vis viva before only 
when 0=1, that is, ivhen the bodies are perfectly elastic. It is 
evident that w^ cannot be equal to w 2 or e = 1. 



91. Ex. 1. Particles are projected from a given point A in all directions and 
obliquely impinge on a fixed plane of elasticity e. Prove that after reflexion the 
directions of motion diverge from a point B, where AB intersects the fixed plane at 
right angles in some point M, and BN=^e . AM. 

Let AP be the path of a particle before impact, PQ that after. Let QP 
produced intersect the perpendicular AM produced in some point B. The com- 





ponent of velocity, u, along HP ia unchanged by the impact, while that perpendicular, 
viz. v, becomes ev and is reversed in direction, 

.-. tan QPx =evju=e tan A PM. 

It immediately follows that MB e . AM, so that every reflected path intersects the 
perpendicular from A in the same point. 

By using this theorem we can trace the course of a particle after successive 
reflexions from any number of fixed planes. To take a simple case, let it be 
required to find how a particle should be horizontally projected from a given point 
A on the floor, that after reflexion at two vertical walls Ore, Oy, it may pass 
through another given point A'. We draw a perpendicular AB to the first wall 
and take MB = eAM. A perpendicular is drawn from B to the second wall, and 
C is taken so that CN=e . BN. Then, since all the paths after the firat and second 
reflexions pass through B and G respectively, the required path AQPA' is found by 
joining A' to C, Q to B and P to A. 

Ex. 2. A particle of elasticity e is projected along a horizontal plane from the 
middle point of one of the sides of an isosceles right-angled triangle so as after 
reflexion at the hypothenuse and remaining side to return to the same point ; 
prove that the cotangents of the angles of reflexion are e-i-1 and e + 2 respectively. 

[Math. Tripos, 1851.] 

92. A free system of mutually attracting particles is in motion. 
Prove (1) that the centre of gravity moves in a straight line with 
uniform velocity, and (2) that the motion of the centre of gravity 
is not affected by any impacts between the particles. 

The mutual attraction between any two particles is measured 
by the momentum transferred from one to the other per unit 
of time; the mutual impulse is measured by the whole mo- 
mentum transferred. In either case it follows by the third law 
of motion that the whole momentum of the two particles and the 
components in any directions, are unaltered by their mutual 



Let (#!, 2/1), (# 2 > 2/s)j & c - be the Cartesian coordinates and ( 
( 2 , v a )> & c - tne components of velocity at any time t. Since 



we have by differentiation Sm = 2wm, vSm Srav. It has just 
been shown that the components Sm, 2mv are unaltered by 
the mutual attraction or impact of any two particles. Hence 
the components of the velocity of the centre of gravity, viz. u, v, 
are constant throughout the motion. The path of the centre of 
gravity is therefore the straight line x = ut + A, y vt + B, and 
the velocity is the resultant of , v, 

If all the particles were suddenly collected together at the 
centre of gravity, each particle having its momentum unaltered 
in direction and magnitude, the momentum of the collected 
mass would be the resultant of the transferred momenta. The 
equations u^m ^mu, v2 l m='mv assert that the .centre of 
gravity of the particles before collection moves exactly as the 
collected mass does. 

93. The effect of the mutual action of two particles (whether 
attracting or impinging on each other) is to transfer a momentum 
from one to the other whose direction is the straight line joining 
the particles. Hence the moment of the momentum about any 
straight line is unaltered by the transference. The moment of 
the momentum of the whole system (that is, its angular mo- 
mentum, Art. 79), about any straight line is unaltered by the 
mutual actions of the particles. 

In a system of mutually attracting or impinging particles, the 
components of its linear momentum along, and the angular momenta 
about, any fixed straight lines are constant, except so far as th,ey may 
be altered by the action of external forces. This is only the third 
law of motion more fully explained. 

94. Examples*. Ex. I. If a system of mutually attracting particles were 
suddenly to become rigidly connected together, determine the conditions that the 
rigid body should be at rest. 

The rigid body will possess the same momenta as the system but differently 
distributed. If the momenta of all the particles are in equilibrium, the rigid body 
has no component of momentum in any direction and no moment of momentum 

* Many of these examples are taken from the examination papers for the 



about any straight line. It is therefore at rest. By the rules of Statics the 
necessary and sufficient conditions for the equilibrium are (1) the whole linear 
momentum along each axis of coordinates is zero, (2) the angular 'momentum 
about each axis is zero. 

Ex. 2. Particles of equal mass travel round the sides of a closed skew polygon 
in the same direction, one starting from each corner and the velocity of each is 
proportional to the side along which it moves. Prove that their centre of gravity 
is at rest and that it coincides with the centre of gravity of the sides of the polygon 
supposing the masses of the sides to be equal. Prove also that if one particle be 
removed, the centre of gravity of the remaining particles describes a polygon whose 
sides are parallel and proportional to those of the original polygon. 

Since the sides exert no pressures on the particles the centre of gravity moves 
in a straight line with uniform velocity whatever the momenta of the particles 
may be. When, as in the problem, the momenta are parallel and proportional to 
the sides of a closed figure, the components Snitt and "Smv of Art. 92 are zero, and 
the centre of gravity is therefore at rest. The other parts of the question then 
follow at once. 

Ex. 3. An explosion occurs in a rigid body at rest, and' the particles fly off in 
different directions. If in any subsequent positions they were suddenly connected 
together, prove that the rigid body thus formed would be at rest. 

Ex. 4. A number of particles originally in a straight line fall from rest, and 
rebound from a partially elastic horizontal plane. Prove that, at any time, the 
particles which have rebounded once lie in a parabola. [Coll. Ex. 1897.] 

Ex. 5. Two small spheres of equal mass can move inside a rough endless 
horizontal tube of length I. One sphere impinges with velocity v on the other at 
rest. If the friction of the tube produce a retardation / in either sphere and if 
after impact the spheres just meet again, prove that 2fl=v*e. [Coll. Ex. 1896.] 

Ex. 6. Four equal balls of the same material are projected simultaneously 
with equal velocities from the corners of a square towards its centre, and meet in 
the neighbourhood of the centre. Show that they return to the corners with 
velocities reduced in the ratio of the coefficient of restitution to unity. 

[Coll. Ex. 1892.] 

Ex. 7. Two equal spheres each of mass m are in contact on a smooth hori- 
zontal table, a third equal sphere of mass m' impinges symmetrically on them. 
Prove that this sphere is reduced to rest by the impact if 2m' = 3?ne, and find the 
loss of kinetic energy by the impact. [Coll. Ex. 1897.] 

Ex. 8. Two equal balls lie in contact on a table. A third equal ball impinges 
on them, its centre moving along a line nearly coinciding with a horizontal common 
tangent. Assuming that the periods of the two impacts do not overlap, prove that 
the ratio of the velocities which either ball will receive according as it is struck 
first or second is 4 : 3 - e, where e is the coefficient of restitution. 

[Math. Tripos, 1893.] 

Ex. 9. A heavy particle tied to a string of length I is projected horizontally 
with a velocity V from the point to which it is attached. Show that the 'energy 

Inoi IITT 4?lia irrtYinloo ia a. wnnirmiYrt wlicm T/"2 7/i/, /A afia Avfa 9,7 Qft. 



Ex. 10. A particle of mass m lies at the middle point of a straight tube AB 
of mass M and length 2a, both of whose ends are closed. It is shot along the tube 
with velocity 'F. Prove that it will pass the middle point of the tube in the same 

direction after a time == f 1 + - ) , e being the coefficient of restitution between the 

" \ e J 
particle and either end of the tube ; and that in this time the tube will have 

moved forward a distance { 1-i | . [Coll. Ex. 1895.] 

M+m\ e) 

The particle traverses the length GA a, in a time a/F and after impact has a 
relative velocity eV. It therefore traverses the length AB = 2a in a time 2a/eF, 
and after impact at B has a relative velocity e 2 F. It traverses the remaining 
length BC=a in the time a/e y V. The whole time T is the sum of these three 
times. The particle is now at the same point O of the tube as before, the distance 
traversed by the tube is therefore equal to that traversed by the centre of gravity 
of the system. Since the initial velocities of the particle and tube are F and zero? 
the velocity of the centre of gravity is v = mV/(M+m). The distance traversed is 
therefore vT. 

Ex. 11. A particle is projected inside a straight tube of length 2a, closed at 
each end, which lies on a smooth horizontal table and whose mass is equal to that 
of the particle. Prove that, at the moment just before the fourth impact the tube has 
described a distance 15a, if the coefficient of restitution is ^> and find the proportion 
of kinetic energy which has disappeared. [Coll. Ex. 1895.] 

Ex. 12. A smooth particle of mass m is at rest in a rectangular box of mass 
M which is free to move down a smooth plane inclined at an angle a to the 
horizon, the lowest edge of the box being horizontal, and the particle at its middle 
point. Suddenly the box is started down the plane with velocity F. Prove that 
if the coefficient of restitution be unity, the particle will strike the top and 
bottom of the box after equal successive intervals of time; and that the spaces 
travelled by the box in the first and second of these intervals are as 

F 2 -f gl sin a : -^ F 2 + 3</Z sin a, 

M + tn 

where 21 is the length of the box. , [Coll. Ex. 1896.] 

Ex. 13. A perfectly elastic ball is projected vertically with velocity j, from a 
point in a rigid horizontal plane, and when its velocity is v* an equal ball is 
projected vertically from the same point also with velocity v 1 ; show, (1) that the 
time that elapses between successive impacts of the two balls is vjg, (2) that the 
heights at which they take place are alternately 



(3) that the velocities of the balls at the impacts are equal and opposite and 
alternately | (vj-%,) and iO^ + Wg). [Math. Tripos, 1896.] 

Since the balls exchange velocities at each impact, we may suppose that they 
pass through each other, one ball following the other at an interval T (i^ - v^\g. 

Ex. 14. A weight of mass m and a bucket of mass m' are connected by a light 
inelastic string which passes over a smooth pulley. These bodies are released from 
rest when a particle whose mass is p and coefficient of elasticity e falls with 
vertical velocity V upon the bucket. Prove that a second collision will occur between 
the particle and bucket after a time e (m + m') Vlmn and find the condition that the 
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Ex. 15. A particle is projected from a point on the inner circumference of a 
circular hoop, free to move on a horizontal plane. Prove that if the particle 
return to the position of projection after two impacts, its original direction must 
make with the radius through the point an angle tan" 1 { 3 /(l + e + e 2 )}^. 

[Coll. Ex. 1897.] 

Ex. 16. Two balls of masses M, m (centres A and B), are tied together hy a 
string, and lie on a smooth table with the string straight. A ball of mass m' 
{centre C) moving on the table with velocity V parallel to the string strikes the 
ball of mass ni, so that the angle ABC is acute and equal to a. Prove that M starts 

... , ., Fwm'cos 3 a(l+<3) , . . - 

with a velocity ,, T- -.^ - r^ - - - r\ e bmng the coefficient ot restitution 
J M m 1 sin 1 * a + m (M + m -h m ) 

between m and m'. [Coll. Ex. 1895.] 

Let U' be the velocity of m' after impact in the direction CB, v^ the common 
velocity of M, m in the direction AB, v a ' the velocity of m perpendicular to AB ; 
then m' ( U' - V cos a) = -E. Since R cos a has to move both M and m, while 
JR sin a affects m only, 

(M + m) Vjf = R cos a, mUj'=JR sin a. 

At the moment of greatest compression, the velocities of m', m along CB are equal 



These "equations give JR. Multiplying the result by l + e the second equation then 
gives I;/. 

Ex. 17. Three particles A, B, C whose masses are m, 'm', m", connected by 
straight strings, are placed at rest on a smooth table, and the obtuse angle ABC is 
IT -a. If A receive a blow F parallel to CB prove that C will begin to move with a 



, ., 

velocity -r-: - . . , . 
m 2m + mm, BUT a 

Let T, T' be the impulsive tensions of AB, EG. Since A, B must have equal 

velocities along BA 

(F cos a - T)/m = (T - T' cos a)/m'. 

Since B, C have equal velocities along BC 



These equations determine T and T', and the result required is T'jin,". 

Ex. 18. Two smooth spheres whose coefficient of restitution is e, are attached 
by inextensible strings to fixed points. One of them, whose mass is m, describing 
a circle with velocity v, impinges upon the other whose mass is m' and which is at 
rest. If the line of centres makes an angle B with the string attached to 731 and 
the strings at that instant cross each other at right angles, then m' begins to 

describe a circle with velocity - - -.- -.--, [Coll. Ex. 1896.] 

m cos- + m' sin* 6 

Let A, B be the centres of m, m', and let the strings be attached to D, E. Let 
DA intersect EB in C. The force R on m acts along BA and makes an angle 6 
with AD. Let v', w' be the velocities of m, m' along EC and CD. Then 
0= - T + R cos 0) m'w' = R eos 0) 
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In this way ac has been expressed as a function of t, leaving 
the constants A and B undetermined. As this value of x satisfies 
the differential equation, whatever values A and B may have, 
there is nothing in that equation to help us in finding these two 
constants. We must have recourse to some other data. These 
are the initial conditions of the motion. Let us suppose that 
the particle was projected at a time t a, from a point determined 
by x = b with a velocity v = c. Then remembering that v = dx/dt, 
we have 

c=f,(a) + A, b=f,,(a) + Aa + B. 

Solving these, we find A and B. The motion is therefore given by 

* =/, (<) + [o -/, (a)} t + {b - ac + af, (a) -/ (a)}. 
' ' 97. Let X be a function of a only, say X=f(ad). 

d z <r 

=/<*> 



Integrate ~ = 2/,(^) + ^ ..................... (2), 



(3). 



To determine the value of A and the sign of the radical we use 
the initial conditions. Let us suppose that when t = a, x b, and 
v = c. We then have 

(4), 

(5). 

If c is not zero, the radical must have the same sign as c, i.e. the 
radical is positive or negative according as the direction of the 
initial velocity makes x increase or decrease. If however c = 0, 
we notice that the particle will begin to move in the direction 
in which the force acts; the radical therefore follows the sign 
of the initial value of X. Since X is a function of x only, it is 
obvious that if the initial value of X is also zero, the particle is 
at rest in a position of equilibrium and that there will be no 
motion. 

We now have 

f --- ^ -- = 
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Representing the left-hand side of this equation, after the in- 
tegration has been effected, by (j> (#), we have 

<j>(x} = t + B (7). 

To find B we recur again to the given initial conditions, viz. that 
x = 6 when t = a, hence J5 = < (6) a. 

98. The equation (7) determines t when as is known, i.e. it 
gives the time at which the particle passes over any given point 
of the straight line along which it moves. If we require the 
position of the particle atNany given time, we must solve the 
equation and express 

* = t(0 (8). 

The solution of this algebraical equation may lead to different 
values of os, thus we may have # = -i^ (), B = ^f 2 (t)> &c. We have 
yet to determine which of these represents the actual motion. 
We notice that since the equation (7) is satisfied by x b, t a, 
one at least of these values of as must satisfy this condition. All 
the others must then be excluded as not agreeing with the given 
initial conditions. If more than one of these solutions could 
satisfy this condition, the equation obtained by putting t a in 

(7), viz. <j>(x) = a + B, 

must have equal roots. Hence <' (#) = when x = b. Since < (sc) 
represents the left-hand side of (6) it immediately follows that 
2/t(&) + JL is infinite. But by (5) this cannot happen if the 
initial velocity c is finite. 

99. Subject of integration infinite. Other points requiring attention arise 
when the integrals which occur are such that the subject of integration is infinite 
at some point B of the path. Since the forces in nature are necessarily finite this 
cannot happen in the integral (2), for if /j (a;) were infinite its differential coefficient, 
f(x) for any finite value of a;, would also be infinite. In the integral (6) the subject 
of integration is infinite when the velocity is zero. 

We can use the integral (6) to find the time of transit from any point A to a point 
P as near as we please to B on the same side of B as A. If the result is infinite 
the particle never reaches B. If the time of arrival at B is finite we have to find 
the subsequent motion. 

As the particle approaches B the velocity is numerically decreasing and there- 
lore the accelerating force X has the opposite sign to the velocity. Supposing X 
not also to vanish at B, the particle after arriving at B must begin to retrace its 



1OO. Ex. 1. A particle moves in a straight line under a central force tending 
to the origin and equal to n 2 /.T 3 . Investigate the motion. 

Behave . g= -* ....................................... (1). 

The minus sign is introduced because the left-hand side represents the 
acceleration in the positive direction of x and the force acts towards the origin. 
We then find 



Let us suppose that the particle starts from rest at a very great or infinite 
distance from the origin; then when x is infinite, rfo5/d=0. Hence .4=0, and the 
equation becomes 



Since the particle begins to move towards the centre of force the velocity is 
initially negative. We therefore take the negative sign. 

Multiplying by x and integrating, we find 

x*=B-2nt ....................................... (4). 

Initially when t = 0, the particle is infinitely distant from the origin, i.e. x is 
infinite and therefore B is infinite. It follows that the particle does not get within 
a finite distance of the origin until after the lapse of an infinite time. 

If the initial conditions are slightly altered we may obtain a finite result. Let 
us suppose the particle to be initially projected at a distance x=b (b being positive) 
with a velocity n/b towards the centre of force. Proceeding as before we find .4=0, 
and as it is given that the initial velocity of the particle is negative, the radical 
has still the negative sign. We thus again arrive at ihe equation (4). Since x = b 
when i=0, we find JB=b z , and 

.=(& 2 -2nt)* .................................... (5). 

Since x is initially positive we must give the radical the positive sign. 

As t increases we see that x continually diminishes and when t=6 2 /2?i the 
particle arrives at the origin. Its velocity at that moment is found by putting 
or=0 in (3) and is easily seen to be infinite. 

Cases in which either the velocity or the force is infinite do not occur in nature. 
If we construct a central force by placing some attracting matter at the origin 
there would be an impact before the particle reached the origin and the whole 
motion would be changed. But as a matter of curiosity we may enquire what 
would be the subsequent motion if our equations held true for infinite velocities 
and forces. 

In this case the particle arrives at the origin with a negative velocity, we must 
therefore suppose that the radical in (2) does not change sign when the quantity 
passes through infinity at the origin. Hence since x now becomes negative, we 
must take the positive sign in (3) instead of the negative one hitherto used. This 
gives x-=B + 2nt, where B need not necessarily have the same value as before. To 
find B we notice that at the initial stage of this part of the motion, #=0 and 



n-z 



Ex. 2. If x=at n we have ^ =4t- 2 =l ( - J , where A=an (n-1). Let us 
suppose that > 2. 

A particle is placed at rest at the origin. Show that if acted on by X=At n ~" 

n-2 

the subsequent motion is given by x = at n , but if acted on by X=A(xla) n the 
motion is given by #=0. 

Ex. 3. A particle is projected from the origin with a velocity #p* under the 
action of an accelerating force Z= - %/j? (p - x)%. Prove that the particle comes to 
rest in the position of equilibrium defined by xp, 

101. Let the acting force X be a function of the velocity only, 
say X =f(v). The equation of motion now takes the form 

dv _ , , . 

Integrating this, we have 

dv 



writing <j> (v) for the integral on the left-hand side, this becomes 

<}>(v) = t + A (3). 

Supposing as before that the particle is initially projected at a 
time t a, with a velocity c, we have A = $ (c) - a. 

Two rules are given in the theory of differential equations for 
the solution of the equation (3). The first rule requires us to 
solve the equation for v and find v = ^(t), and as already ex- 
plained that solution is to be chosen which makes ii = c when 
t = a. Remembering that v = dxfdt we then obtain as by inte- 
gration. 

If 'the equation (3) cannot be solved for v, we use the second 
rule, This requires us to recur to the form (1), eliminating dt by 
using the equation v = dx/dt, we have 

vdv _, 
ffi ' 



Thus after integration both x and t ape expressed by (2) ancj (4) 
in terms of a subsidiary quantity v. We notice also that this 
subsidiary quantity has a dynamical meaning, viz. the velocity 



1O3. Ex. 1. A particle is projected with a velocity V in a medium whose 
resistance is KV n , where n is a positive quantity. The equation of motion is then 



Measuring t from the moment of projection we have when t=0, v=V, hence 
yi-n 

A = ^ . We therefore find 
1-n 

fli--yi-=_(l-n)*rt .............................. (3). 

If n<l the velocity decreases continually from its initial value V, and vanishes 

V 1 ~ n 

after a finite time, viz. t-=-n - r The particle will then remain at rest, since 
(1 - n) K 

jr=o. 

If n>l, writing (3) in the form 



we see that the velocity decreases continually and vanishes after an infinite time. 

If n=l, these equations take an indeterminate form. Eeturning to the equa- 
tion (2) we have 

log v= -Kt+A; :. v = Ve~ Kl (5). 

It follows that the velocity decreases continually and vanishes after an infinite 
time. 

In all these cases we can find the space described in any time t. Kemembering 
that v^dxjdt, we have from (3), 

~- n -1 

x 



Determining B from the condition that x=Q when t=0 we find 

2-n 

-(2-n) K x={V 1 - n -(l-n) K t} 1 - n ~-V s - n (6). 

We may also find the velocity after the particle has described any space .T. 
We begin with 

dv 

V = -KV n . 

, dx 

.: v l - n dv=~Kdx; .: v z - n =V 2 ~ n - (2-n) KX (7). 

Lot us find the space described by the particle when v=0. 

yl-n yi-n 

If n<l, we have s = ; 2 _ . and = __ as shown above; thus the particle 
comes to rest after describing a finite space in a finite time. 

J/2-n 

If >1 and <2, we have = 75 while t is infinite; the particle therefore 

\& nj K 

comes to rest after describing a finite space in an infinite time. If n>2, we find 
that v vanishes when x is infinite and the particle describes an infinite space in an 
infinite time before it comes to rest. 

Ex. 2. If the resistance is KV, show that the particle comes to rest after 



Ex. 3. If the resistance is Kt? 2 , prove that the particle describes an infinite 
space in an infinite time before coming to rest. 

1O3. Ex. 1. If X=(j>(v):f(x) or X=<j> (v)f(t), prove that the equation of 
motion can be solved by separating the variables. 

In the former case we use vdv/dx=X, in the latter dv[dt=X. 

Ex. 2. If Xf (x) v n +F(x) v 2 show that the equation of motion becomes 
linear by writing v z ~ n y. 

Ex. 3. If X=f(v*lx) show that the equation of motion becomes homogeneous, 
and that the variables can be separated by writing v-=xy. 



Motion of a heavy particle. 

104. A heavy particle starting from rest slides down a rough 
straight line which is inclined to the vertical at an angle 6. It is 
required to find the motion. 

Let be the initial position of the particle, OF the vertical, 
Q the particle at any time t. The accelerating force due to 





gravity is g cos 0. The pressure on the straight line being 
mg sin 6, the retarding force due to friction is fig sin 6, where 
p is the coefficient of friction. The whole accelerating force is 
therefore 

/= g (cos ft sin d) = g sec . cos (6 + e), 

where yu, = tan e. Writing OQ s, the equation of motion is 

d"s dv 

j~i = v T 9 sec - c os(# + e) (1). 

at~ as 

Integrating, we find 

v" 2gs sec e cos (B + e) 4- A. 

Since the particle starts from rest, v and s vanish together. We 
therefore have A = 0, and 

v 3 = 2gs sec e cos (0 + e) (2). 

To interpret this formula we make the angle VON e and 
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MOTION OF A HEAVY PARTICLE. 



[CHAP, i 



vertical in V and the straight line along which the partie 
travels in Q. Then ON s cos (6 + e). It follows that the velocii 
acquired in describing any chord OQ is independent of 6 and 
equal to that acquired in describing V. 

If the chord OQ is taken on the same side of the vertical 
as N, the angle 6 as above measured becomes negative. Sin< 
the friction varies as the pressure taken positively, it must no 
be represented by pg sin 0, The theorem therefore only appli 
to the chords on the side of the vertical opposite to OJV. 

If we make the figure turn round the vertical OF, the straig] 
line OF will describe a right cone having OF for its axis ar 
|TT e for the semi- vertical angle. The velocity acquired 
descending any chord from rest at to the surface of this cone 
equal to that acquired in descending V. 

105. By integrating (1) twice with regard to t, and r 
membering that both 5 and dsjdt vanish when t = 0, we find 

s = $g sec e cos (6 + e) t 2 (3). 

We may interpret this formula by a similar geometrical co 

F 





struction. Making as before the angle FO N = e, we see th; 
when t is constant, (3) represents the polar equation of a cir< 
whose radius vector is s and whose centre C is situated on ON. \ 
have therefore the following theorem. Describe any circle passi 
through and having its centre on ON, and let it cut the verti< 



f rfciwn rvlt /) 1-1 
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106. When the straight line down which the particle slides is smooth ON 
coincides with the vertical. The cone in Art. 104 becomes a horizontal plane, and 
the circle in Art. 105 has OF for a diameter. We thus fall back on the well-known 
theorems (1) that the velocity acquired in descending from rest to a given hori- 
zontal plane is the same for all chords, (2) that the time of descending from rest at 
the highest point of a circle to the circle is the same for all chords. 

107. If the motion take place in the air we must make 
allowance for its resistance. Supposing the resistance to vary as 
the velocity, the equation of motion is 



where /= g.sec e cos (9 + e). Remembering that v = dsjdt we find 
by integration 

K-fi ............................ ( 2 ). 

the constant being omitted because s and v vanish together. 
Transposing KS, the equation can be integrated again by following 
the ordinary rule for linear equations. "We have 



.-. Ke Kt s = f (te Ki - - e Kt + G\ . 
V ) 



Noticing that s should vanish when t = 0, we have c l//c. 
Hence, restoring the value of/, 



(3). 



When t is constant and (04-e) is regarded as variable we 
see that (8) is again the equation' of a circle having its centre 
on ON. The theorem of Art. 105 is therefore also true when the 
particle slides on a rough chord in a medium resisting as the 
velocity. The times of descent from rest at down all chords of 
the circle are equal. 

1O8. There is another method of proof by which the solution of the diffe- 
rential equation is evaded. We notice that if we write s = <r cos (6 + f), the equation 

(1) of Art. 107 becomes 

rfV dff 



from which the angle him disappeared. The initial conditions now become <r = 
and d<rldt = when t = 0; these also are independent of &. Hence the time of 
describing anv civen lencth a is independent of 0. Bufc if any value is given to ff, 



1O9. "When a heavy body is immersed in a fluid it is partly supported by the 
surrounding fluid. Let F be the volume of the body, D its density, p that of the 
fluid. If the body were removed, a mass F/> of fluid would just fill tbe vacant 
place and be supported by the pressures of the surrounding fluid. The apparent 
weight of the body is therefore (VD- Vp) g, and the accelerating force of gravity is 



This value of g' should properly replace g when the moving body is immersed 
in a resisting medium. It is sometimes called the relative acceleration. 

HO. Ex. 1. Prove that when K=0, the formula for s in Art. 107 reduces to 

s = i/* 2 . 
This may be shown by expanding the expression in powers of K. 

Ex. 2. The plane of a circle is inclined to the vertical, prove that the times of 
descent down all smooth chords from rest at the highest point are equal. 

Ex. 3. Two tangents AB, CD are drawn to touch a vertical circle at its 
highest and lowest points A, B. A variable tangent PQR cuts AB, CD in P, R 
and touches the circle at Q. Prove that the velocity acquired in descending from 
rest at P to JR under gravity is the same for all positions of the tangent. Prove 
also that the time of descent from P to R is proportional to the length PR and the 
time from P to Q is proportional to the distance of P from the centre of the 
circle. 

Ex. 4. If the resistance per unit of mass is KV- and tbe particle slide on a 
smooth straight wire inclined at an angle 6 to the vertical, prove that the space 
described in time t from rest is given by e" s = i (e t + e~ *) where 5 2 =K#cos 6. 

111. Limiting- Velocity. When a particle 'is projected 
vertically downwards in a medium whose resistance varies as the 
nth power of the velocity, the equation of motion is 

dv _ 

dt-s-**' 

where g is the relative acceleration of gravity. 

If the particle is projected downwards with a velocity L such 
that KL n =g it is clear that dvjdt is initially zero. There is 
nothing to change the velocity and the force of gravity continues 
to be balanced by the resistance.- The particle therefore descends 
with a uniform velocity equal to L. If the particle is projected 
downwards with a velocity less than L, gravity exceeds the re- 
sistance and the velocity of the particle is increased. If the 
velocity of projection is greater than L, the resistance exceeds 
gravity and the velocity is decreased. If the particle is projected 
rfisisfcanoe a "d p-ravitv combine to brine 1 the narticle 



In all cases the velocity tends to become more and more 
nearly equal to the velocity L given by the equation K L"- = g. 
This velocity is called sometimes the limiting velocity and some- 
times the terminal velocity. The latter name is commonly ascribed 
to Huygens. Other names are given under other circumstances. 
When the body considered is a ship, the constant g may represent 
the force of the engine and KV H the resistances. The ship is said 
to be at full speed when these balance each other. 

112. When the body is in the beginning of its fall from rest, 
the term tcv n is nearly zero and is much smaller than g. The body 
begins to fall nearly as in a vacuum, and the velocity at first 
increases rapidly. If the resistance is so great that L is small, 
the velocity will soon be so nearly equal to the limiting velocity 
that the motion will be sensibly uniform. 

This result has many applications in nature. In a shower of 
rain, the velocity of a drop is not proportional to the time elapsed 
since it began to fall. The drops, being observed sortie little time 
after the motion has begun, move with a velocity which is sensibly 
uniform and independent of the height of the cloud. 

113. The magnitude of the coefficient K of the resistance 
depends on the size and form of the falling body as well as on 
the nature of the resisting medium. To illustrate this let us 
suppose that, for similar bodies falling in similar positions in an 
indefinitely extended fluid, the resistance varies (1) as the surface 
of the body, (2) as the wth power of its velocity, and (3) as the 
density p of the fluid. If I be the length of any side the surface 
varies as I*, while the mass moved varies as l s o- where a- is the 

The accelerating force on the body is 



density of the body, 
therefore 

f=i 



l "^l 
7 l*o- 9 



pv n 



where 7 is some constant depending on the form and position 

of the falling body. Equating / to zero, it follows that the 

i 

limiting velocity varies as (l(r/p) n . We see therefore that the 
smaller the size of the body the less is the limiting velocity. For 
example, large drops of rain fall with greater velocity than small 
ones. The ^articles of a mist are so small and their limiting' 



We have supposed that the falling body is so far symmetrical 
about a vertical axis that it is not made to rotate by the re- 
sistance. 

114. Ex. 1. A particle falling freely from rest in vacuo acquires a velocity L 
in seconds. Show that the same particle, falling in a medium in which the 
resistance varies as the velocity and the terminal velocity is L, will acquire half its 
terminal velocity in about -/ 7 $ seconds and two-thirds of that velocity in }% seconds. 

To prove this we use the formulae proved in Art. 107 for v. Eemembering that 
L gJK when the resistance varies as the velocity we have" x=l/p. 

Ex. 2. Show that the effect of the resistance of a medium on the motion of a 
heavy body is less the greater the size and density of the body. 

115. Resistance =KV". A particle is projected vertically upwards with a 
velocity V in a medium resisting as the square of the velocity. It is required to 
find the motion. 

During the ascending motion the resistance acts downwards and the equation 
of motion is 

dv _ dv u 2 

v Ts~Tt~~ 9 ' 9 !?' 

where L is the limiting velocity. When the particle descends the resistance acts 
upwards, but since v 2 -does not change sign with v, the equation of motion must be 
changed to 

dv dv 



where in both equations s and v are measured positively upwards. This discon- 
tinuity occurs whenever the power of v in the law of resistance is even. 

Following the second rule given in Art. 101 we express both a and t in terms of 
v. We have for the ascending motion 

gt f Ldv . , v . . _, V 

L-~jl 

20s _ f 2vdv 



the constants being determined by the condition that v=V when t=0 and = 0. 

The time T of ascent and the space h ascended are deduced by putting v=0. 
We thus find 



(3). 



The time of ascent and the space ascended are less than in a vacuum, for both 
gravity and the resistance join in bringing the particle to rest. 

For the descending motion we have in the same way 

g(t-T)_ Ldv _ L+v 

~ ~ 



1,2 



The velocities at which the particle passes upwards and downwards through any 
;iven point of space are connected by a simple relation. Takiiig the given point 
,s the point of projection upwards, let the two velocities be F and V. Putting 
= in (5) we find 



Eliminating h between'this equation and (3) we arrive at 

JL -L-JL 

F' 2 ~ F 2 ~ I? ' 

If <r be the space descended and T the time, we find by eliminating v 

See Art. 110, Ex. 4. 

116. ReBi8tance=/tt' 71 . A particle is projected vertically upwards with a 
relocity F in a medium resisting as the ?tth power of the velocity. It is required 
;o find the motion. 

We write the equation for the ascending motion in the form 
dv dv 



[t will be convenient to put v=xL. Proceeding as in the case when ?i=2, we find 
for the whole time T and space h of ascent 

f/T _ f a dx fjh _ f a xdx 

' ' T 2 ~J 



where the initial upward velocity is VaL. 

To find the time and space in which the velocity is decreased from aL to bL we 
take the limits from & to a. 

We can find superior limits to the values of t and h by making the initial 
velocity V infinitely great. In this case a=co , and both the integrals are given in 
the Integral Calculus. We then have 

gT _ TT gh _ IT 

L ~ n sin irjn ' L' 2 ~ n sin 27r/7t ' 

the former requiring n > 1 and the latter n > 2. It is remarkable that both thege 
limits are finite, though the upward velocity of projection may be as great as we 
please. 

For the descending motion it is often convenient to measure s downwards from 
the highest point. We thus avoid using a negative velocity. Adopting this plan, 

the equation of motion is 

dv dv f v \ " 

"s-dr'-'UJ ' 

Putting v = xL as before, we find for the time and space necessary to acquire a 

velocity aL, 

dx 



These integrals can be found without difficulty when n is an integer by using 
the method of partial fractions, see Greenhill's Differential and Integral Calculus, 

Art IQft Rr.Vinvto' Tnienrnl n/ilmihis A rf.. S5_ Thfi TP.Slllt when 11 has its 



117. Ex. 1. A. heavy particle is projected upwards with a velocity L in a 
medium resisting as the th power of the velocity. Prove that the whole space 
(up and down) described when the velocity downwards is F is equal to LT when L 
is the limiting velocity and T is the time in which the particle falling from rest in 
the medium will acquire a velocity F 2 /L. 

Ex. 2. A particle is projected upwards with velocity L in a medium resisting 
as the cube of the velocity. Show that the whole time and space of the ascent 

2r i 2 

are connected by the equation s + L!T= .- . 

S 



The -linear differential equation. 

118. The Linear equation. The most important equation 
of motion which occurs in this part of dynamics is the linear 
equation with constant coefficients. The simplest form of this 
equation is 



where b and c are two constants. 

When b = the equation represents the motion of a particle 
acted on by a constant accelerating force equal to c, and the 
solution is obviously 

x = %cP + At + B ........................ (2). 

When b is not zero, we can simplify the equation by putting 

a? = c/6 + f ................................. (3), 

we then have 



This can be solved without difficulty by the method already 
explained in Art. 97. But a simpler solution can be obtained 
by following the rules for solving equations with constant co- 
efficients given in books on differential equations. We assume 
as a possible solution 

= AeP .............................. (5). 

Substituting we find A (X- + 6) e u 0. The equation is therefore 
satisfied if X = V( b). If b is negative and equal to b', we 
have two real values of \ either of which give a solution. The 
equation is clearly satisfied by 



ui.ua as uiic <juu.ijpj.euc jLju.ucgj.ai. ucuauoc JLU UUIJ.UCWJULS uuc imu 

arbitrary constants JL and B. 

If 6 is positive, X is imaginary; but remembering that an 
imaginary exponential is a trigonometrical expression, we replace 
the assumption (5) by 

% = Asiri(\t + B) ........................ (7). 

Substituting we find A ( X 2 + 6) sin (\t + B) = 0. The equation 
is therefore satisfied by X = + ^b. These two values of X give 
the same solution, the effect of changing the sign of. X being 
merely that of changing the signs of the arbitrary constants A 
and B. The complete integral is therefore 

3c = clb + Asm(t^/b + B) .................. (8). 

It may also be written in either of the forms 

x = c/b + A'smt*Jb + B'cost*/b ............... (9), 

x = c/b + A" cos(t^b + B") .................. (10). 



119. Harmonic Oscillation. The dynamical meaning of 
the linear equation is important. Consider first the case in 
which b is positive. Putting b = n 2 , we have 



(2). 

First, we notice that as t continually increases the value of x 
alternates between the limits cjn- A. We therefore infer that 
the differential equation (1). represents an oscillatory motion and 
that the arc of oscillation is constant. The semi-arc of oscillation 
is A. and its magnitude depends on the initial conditions. The 
semi-arc is called the amplitude of the oscillation. 

Secondly. The middle point of the arc is determined by 
a) = cfn z , and this point is independent of the initial conditions. 
If the particle is placed at rest in the position defined by this 
value of x, the equation (1) shows that the accelerating force (viz. 
d z a!/dt 2 ) is zero. The middle point of the arc of oscillation is 
therefore a position of equilibrium. 

Thirdly. When t is increased by 2?r/n, the values of x recur 
in the same order, but when increased by irjn they recur with 
opposite signs. The period of a complete oscillation is therefore 



%7r/n. This period is independent of the initial conditions. The 
quantity n is called the frequency of the oscillation. 

The time of a complete oscillation is the time occupied by the 
particle in describing twice the whole arc of oscillation starting 
from any point and returning finally to the same point again. 
When the period is independent of the length of the arc, the 
motion is sometimes called tautochronous. 

Fourthly. The constant B depends on the instant from which 
>the time t is measured, thus if we write t + ct for t, nothing is 
changed except that B is increased by no.. 

Fifthly. Let x = ai 0) dx/dt=v <) be the given values of so and 
v at the time t . Writing the equation (2) in the form (9) of 
Art. 118 and equating the values of x and dx/dt to # and V Q 
when t = t , we find the values of A' and B'. The solution there- 
fore becomes 

/* / / \ 7 J 

an = + tf ~ -j 1 cos n (t - ) + - sin n(t- t ). 

It/ \ iff J IV 

Comparing this with the solution (2) we see that 
A sin B = a? c/n*, A cos B v /n. 
The semi-arc A of oscillation is therefore given by 



120. Consider next the case in which 6 is negative. Writing 
= n z , the differential equation and its solution become 



n~ 
First, we notice that the motion is not oscillatory. 

Secondly. If A is not zero the particle travels in an infinite 
time to an infinite distance from the origin. If A = the particle 
after an infinite time arrives at the point determined by so = o/n a , 

Thirdly. The position of equilibrium is given by x = cjn z , 

Fourthly. The particle can change its direction of motion only 
once. This change occurs when 

riff* 

^- = n (Ae nt - Be~ nt ) = 0. 



Fhis gives Znt = log(B/A). This is imaginary if A and B have 
>pposite signs, and gives only one real value of t if A and B have 
ihe same sign. The particle can change its direction only if this 
'eal value of t is subsequent to the beginning of the motion. 

Fifthly. If the values of x and v are respectively x and v at 
ihe time t = t 0) the value of x at any time t is 

c If. c t>o\ t _ t I 
flJ ~"~7?2\? rt/ e . 2 

121. When the equation of motion is 
ve take as the trial solution 



-^ "- (2)- 

it is easily seen that this satisfies the differential equation if 

\ 2 + 2a\-fb=0 (8). 

!f a 3 -6 is positive, the roots of the equation are real. Eepresenting these by 
k 1} X*, the solution is 

" (4), 



vhere A l , A., are two arbitrary constants. 

If a~-b is negative, say = -n 2 , the two roots are -a?t N /(-l). By an easy 
eduction the solution (4) becomes 



(5), 

,vhere B lt B., are two arbitrary constants. 
If --6 = 0, the general solution is 

(6). 



Considering the solution (5) as the more important of the three, we notice that 
he trigonometrical term vanishes whenever nt+J3 2 ie a multiple of TT, the particle 
herelbre passes through the position denned by a;=c/& at intervals each equal to 
r/n. Since it necessarily passes through this point alternately in opposite 
lirections, the interval between two consecutive passages in the same direction is 
!ir/i. This is called the time of a complete oscillation. The point defined- by 
! = c/6 is evidently the position of equilibrium. 

To find the times at which the system comes momentarily to rest we put 
te/rf< = 0. This gives tan (nt+Bn) = nla. The extent of the oscillations on each 
lide of the position of equilibrium may be found by substituting the values of t 
;iven by this equation in the expression for x - cjb. Since these occur at a constant 
nterval equal to ir/n we see that the amplitude of the oscillation continually 
lecreases and the successive arcs on each side of the position of equilibrium form 



fix I" 

j- sin rit - vx cos nt = I (f.) sin n d!t + A . 

'Multiplying by cos nt, both sides are again perfect differentials, 

dx f 

~ cos nt + nx sin nt = I <p (t)cosntdt+B. 

These two simultaneous equations give both x and dx/dt. 

To solve ~- n-x = <f> (t) we use e nt and e~ n * as the two successive multipliers. 

(tt 

(2) When <f> (t) is trigonometrical another method can be used. Let the 

equation be 

dPa" 

~ + n*x=Efau (\t+F). 

Assuming ac=iUsin(Xt + JF) as a trial solution, we see at once that the equation 
is satisfied if M ( -X 3 + i. 2 ) = JB. Adding the solution found in Art. 118 we see that 
the complete integral is 

JB 



-^ - ij 

This method fails when A=?. In this case we take x=Mt cos (\t + F) as a trial 
assumption. 

We find - 21/rc = E. The complete integral is therefore 

Et 
x = A sin (nt + B) ~ cos (nt + F). 



Motion tinder a centre of force. 

123. Central force varying as the distance. A particle 
constrained to move on a smooth straight line 

C P A is acted on by a central force tending to a 
fixed point outside the straight line, whose 
magnitude varies as the distance of the particle 

from 0. 

Let 00 =h be the perpendicular on the 

straight line AC. Let P be the particle, CP = x. The force on 
P being n 2 . OP, the component along PC is n*x. Supposing the 
straight line to be smooth and the motion to take place in vacuo, 
the equation of motion is 



This is the standard form discussed in Art. 119. The particle 




therefore oscillates about as the middle point of the arc, and the 
time of a complete oscillation is 2?r/n. 

To find the time of oscillation numerically the magnitude of 
the force must be known at some given distance from the centre 0. 
Suppose that the force is equal to gravity at a distance a, then 
ri*a=g, and the time of a complete oscillation is 2?r \/(a/g). If 
g = 32*18, the distance a must be measured in feet and the formula 
gives the time in seconds. 

The extent of the arc of oscillation depends on the initial 
conditions. If the particle start from a point distant # from G 
with an initial velocity v measured positively from G, the whole 
subsequent motion is expressed by the fifth result of Art. 119. 

124. Ex. Any two places on the surface of the earth are joined by a straight 
tunnel. A particle dropped from one falls towards the other under the sole 
attraction of the earth. Assuming that the resultant attraction tends to the 
centre and varies as the distance therefrom, prove that the particle will arrive at the 
second place after about 42 minutes, the radius of the earth being taken as 4000 
miles. 

125. Ex. Effect of friction. If the straight line in Art. 123 is sensibly 
rough, it is required to take account of the friction. 

. Since the normal pressure on the straight line is equal to n 2 h and is therefore 
constant, the limiting friction is also constant. Let us represent this by /. The 
equation of motion is therefore 



We notice that the Motional accelerating force acts opposite to the direction of 
motion, HO that the sign must be negative or positive according as the particle is 



A' V C D A 

moving in the direction in which x is measured or the opposite. The equation 
therefore presents the discontinuity which so frequently occurs whenever friction has 
to be taken account of. 

Let the particle start from rest at .4 whore CA = a. Initially the resolved 
attraction is n' 2 a and unless n z a is greater than the friction /, the particle will not 
move. Supposing this inequality to hold we write the equation in the form 

d-x . 



The motion therefore from A towards C is the same as if the centre of force were 
displaced a distance CD = fin* towards A. The particle comes to rest at a point 
A' on the other side of D where DA'=AD. On the return journey we take CD' 
also equal to //?r and the particle moves as if D' were the centre of force. Thus 



always opposite to the direction of motion. The friction reduces the extent of 
each successive semi-arc of oscillation by 2//w 2 . The particle comes finally to rest 
when the extent of the semi-arc is less than fjn~. 

126. Resistance of the air. If the motion take place in 
the air its resistance must be allowed for. As a sufficient illustra- 
tion of the general effects of this force, let us suppose that the 
resistance varies a.-; the velocity. Excluding friction the equation 
of motion is then 

d-x n dx ,-,. 

& -**& w- 

Assuming n> K. the solution is (Art. 121) 

x = Ae- tt sin(pt + B)..... (2), 

where p* = n- tc\ The constancy of the period of oscillation is 
therefore unaffected by the resistance of the medium, Art. 121. The 
time of oscillation is however longer than in a vacuum. 

The successive arcs on each side of the position of equilibrium 
decrease continually in geometrical progression and vanish only 
after an infinite time. 

In many cases the resistance of the medium is very slight 
compared with the other forces acting on the particle. The 
quantity K is then small, and we see that the period of any one 
oscillation differs from that in a vacuum by the squares of small 
quantities. In using the equation (2) we must however remember 
that when the position of the particle after a great many oscilla- 
tions is required we cannot regard pt as the same as nt ; for though 
p and n differ by a very small quantity, that difference is here 
multiplied by the time t. 

127. By making observations on the lengths of the arcs of 
oscillation we may test the correctness of the assumed law of 
resistance. A convenient method of trying the experiment is to 
use the particle as a pendulum. It may be shown that when the 
oscillations are small the resolved action of gravity represents the 
force n*a) while the resistance is 2/c dx/dt. The measurements 
show that the successive arcs do decrease in geometrical pro- 
gression when the arcs are small, but the decrease follows another 
law when not small. This, as Poisson remarks, is a justification of 
the statement that for small velocities the resistance varies nearly 



The common ratio of the geometrical progression is e~**l#. By 
pleasuring successive arcs the numerical value of K can be found. 

128. Discontinuity of resistance. When the resistance 
/aides as the velocity the analytical expression %KV changes sign 
with v. It therefore represents the retardation due to the re- 
sisting medium both in sign and magnitude. If the resistance 
varies as the square (or any even power) of the velocity, the 
malytical expression 2/cv' 2 represents the retardation in magnitude 
mly. Whenever the particle changes its direction of motion it 
ivill then be necessary to change the sign of K. Thus a dis- 
continuity is introduced into the equations similar to that which 
Dccurs when friction acts on the particle, Arts. 125 and 115. 

128. Ex. 1. A particle oscillates in a straight line under the action of a 
jentral force tending to a fixed point 
'J on the straight line and varying as M 

She distance therefrom. Supposing 
;he motion to take place in a medium 
existing as the square of the velocity, 
Ind the relation between any two 
successive arcs on each side of C. " A! B' 

Supposing that the particle is 

noving in the negative direction (Art. 128) the equation of motion is 

vdvjdx = - n z x + /cv 2 . 




By Art. 103 this gives v z e~ 2 " x = C + ^- (a + o~ ) c" 2 "* If x , x 3 be two successive 
ires, x l being negative, we have \ Xl + 1 >~} e ~ "^ = ( ^o + sT ) e ~ ^ ' 



We notice that this relation is independent of the strength of the attractive force. 

ro interpret this relation we trace the curve y = (x + ^ \e~ KX . If the particle 

start from rest at any place A it will come to rest again at A' where the ordinates 
)f A and A' are equal. Taking OB=CA', the third point of rest is at a distance 
jB' from G on the side of C opposite to A', the ordinates of B, B' being equal, 
ind so on. Thus if the particle start from rest at an infinite distance from G it 
will first come to rest at K', where CK=1J2K numerically. 

The general character of the motion is that the successive arcs decrease rapidly 
it first, but afterwards become more and more nearly equal, the motion never 
jeasing. 

If GI is the abscissa of the point of inflexion, CI=CM=CK. 

Ex. 2. Prove that the times of describing all chords of a circle starting from 
;est at the same point A under the action of a centre of force situated on the 
liameter through A and varying as the distance are equal. The chords are to be 



Ex. 3. A heavy particle whose mass is m is suspended from a fixed point by 
an elastic string whose unstretched length is a. If the particle oscillate up and 
down in a vacuum, prove that the complete period of an oscillation is 2ir N /(?rtfl/JS), 
where E is Young's modulus. 

Ex. 4. A particle oscillates in a straight line in a medium whose resistance 
per unit of mass is K times the square of the velocity. There is a centre of force 
situated in the straight line whose attraction is p. times the square of the distance 
from the centre of force. If a and fc are the distances from the centre of force of 
two successive positions of instantaneous rest, and /A is not zero, prove that 

2lca =l. [Art. 135.] 



130. The inverse square of the distance. A particle, 
constrained ,-to move in a straight line, is acted on by a central 
force tending to a fixed point external to the line and varying 
inversely as the square of the distance therefrom. It is required 
to find the motion. 

Let 00 be a perpendicular on the straight line, OG=h. Let 
P be the particle, CP = a, OP = r. See fig. of Art. 123. Let the 
angle POG=<j>, then sin <f> = x/r. The accelerating force on P 
being fj.fr 2 , the component along PG is found by multiplying by 
sin and is therefore /A#/r 3 . The equation of motion is 

\^ = -^ (1) 

V dx r 3 ............................ ^ ' 

Since r 2 = A 2 + or, we have rdr = xdx. Hence 



If the particle ' start with a velocity u at some point A distant a 
from 0, we have 

(2). 

^ ' 



r a 

If the particle is projected from G along GA with a 
velocity u greater than - v / (2/A/a) 3 it is clear that the velocity v 
cannot vanish or change sign. The particle therefore will move 
continually away from the centre of force. 

131. When the centre of force lies on the straight line of motion, the time 
occupied by the particle in travelling from the initial position A to any point P 
can be found without difficulty. We put 

x = b cos 2 0, .: dxjdt = - 2b sin 6 cos d6jdt. 
The equation of motion is 

,dx\ 2 /I 1\ a d6 /2u 
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We notice that x begins at x = a with dxjdt initially positive ; x then increases 
until dxjdt=Q 1 i.e. until x = b. At this point the particle begins to return and 
dxjdt becomes negative. To represent these changes we make 6 begin at 6 = - /3 
where cos= + f j(ajb) because this makes dx[dt positive' when x = a. We then 
make 6 increase through zero and finally become TT when the particle arrives at 
the centre of force. Thus the two times at which the particle passes through any 
point P are distinguished by the sign of 6. Since, according to this arrangement, 
6 continually increases with the time we give the positive sign to the radical in the 
expression for d&jdt. We then find after integration that the time from 0=-fi 
to 6 is 



The time from rest at a distance x = a follows from the preceding or may be found 
independently. We have 

da; ' //I 1\ /2u / j -i 

-Tt =A \/l*~a) ; VT'-J* r *> ' 

the limits being x=a to x. Putting a;='acos 2 we easily find that the time t of 
moving from x = a to x is 



The time of arriving at the centre of force starting from rest at a distance a is 
found by putting 6=%tr. The result is"^ . / ^- . 

a \/ j&fJL 

182. Ex. 1. A particle falls from rest at a point A whose altitude above the 
surface of the earth is equal to the radius. Show that the velocity on arriving at 
the surface is equal to that acquired by a particle falling from rest through half 
that space under a constant force equal to g, where g represents gravity at the 
surface of the earth. 

Notice that if /u/? >2 is the attraction of the earth, a the radius, /i/a 2 =0. 

Ex. 2. If a particle fall from an infinite distance towards the earth, prove that 
the velocity at the surface is equal to that acquired in falling from rest through a 
space equal to the radius under a constant force equal to g. 

Ex. 3. If any heavenly body' were isolated in space, prove that the least 
velocity with which a particle must be projected from its surface that it may not 

fall back on the body is . / ( . -^ \ feet per second, where M and E are the 

masses, r and a the radii of the body and the earth. The resistance of the 
atmosphere is to be neglected. 

Show that for the moon this velocity is about one and a half miles per second, 
taking its mass and radius to be -faili and ^th of the mass and radius of the 

onrt.Vi ftnrl f.Vip rnflitin nf t.Tio oovt.Ti t.n ha AC\(\(\ milac 



Following the same notation as in Art. 130, the equation of motion takes the 
form 

dv fix fill 

Multiply by da; and put x h tan <, where represents the angle POG. Inte- 
grating as before, we find 

tt 2 = -~ (COB <j> - cos -t- / sin - / sin <j!> ) 



where < , e are the angles CO A, COM, so that /=tane. It is evident that 2> = 



Ex. 2. If the force to vary as the inverse fourth power of the distance and 
the particle starting from rest at A come to rest again at B, prove that the angles 
CO A, COB are complements of each other when sin 2 ((70^) = (4/-2)/(/+l). 
Thus if f\ a particle starting from rest at an infinite distance will just reach G. 

Ex. 3. A particle is constrained to move in a straight rough tube CA, aud is 
acted on by a central repulsive force X/r, where r is the distance from the centre of 
force and OCA is a right angle. The particle is projected from A away from G 
with a velocity v ; prove that if it come to rest at a point P, the angle COP is a 
value of 9 satisfying the equation ;u0-logsec0=i; 2 /2X, where p. is the coefficient of 
friction. [Coll. Ex. 1893.] 

134. Ex. 1. The earth and moon being held at rest, find the least velocity 
V with which a particle must be projected from the rnoon to reach the earth. 

Let a be the radius of the earth, b = -f> r a that of the moon, 60<i their distance 
apart from centre to centre. Let E and ^E be the masses of the earth and moon. 
If x is the distance of the particle from the centre of the moon, the equation of 
motion is 

<% _ E _l_ E . 

dt" ~ (GOa-a;) 2 81 a: 2 ............................. ^ '' 

This equation can be integrated by the rule of Art. 97. The constant of inte- 
gration can be found in terms of V by remembering that dxjdt = V when x =&. 

There is evidently a certain point between the earth and moon where the 
attractions of these bodies balance each other. By equating the right-hand side of 
(1) to zero, this point is easily seen to be at a, distance 6a from the centre of the 
moon. If V is such that dx/dt vanishes when x = 6a, it follows that a velocity of 
projection ever so slightly greater than V will carry the particle to the earth. 

llemembering that Eja z =g and taking a to be 4000 miles, we find that V is 
approximately 1| miles per second. 

Ex. 2. If the earth and moon were placed at rest, they would fall towards 
each other under the influence of their mutual attractions. Supposing the initial 
distance to be equal to their present distance from each other show that they would 
meet after about four and a half days. 

Consider their relative motion. If E, M be the masses of the earth and moon, 
the attraction on the earth per unit of mass is Mji 5 . By Art. 39 we apply this, 
reversed in direction, as an acceleration to both bodies?. The earth is thna 
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ie whole accelerating attraction on the moon causing the relative motion is 
arefore (JS + JU)/r 2 . We must also apply to each an initial velocity equal and 
posite to that of the earth (Art. 10), but this, in our problem, is zero. The 
36 is then found as in Art. 131. 

Ex, 3, Two mutually attracting spheres, each one foot in diameter, and the 
asity of each the same as the mean density of the earth, are placed at rest in a 
Buum, the distance between their surfaces being one quarter of an inch. Prove 
it they will meet in less than 250 seconds. This problem is due to Newton, its 
3tory is given in Todhunter's History of the Theory of Attractions, &c., Art. 725. 

Ex, 4. Two particles A, B, mutually attracting eaoh other according to the 
iwtonian law, are placed at rest at a given distance a apart. The particle B is 
w constrained to move away from A along the straight line joining them with a 
liform velocity u, show that A will catch B up if ?6 2 <2/u/a where /j. is the mass 

B, Show also that the time will be J(7r + 2j3 + sin 2/3) v^ s /2/tt where cos 2 /3=a/& 
d 2,u/& = 2/*/a - u z . [Reduce B to rest, see Art. 131.] 

Ex. 5. A body of mass M is moving in a straight line with velocity U, and is 
llowed at a distance r by a smaller body of mass in, moving in the same line with 
smaller velocity u. The two bodies attract each other with a force varying as 
a inverse square of the distance and equal to K for two unit masses at unit 
stance. Prove that the smaller body will overtake the other after a time 

' { r ) 3 
L ,- \tr + ^/(l - w 2 ) + cos l w}, 

(J. + W) 

here K (M+m)(l- u) = (U- u)"r. ' [Math. Tripos, 1887.] 

135. Discontinuity of a centre of force. A particle 
mstrained to move on a smooth straight line is acted on by a 
>rce X tending to a point C situated on the line and varying as 
ie nth power of the distance therefrom. It is required to find 
ie motion. 

Let the particle P start from rest at A, CA a, CP = x. The 
^nation of motion is 

ft 3 (Y* fi 1 \ 

u, tb no , 1X 

,, u _ rti ., _ m It.^ I I I 

4,9 P (,i>t,+\ _ <y.n+i\ /9\ 

.. v - n+1 (* * ) V). 

ie constant of integration being determined by the condition 

kot. 01 C\ wliiaYY fl-< n ffvt = 1 I.Vir* iirhporrnl t.n.lroa a. 



If n is an even integer, the expression for v vanishes for no 
real value of x except x ~ a. Since the particle must obviously 
oscillate on each side of through equal arcs, it follows that the 
equation (2) cannot represent the dynamical facts of the problem. 

The reason is that the force X (as given in the question) 
varies as the nth power of the distance taken positively and always 
acts towards G. Now x is the distance of the particle from G 
taken with its proper sign. We must therefore write 



= -fjLO) n or 

according as the particle is on the positive or negative side of the 
origin G. These are identical if n is odd and in that case the 
equation (2) holds throughout the motion. If n is even, different 
equations of motion hold on each side of the origin. 

The particle arrives at G with a velocity V Q obtained by putting 
x = in (2). This is a finite velocity if n is positive. After 
passing G, the equation of motion (1) must be changed to 

vdvfdos = fjt>( x) n = fjix n ..................... (4), 

since n is even. We then find 



(5), 



the constant of integration being found by the condition that (2) 
and (5) must agree when x = 0. The equation (5) shows that v is 
again zero when #= a, so that the particle in its oscillations 
describes equal arcs on each side of G. 

After the particle has passed through G on its return journey 
the equation of motion resumes the form (1). The integration is 
the same as before, but the constant C must now be determined 
from the condition that the value of v at-the origin is the same as 
that given by (5). The resulting value of v z is however the same 
as that given by (2), so that the motion on the positive side of the 
origin is always that represented by (2), and the motion on the 
negative side that represented by (5). 

136. The time of travelling from A to C is given by 

dx 



according as ;i + l is positive or negative. We then have 






JSa:. 1. A particle starts from rest at a distance a from a centre of force which 
attracts as the inverse cube of the distance. Show that the time of arriving at 
the centre is a a /*//*- 

Ex. 2. A particle starts from rest at a distance a from a centre of force which 
attracts inversely as the distance. Prove that the time of arriving at the centre is 



Small Oscillations and Magnification. 

137. Small Oscillations. A particle, constrained to describe 
a straight line, is under the action of a force tending to a point 
external to the straight line and varying as some given function 
of the distance from 0. It is required to discuss the motion 
when the arc of oscillation decreases \vithout limit. 

Let 0(7 be a perpendicular on the straight line, P the particle, 
00 = h, OP = x, OP = r. Let the accelerating force be rf(r). 
The equation of motion is therefore 



(D- 



Since r* = li?-r&r, we can expand xf(r) in powers of x. The 
equation then takes the form 

d 2 x/dt" = A l x + A^c-+ ..................... (2), 

where A l} A, &c. are known constants. Supposing the series to 
be convergent when a; decreases without limit, we may ultimately 
omit all the terms after the first which does not vanish. Assum- 
ing x to be initially small we proceed to discuss the subsequent 
motion. 

When A-i is not zero, the equation reduces to 

d a as/dt t =A 1 fe ........................... (3). 

The motion represented by this equation has been discussed in 
Art. 119. If AI is negative and equal to n-, the time of a 
complete oscillation is 27r/n. It appears therefore that when the 
arc of oscillation is continually diminished, the displacement and 



is finite. This finite time is called the time of a small oscillation, 
and the equilibrium position is said to be stable. 

If A 1 is positive, we know by Art. 120 that the value of % 
contains a real exponential and that the motion is not oscillatory. 
As the displacement x does not remain small we cannot continue 
to reject the higher terms of the series (2) as compared with the 
first. The subsequent motion is not represented by equation (3). 
The equilibrium position is then unstable. 

If AI = 0, let the first power which does not vanish be the uth. 
The equation is then ultimately 

d*sc/dt 2 = A n x n (4). 

This equation has been discussed in Art. 135. If A n is negative 
the time of oscillation has been found in gamma functions, with a 
factor a-^" 1 ', where a is the semi-arc of oscillation. The limiting 
time of oscillation is therefore infinite if n is positive and greater 
than unity. If A n is positive, the value of x becomes great and 
the higher powers of x cannot be neglected. 

138. Ex, 1. It' Saturn's ring were rigid and held at rest show that the 
position of Saturn placed afc its centre would be one of unstable equilibrium for 
displacements in the plane of the ring. If the force between the ring and the 
planet were repulsion instead of attraction that position of Saturn would be stable 
and the time of a small oscillation woiild be 27r x /(2a 3 /il/), where a is the radius of 
the ring and M its mass. 

Show also that the time measured in seconds is 2ir^/(2a 3 /7i& 2 (7) where n is the 
ratio of the mass of the ring to that of the earth, b the radius of the earth, and ff 
is gravity at the surface of the earth, a and b being measured in feet. 

To prove this, we let x be the distance of Saturn S from the fixed centre C of 
the ring. Let P be a point on the ring, PCS -6, SP=p. The attraction on 8 in 

the "direction CS is then seen to be F=~ f ^ ?^2ilz5. Substituting 

2air J p i p 

pa-xcosd, expanding in powers of xja and integrating, we find I' 1 =Ma;/2a a . 
This force being positive, thp equilibrium is unstable. Reversing its sign the time 
of a complete oscillation follows by Art. 123. The time in seconds is found by 
using the equation Ejb z =g, see Art. 134. 

Ex. 2. If the ring attract Saturn, show that the central position of the planet 
is stable for displacements perpendicular to the ring, and that the time of a small 
oscillation is 27r<,/(a 3 /M). 

Ex. 8. A particle is in equilibrium under the influence of two centres A, B of 
repulsion each varying as the inverse nth power of the distance. Prove that the 
position of equilibrium is stable for displacements in the straight line AB and that 
the time of a small oscillation is 27r N /(a&/?i (a + b) F), where a, b are the distances 
of the particle from A and B, and F is the accelerating rerralsiou of either force on 



iRT. 139.] MAGNIFICATION. 75 

139. Magnification. A particle, oscillating in a straight 
ine under the action of a centre of force whose acceleration is 
fa, is also acted on by the two accelerating forces X = E cos \t, 
r = F cos fit. It is required to find the motion. 

The equation of motion is 

d'as/dP = n*x + E cos \t + F cos /j,t. 
["he solution of this, by Art. 122, is 

as = A cos (nt + B) + E' cos X* + F' cos /it, 



If the particle start from rest at a distance a, from the origin 
vhen t = 0, we have Aa E' F' and B = 0. 

The motion of the particle is therefore compounded of three 
filiations, one has the period STT/TZ. due to the central force, while 
ihe other two have the same periods, viz. 27T/X and 27r//n, as the 
orces X and Y. 

This example is important because it shows that the dynamical 
effects of oscillatory forces are not necessarily in proportion to their 
nagnitudes, but depend also on their periods. Thus the ratio of 
' to F' is a function of X and p as well as of E and F. 

If the period of the force X is nearly equal to that of the 
>scillation caused by the central force, n? X 1 is small, while, if 
10 such near equality hold for the force T, n u p? is not small. 
It follows that if E and F are nearly equal, E' is much greater 
,han F', If also E and F were so small that the effect of Y on 
ihe motion of the particle were insensible, that of X might still 
>e very great. The general result is, that of two forces X, Y, that 
me produces (cseteris paribus) the greatest oscillation whose period 
s most nearly equal to the period of the oscillation due to the 
entral force, 

On the other hand we notice that a near equality between the 
)eri.ods of the forces X and Y has no dynamical significance. The 
reason is that these forces being explicit functions of the time do 



the period of either X or Y is nearly equal to that due to the 
central force alone. 

If the period of X is exactly equal to that of the oscillation 
due to the central force the solution of the differential equation 
takes a different form. By reference to Art. 122 we see that 

ET/ 

a; = a, cos nt + 5- sin nt + F' cos /*,, 

so that the amplitude of the oscillation becomes very great as t 
increases. 

We may also notice that if \ is very great the terms which 
contain E' as a factor are very small. It follows that an oscillatory 
force whose period is very short produces very little effect on the 
motion of the particle. 

140. As an example of these effects consider how great an oscillation can be 
generated in a heavy swing "by a series of little pushes and pulls if properly timed. 
If we push when the swing is receding and pull when it is approaching us, the 
motion ia continually increased and the amplitude of the oscillations becomes 
greater at each succeeding swing. Such a series of alternations of push and pull 
is practically an oscillatory force, such as X, whose period is exactly equal to that 
of the swing. If however the alternations of push and pull follow each other at 
an interval only nearly equal to that of the period of the swing, a time will come 
when the effects are reversed. The push will be given when the swing is approach- 
ing us and the pull when the swing is receding. Thus, though a great oscillation 
of the swing is at first produced, that oscillation will be presently destroyed only to 
be again reproduced and so on continually. 

141. Second approximations. In determining the small oscillations of a particle 
in Art. 137, it is explained that the terms containing a; 2 , &c. are usually neglected. 
These terms are indeed very small in the differential equation, but we know from 
Art. 139 that their effects may in certain conditions be so magnified that they 
become perceptible in the value of x. It is therefore sometimes necessary to 
proceed to a second or a third approximation before we can find a value of x which 
represents the actual motion. Some examples of this will be given later on, but 
the reader will find the theory given at length in the Author's Rigid Dynamics, 
vol. ii. chap. vir. 

142. Ex. A. heavy particle P is suspended at rest from a point A by au 
elastic string whose initial and unstretched length is a. The point A at the time 
t=0 begins to oscillate up and down, so that its displacement (measured downwards) 
at the time t is c sin \t. Prove that the length of the string at the time t is 

, , cn\ , en 2 . 

+ -^ (1 - cos nt) - , r-o sin nt + . -5 sm \t. 
n- ' n z - X 2 n 2 - X 2 

Discuss the interpretation of this result (1) when X is nearly equal to n, and (2) 
when X is very great. 

Notice that if d 2 xldt~ is to he the acceleration of P. x must h mfiAsurWl from a 
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Chords of quickest descent. 

143. To find the straight lines of quickest and slowest descent 
rom rest at a given point to a given curve. The straight line 
s supposed to be smooth and the motion to be in vacuo. 

The solution of this problem depends on the theorem that 
,he curve which possesses the property, that the times of descent 

o 





R 



Fig. 1. Pig- 2. 

down all radii vectores from rest at are equal, is a circle having 
for the highest or lowest point. See Art. 100. 

Describe a circle having its highest point at and touching 
bhe given curve in some point P. There are two cases, according 
as the circle touches the given curve on one side or the other. 
These are represented in figures (1) and (2). 

If OQ be any chord cutting the circle in R, the time down OP 
is equal to the time down OR and is therefore less than the time 
down OQ .in fig. (1) and greater than that time in fig. (2). Thus 
OP is the chord of quickest or slowest descent according to the 
mode in which the circle of construction touches the given curve. 

If is the centre of the circle, the angles CPO and COP are 
equal. Since CO is vertical the chord of quickest or slowest descent 
from rest at meets the given curve at a point P such that OP 
bisects the angle between the vertical and normal at P. 

If the position of a point P on a given curve is required 
such that the time of descent from P to a given point is a 
maximum or minimum, we follow the same construction except 
that is to be the lowest point of the circle of construction 
instead of the highest. The result is that the particle must 




144. To find the chords of quickest and slowest descent from 
rest at one given curve to another given curve. 

Let PQ be the required chord. Then since the time down 
PQ is less than the time down any 
neighbouring chord drawn from P to 
the other curve, PQ must- bisect, the 
angle between the normal and vertical 
at Q. Similarly by fixing Q and varying 
P we see that PQ must bisect the angle 
between normal and vertical at P. 

The points P, Q are therefore such 
that they satisfy these two conditions, 
(1) the normals at P, Q are parallel, 

(2) the chord makes equal angles with each normal and the 

vertical. 

145. To find the chord of quickest descent from rest in a medium whose 
resistance varies as the velocity we use the same construction, because the times 
of descent down all chords of a circle from rest at the highest point are equal. Art. 
107. 

If the resistance vary as the square of the velocity the curve which possesses 
the property of equal times for the chords is not a circle ; see Art. 110, Ex. 4. The 
geometrical construction is therefore inapplicable. 

146. If the chords of quickest or slow'est descent are rough we slightly modify 
the rule. To find the rough chord of quickest descent from to a given curve we 
describe a circle to touch the given curve in some point P, but such that the 
diameter through makes an angle with the vertical equal to the angle of friction, 
Art. 105. 

The result is that the required chord meets the curve at a point P such that OP 
makes equal angles with the normal at P and a straight line inclined to the vertical 
at the angle of friction. 

147. Ex. 1. A point A and a straight line BG are given in the same vertical 
plane. Show how to draw (when possible) a straight line from A to BC, so that 
the time of descent from rest under gravity may be equal to a given time t. 
When there are two such lines, intersecting BC in P and Q, prove that the radius 
of the circle described about APQ is %yt-. 

Ex. 2. Two parabolas are placed in the same vertical plane with their'foci coin- 
cident, axes vertical and vertices downwards. Prove that the chord of quickest 
descent from the outer to the inner parabola passes through the focus and makes 
an angle equal to ?r with the axis. 

The normals at the extremities of the chords are parallel and the parabolas are 
similar. The chord therefore passes through the centre of similitude, i.e. the 
focus S. If PG be a normal, the second condition of Art. 144 shows that the tri- 



Ex. 'A. Find the smooth chord along which a particle must travel starting frotn 
rest at some point on one given curve and ending at another given curve, so that 
the velocity acquired may be a max-min. The force acting on the particle tends 
to a fixed centre and varies as some function of the distance from 0, The result 
is that if P be either extremity of the required chord, either the force is zero at P 
or OP is a normal to the given curve at P. 

To prove this, let the central force be/'(r). We then find v u =2/(ri)-'2/(^) 
where r lt r 2 are the distances of the extremities P, Q from 0. Fixing Q, let us 
vary P along the arc (as in Art. 144), then <fo 2 /ds = 0. Hence /' (?'j) dri/ds==0, i,e, 
the component of the central force along the tangent to the curve is zsero, 

Ex. 4. Prove that the smooth chord of quickest descent from rest at one 
given circle to another given circle when produced passes through the highest point 
of the first circle and the lowest point of the other. 

Prove also that the smooth chord of longest descent between the same two 
circles is either a horizontal straight line or (when produced if necessary) passes 
through the lowest point of the first circle and the highest of the other, 

Ex, 5. Prove that the locus of the points from which the times of descent to 
three given points in space are the same is a rectangular hyperbola. Prove also 
that the locus of the points from which the times of shortest descent to three equal 
spheres, given in position in space, are the same is a rectangular hyperbola. 

[Math. Tripos, 1885.] 

Ex. 6. Prove that the rough chord of quickest descent from rest at some point 
on a given straight line to some point on a given circle (not intersecting), (1) when 
produced passes through a point B on the circle such that a particle placed at B is 
in equilibrium with limiting friction, (2) bisects the angle between the diameter 
through B and the perpendicular from B on the given straight line. 

Ex. 7. Heavy particles slide down chords of a circle whose plane is vertical 
starting from rest afc the highest point A in a medium resisting as the square of 
the velocity. Prove that the chords of slowest and quickest descent are the vertical 
diameter and a chord making an infinitely small angle with the horizon. 

These results may be deduced from the formulae given in Art. 115, but the 
following line of argument is worth noticing. Let AB=2a be the vertical diameter, 
AQ a chord making an angle with AB, then AQ=2a cos 6. "We have to find the 
time of describing 2a cos from rest with an acceleration g cos - K (dx/dt)-. 
Writing a: = coB0, this time is equal to that of describing 2a from rest with an 
acceleration g - K COB (d^dtf. In vacuo, where K=0, this is independent of 6 
and therefore all chords are described in the same time. Also this time is increased 
by the presence of the resisting medium because the acceleration is thereby 
diminished. This increase of time is zero when cos 0=0, i.e. e = ^v, becomes 
greater as cos 6 is greater and is greatest when cos0 = l, i.e. = 0. The time of 
descent therefore increases as Q passes from i ir to 0. 



Infinitesimal Impulses. 

148. When the effect of an impulse acting on a body is 
required, we commonly disregard all finite forces which act 
simultaneously with it. The duration T of the impulse being 
infinitesimal, Art. 80, a finite force F can generate only a mo- 
mentum FT which vanishes in the limit when compared with 
the finite momentum communicated by the impulse. If, however, 
the impulse is itself very small these may be comparable in 
magnitude and it will then be necessary to take account of both 
forces in the same equation of motion*. 

This generally happens when the mass of -the body changes 
during the motion. 

149. Let a body of mass M whose resolved velocity parallel 
to sc is v be acted on by a finite force X. Let this body lose a 
small portion m = dM of its mass in each element of time dt. It 
is required to find the motion. 

The momentum at the time t is Mv, and the gain in the 
time dt is d(Mv). In this time the force increases the linear 
momentum by Xdt, while the momentum lost by diminution of 
mass is mv. Hence 

d(Mv) = Xdt + vdM, .'. M~=X (1). 

CLt 

Here there are no impacts ; the particles merely separate with 
their common velocity without mutual action. 

If X = mg, the equation becomes dvfdt = g, and each portion 
moves parallel to sc with an acceleration g. 

Next, let us suppose that the body gains a mass m dM in 
the time dt and let the resolved velocity of this increment before 
it is attached to M be v'. The total gain of momentum is now, 
Xdt due to the force and mi/ due to the impact produced by the 
sudden junction of the masses M and m with different velocities. 

* Problems on infinitesimal impulses were solved in the lecture room of the 
late Mr Hopkins as long ago as 1850. A problem of this kind was set in the 
Smith's Prize examination in 1853 by Prof. Challis, and a solution given in Tait 
and Steele's Dynamics. Another was proposed in 1869 by Prof. Cayley who 
published the solution in the Mathematical Messenger in 1871. Two problems were 



The equation. of motion is therefore 

d(Mv) = Xdt + v'dM ..................... (2). 

If v' = v this reduces to the former result. 

15O. Ex. 1. A uniform chain of mass M l and length I, is coiled up on a 
small horizontal ledge at the top of a plane, inclined at an angle a to the horizon, 
and has masses M a ,'M 3 fastened to its two ends. If M 2 is gently pushed off the 
ledge, prove that the velocity of M 3 just before it leaves the ledge is v', and just 
after is v", where 

2gl sin a {j Jtf 1 + M 1 Jtf fl + J/ 3 } m+^+ 

1 - (,i/ 1+ n/ 2 +jj/ 3 ) 2 ' -" V MI+M Z + 

[Co\i. Ex. 1897.] 

Let x be the distance of the lowest point of the chain from the edge, m the 
mass of a unit of length of the chain. The momentum at the time t is (M 2 + mx) v. 
In the time dt a mass mdx without velocity is taken from the ledge and added to 
the moving length. Also gravity adds a momentum (Ma + mx) g'dt, where g'=g sin a. 

.-. d{(M 2 +mx)v\ = (Ma+mx)g'dt ........................ (1). 

To make 'the formation of this equation more clear, let the coil be at a short 
distance a from the edge, and let the edge be rounded off in a circular arc of 
radius b. We here only require the limiting case when both a and 6 are zero. As 
each element passes over the edge, the velocity is at first horizontal and the change 
of direction is effected by the normal pressures at the rounded edge. The 
momentum generated by the weight of the chain on the rounded edge is ultimately 
zero since the radius b can be made as small as we please. 

To integrate (1) we multiply both sides by (J\I<, + mx)v, then remembering that 



(2). 



Since x and v vanish together G= -Af 2 3 . When all the chain has left the 
ledge x=l, and 

,,,272 1 

^~- + mlMs+MA'2g'l ..................... (3). 

" 



At this instant there is an impact, the tension acts on JI/ 3 horizontally, hence if 
v' be the velocity of M 3 and the chain just before M a reaches the edge 

(j\I a + ml + M 3 )v f = (M^ + ml)v ........................... (4). 

The mass M s immediately reaches the edge with a horizontal velocity v', while 
the chain is moving along the plane with an equal velocity. There is therefore 
another impact, the component of momentum M 3 v' sin a perpendicular to the 
chain remains unchanged, while the component M a v' cos a is joined to that of the 
chain. If u be the common velocity of M 3 and the chain parallel to the plane just 
after M a has left the ledge, 

(Jlf 3 + M 2 + ml) u = (3/ 2 + ml) v' + il/ 3 ti'cos a) ,. 

I .................. U ' 



Ex. 2. A chain of length I is coiled at the edge of a table. One end is 
fastened to a particle whose mass is the same as that of the whole chain. The 
other end is put over the edge. Prove that immediately after leaving the table the 
particle k moving with velocity W(#^)- [ Co11 - Ex - 189G -1 



IS a t 8. A fflasd it/ is attached to one end of a chain whose mass per unit of 
length is tli, The whole is placed with the chain coiled up on a smooth table and 
M is projected horizontally with a velocity V. Prove that when a length x of the 
chain has become straight, the velocity of Mis MVI(M+mx). 

[Cayley, Math. Messenger, 1871.] 

Jbi.v. 4, A uniform chain of length Z and mass ml is coiled on the floor, and a 
mass me is attached to one end and projected vertically upwards with velocity 
J2gh. trove that, according as the chain does or does not completely leave the 
floor, the velocity of the mass oil finally reaching the floor again is the velocity . 
due to a fall through a height $ {2Z-c-f-ci :) /(Z-H:) 2 } or a-e; where a 3 = c 2 (c + Bk). 

[Coll. Ex. 1896.] 

When descending each portion moves with a uniform acceleration {/, as explained 
in Art. 149. 

I<lxt f>. A chain brake is used at railway depots for arresting runaway trucks, 
consisting of a coil of chain between the metals, having a hook at one end so 
placed as to catch on to the axle of the truck. If the mass of the truck be equal 
to that of a length / of the chain, less than the whole length, then the truck 
running on the level with velocity V will be stopped when it has dragged a length x 
of chain over the rough ground, where V-\wi\ (2a; + 3J) x-jl-. 

[Coll. Ex. 1897.] 

Ex. (i. A weight W is connected with a coil of heavy chain by means of a fine 
weightless thread passing over a smooth peg above the coil which rests on a table ; 
if W be allowed to fall a height h whereupon the thread becomes tight, find the 
motion, and show that if w = 3W then in setting the coil in motion energy to the 
amount hWwl(W+io) is dissipated. [Coll. Ex. 1887.] 

Ex. 7. Rain is falling vertically with a uniform velocity of 20 feet per second 
at the rate of two inches depth per day on a cart with a cylindrical cover of semi- 
circular section and horizontal axis. Prove that, if the cover of the cart is 10 feet 
long and 6 feet in diameter, the resultant pressure on it due to the impact of the 
rain is about the weight of one-twelfth of a cubic inch of water. [Coll. Ex. 1895.] 

Theory of Dimensions. 

151. Many theorems follow at once from some simple con- 
siderations on the dimensions of the quantities with which we 
are dealing. Each side of an equation must be of the same 
dimensions in space, for we could not have, for instance, an area 
equal to a length. Again one side of an equation could not be 
the square of a time and the other side a cube, and so on. 

In dynamics we are concerned with the four quantities space, 
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iO related that force is mass . space/(time)-. Taking into account 
ihis relation we have the general principle that both sides of 
jvery equation must be of the same dimensions in regard to 
1) space, (2) time, (3) mass. 

152. As an example let us apply this principle to the following problem already 
;onsidered in Art. 136. 

A particle starts from rest at a distance a from a centre of force whose acce- 
erating force at a distance x is ^x n . To find the time T of arriving at the centre 
>f force. 

It is clear that T is some function of a and ^ n being merely a number without 
Jimensions. Expanding T in powers' of a and fj. \\e have 

T^ZAaP/jfl (1). 

Now the accelerating force ^x n is of the dimensions space/(time) 2 , hence /* is 
I - n dimensions in space and - 2 in time. We also notice that a is one dimension 
in space and none in time, while T is one in time and none in space. 

Considering the equation (1) and counting the dimensions of each side first in 
space and secondly in time, we have 

Q = p + (l-n)q, l=-2j (2). 

Hence q= -^ and jJ = (l - ) As these equations give only one set of values 
to p, q, the equation (1) contains only one term, viz. 

T=A&^-^UL-^ (3). 

It follows that the time of arriving at the centre of force varies as the 
i (1 - w)th power of the initial distance. If the central force vary as the distance, 
n=l and the time of arrival at is the same for all initial distances; a theorem 
which has been proved in Art. 136 by integrating the equation of motion. If the 
central force vary according to the Newtonian law, n = - 2 and the square of the 
time varies as the cube of the initial distance, a result in accordance with one of 
Kepler's laws. 

The symbol A represents a number and as it has no dimensions its magnitude 
cannot be deduced from the theory of dimensions. 

153. Ex. 1. A particle moves with an acceleration g, prove that the velocity 
acquired in describing a space varies as */(#), and that the time varies as fj(lg). 

Ex. 2. A particle starts from rest at a given distance from a centre of force 
whose attraction varies as the distance and moves in a medium whose resistance 
varies as the velocity. Prove that the time of arriving at the centre of force is 
independent of the initial distance. See Art. 126. 

Ex. 3. A particle P moves from rest under the action of a constant accelerat- 
ing force f and a centre of force whose attraction is u times the distance, both 
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MOTION OF PROJECTILES. 

Parabolic Motion. 

154. General principle. The particle moves under the 
action of a force which, being fixed in direction and magnitude, 
is independent of the position of the particle. It follows that all 
the circumstances of the motion parallel to any fixed direction 
are independent of those of the motion parallel to any other 
direction. These circumstances may therefore be deduced from 
the formulae for rectilinear motion by taking account solely of the 
resolved initial velocity and the resolved force of gravity. 

155. Cartesian axes. Let the particle be projected from 
a point with an initial velocity V in a direction making an 
angle a with the horizon. Let v be the velocity at any point P 
of the path; v x , v y its horizontal and vertical components. 

Consider the horizontal motion. Since the component of gravity . 
in this direction is zero, the horizontal velocity is constant throughout 
the motion and is equal to V cos a. We therefore have 

#= V cos at, v x Fcosa (1). 

This gives an obvious and useful rule to find the time of describing 
any arc of the trajectory, viz. the, time of transit is equal to the 
horizontal space divided by the horizontal velocity. 

Consider next the vertical motion. Since the component of 
gravity is g we infer from the formulas of rectilinear motion (Art. 
25) that 

11= Vsinat-kqt* v,, 2 = V' 2 sin 2 a. - Zav C2). 



The Cartesian equation of the path is found by eliminating t 
between (1) and (2) ; we have 

y x tan a \g&\ V 2 cos 2 a (3). 

This is the well-known equation of a parabola. 

To find the greatest altitude of the particle. We consider only, 
the descending motion; the particle starts downwards with a 
zero vertical velocity and arrives at the level of the original point 
of projection with a vertical velocity which, by the theory of 
rectilinear motion, is equal to that with which it was projected 
upwards. If h is the greatest altitude we have V~ sin 2 a = %gh. 

To find the time of flight. We again consider the vertical 
descending motion, disregarding the horizontal motion. If T be 
the time of ascent and descent, we have V sin a = \gT. 

To find the range on a horizontal plane. We consider the 
horizontal motion ; the constant horizontal velocity is V cos a, 
and the time of flight has just been found. The range is there- 
fore V" sin 2afg. The range is greatest for a given velocity when 
the direction of projection makes an angle of 45 with the horizon, 
and continually decreases as the angle increases to a right angle 
or decreases to zero. 

156. When the motion with regard to an inclined plane 
passing through the point of projection is required, it is useful 
to take the axis of x along the line of greatest slope and the 
axis of y perpendicular to the inclined plane. 

If the direction of projection is not in the plane of osy, let V 
and W be the components of the velocity in and perpendicular 
to that plane. The motion perpendicular to the plane of xy 
is uniform and z = Wt. 

Turning our attention to the motion in the plane of ay, let 7 
be the angle the direction of the velocity V makes with Ox and /? 
the inclination of the plane to the horizon. The initial component 
velocities being Fcos 7 and Fsin^, the formulae of rectilinear 
motion (Art. 25) give 

x = Fcos ryt \g sin /3tf 2 ) v x " = ( Fcos 7)- Zg sin /9#) ... 
y = V sin jt \g cos $&\ ' v y z -(V sin 7)" %g cos (By] " 

To find the time of flight T before reaching the plane, we 
consider the motion perpendicular to the plane. The descending 



of describing the arc from to the point where the tangent is 
parallel to Ox is 272, In the same way by considering the motion 
parallel to the plane we see that the time from to the point 
where the tangent is parallel to Oy is Fcos y/g sin/3, 

To find the range r on the inclined plane, we use the expression 
for #, We easily find r = 2 F 2 sin y cos (7 + /9) . sec 2 $\g. 

157. Oblique axes. Let the direction of motion of the 
particle at any point P of the path be PT 
and let the velocity be F. The particle 
being acted on by gravity in the direction 
PN, let Q be its position after a time t. 

Consider separately the motion in the 
two directions PT and PJST, The oblique 
components of F in these directions are F 
and zero, while those of gravity are zero and 

g. "We therefore have PT = F*, and TQ = \gV . . . . , ....... , . . (5). 

Draw. N parallel to TP and let PN=y, QN=%. The equation 




2F 2 
of the path is therefore 2 = nj ..... , . , ........... , . , . . .(6). 

<u/ 

This is the equation of a parabola, referred to any diameter PN 
and its oblique ordinates QN, If S be the focus, this equation 
must be the same as | 2 == 4 . SP . 17. We deduce the following 
useful rule, The velocity at any point P of the path is that due, 
to the distance of P from either the focus or directrix. 

Since the velocity at the highest point of the path is equal to 
the horizontal velocity, it follows that one quarter of the latus 
rectum, i.e. AS, is equal to F 2 cos 2 a/2#, See Art. 155. 

We have also another formula to find the time of transit 
along any arc PQ. Let the vertical at either end, say Q, intersect 
the tangent at the other end in T, then*the time of describing the arc 
PQ is the same as that of 'describing QT 'from rest under the action 
of gravity. It is also the same as that of describing PT with a 
uniform velocity equal to that at P, 

3,68. Ex. 1, If three heavy particles be projected simultaneously from the 
same point in any directions with any velocities, prove that the plane passing 
through them will always remain parallel to itself. [Math. T. 1847.] 

If gravity did not act, the.plane of the particles would be always parallel to a 



uraw yx vertically to intersect tne tangent jfH in T. Tnen by tae triangle or 
velocities, the sides RT, RQ, TQ represent in direction and magnitude the velocity 
at P, that at Q, and that added on by gravity during the time of transit. Since 
the diameter through R bisects the chord PQ, the results given above follow 



Ex. 3. Two balls A, B equal in all respects are on the same horizontal line. 
The ball A is projected towards B with velocity v, while at the same instant B is 
let fall. Prove that the balls will impinge and that after impact, the coefficient of 
restitution being unity, A will fall vertically and B will describe a parabola of latus 
rectum 2i%. " [Coll. Ex. 1895.] 

The balls will impinge because the straight line joining their centres moves 
parallel to itself. At impact they exchange their horizontal velocities. 

Ex. 4. If v, v', v" are the velocities at three points P, Q, R of the path of a 
projectile, where the inclinations to the horizon are o, a - jS, a - 2ft, and if t, t' be 
the times of describing PQ, QR respectively, prove that 

[Math. T. 1847.] 



Resolve along and perpendicular to the middle tangent. 

Ex. 5. Three heavy particles P, Q, R are projected at equal intervals of time 
from the same point to describe the same parabola. Prove that the locus of the 
intersection of the tangents at P, R is a parabola. Prove also (1) that at any 
time t after the projection of Q, the tangent at Q is parallel to PR, (2) that each 'of 
these lines is parallel to the straight line joining to the position of Q at the 
time 2t. 

159. To project a particle from a given point P with a given 
velocity V so that it shall pass through another given point Q. 

The velocity at P being known the common directrix HK of 
all parabolic paths from P to Q is constructed 
by drawing a horizontal at an altitude V z j%g 
above P. With centres P, Q and radii PH, 
QK we describe two circles intersecting in 
8 and 8'. Then S, S' are the foci of the 
parabolic .trajectories which could be de- 
scribed from P to Q. There are therefore 
two parabolic paths. 

The two foci are at equal distances from the chord Jr'Q, one 
lying on each side. The two directions of projection may be 
found by bisecting the angles EPS and If PS'. If 71, 72 are the 
angles these directions of projection make with the chord PQ, and 




We notice that the three sides of the triangle PSQ are known, 
viz. P#=F a /2#, if y be the altitude of Q above P, QS = PS-y, 
and PQ is the known distance of Q from P. 

It is clear that when PQ is greater than the sum of the radii 
PH, QK, the two trajectories are imaginary. The greatest possible 
distance of Q from P in any given direction PQ is found by making 
the foci 8, S' coincide and lie on PQ. In this case PH+ QK = PQ. 
Drawing a horizontal line H'K' above HK so that HH'~PH, 
it immediately follows that Q K' QP. The locus of Q is therefore 
a parabola whose focus is P and directrix H'K'. This new para- 
bola therefore touches H K at its vertex H. It is represented in 
the figure by the dotted line. Unless the point Q lie within the 
space enclosed by this parabola, it is impossible to project a particle 
from P with the given velocity V , so that it shall pass through Q. 

If the particle is to be projected from P with the least velocity 
which will enable it to reach Q, the direction of projection must 
bisect the angle HPQ and F 2 = g (r + y), where r is the distance 



ISO. Ex. 1. A particle is projected from a point P with velocity F, so as to 
pass through a point Q whose coordinates referred to P as origin are %, y, the axis 
of -y being vertical. Prove that the directions of projection are given by the 
quadratic 



A 9 , n 

tan 2 a -- tana + l-t --- ;>-=(), 
gx 0.T 2 

and that the two times of transit are the positive roots of 
g z t* - 4 (F 2 - gy) t 2 4- 4r 2 = 0. 

Prove that the product of the times of transit is independent of the initial 
velocity F and is equal to the square of the time occupied by a particle falling from 
rest vertically through a distance equal to PQ. 

Prove also that the polar equation of the bounding parabola is F 2 /0r = l-i-cos0, 
where the origin is at P and 9 is the angle r makes with the vertical. 

See Arts. 154 and 155. 

Ex. 2. Prove that every parabolic trajectory meets the bounding parabola in 
a point whose abscissa is a; = 2ft cot a, and whose depth below the directrix of the 
trajectory is 7icot 2 a, where h is the height of that directrix above the point of 
projection. 

If they meet, the curves must touch for otherwise it would be possible to find a, 
trajectory which would pass through a point beyond the boundary. 



Ex. 3. The point P being fixed and Q having any position, the tangents at P, Q 
to one parabolic path from P to Q meet in T, those to the other in T', the velocity 
at P being given. Prove that the locus of the middle point of TT' is the directrix 
of either parabola. 

Prove also that for either parabolic path, the velocities at P, Q are as PT to TQ, 

and for the two paths the times of transit from P to Q are as PT to PI". 

t 
Ex. 4. A fort of vertical height k stands on a plane hill-side which makes an 

angle a with the horizon. Prove that a gun which can fire with muzzle velocity V 
from the top of the fort commands a district whose shape is an ellipse of 
eccentricity sin a, and whose area is irsec aF 2 (F 2 sec 2 a + 2fc#)/# 2 . 

[Coll. Ex. 1896.] 

The paraboloid whose focus is the top of the fort and whose directrix plane is 
at an altitude F 2 /0 is 'the boundary of all places which the shot can reach, 
Art. 159. The paraboloid cuts the plane hill-side in an ellipse whose projection on 
a horizontal plane is a circle. The rest follows easily. 

Ex. 5. At a horizontal distance a from a gun there is a wall of height h which 
is greater than a - ga?jv 2 ; prove that if the shot be fired off with a velocity v in a 
vertical plane at right angles to that of the wall, there will be a distance on the 

other side of the wall commanded by the gun equal to - j-^ ^ ("* ~ a V ~ 2/M) 2 a)-, 

Q (ft + rt ) 

provided this expression is real. [Coll. Ex. 1893.] 

Ex. 6. A particle is projected with velocity V along a straight frictionless tube 
of length I, inclined at an angle a to the horizontal, and after leaving the tube it 
describes a parabolic trajectory : prove that its range on the horizontal plane through 

the point of projection is I cos a -{ cos a sin a 1 + ( 1 + 7^ -. ) } , where 

ij [ \ V ~ sin a/ ) 

F' 2 = F 2 - Zgl sin a. [Coll. Ex. 1893.] 

Ex. 7. Two smooth planes are at right angles with their edge of intersection 

horizontal and are equally inclined to the horizon. Prove that a perfectly elastic 

particle projected horizontally in a direction perpendicular to the common edge 

from a point vertically above it will return to its original position after two 

rebounds. [Coll. Ex. 1896.] 

Ex. 8. Two parabolas have their axes vertical and vertices downwards and the 

focus of each curve is on the other. A particle, whose coefficient of restitution is 

unity, is projected so as to rebound from the curves at each focus in succession ; 

prove that it will after the second rebound pass through its point of projection and 

follow its original path again. [Coll. Ex. 1897.] 

Ex. 9. Two particles are projected from the same point at the same instant 

with velocities v, v', and in directions a, a'. Prove that the time which elapses 

between their transits through the other point which is common to both their paths 

ia ? J??.' sin ( a -_ a 'L . [Math. T. 1841.] 

(I v cos a + v' cos a' 

Ex. 10. A man travelling round a circle of radius a at speed v throws a ball 
from his hand at height h above the ground with a relative velocity V so that it 
alights at the centre of the circle. Prove that the least possible value of V is given 
bv V' 1 - = v~ + a { J(a? + h z )-h\. [Coll. Ex. 1896.] 



direction making an angle a with the horizon. After rebounding from a vertical 
wall, elasticity e, it hits the ground, elasticity e\ Find 
the condition that after the second rebound the particle 
may pass through A. 

Problems of this kind are solved by considering the 
motion in two directions separately and equating some 
element (usually the time) common to both motions. 
Consider first the horizontal motion ; the blow at G is 
vertical and does not affect the horizontal motion, but 
the blow at B must be taken account of. Let ON=h, 
and let ^ , t 2 be the times of transit along the arc AB 

'and the broken arc EGA. Then h= V coa a^, and the horizontal velocity of the 
rebound at B being eFcoso, we have also Ji=eVcosat f> . The whole time is 
h 1 




KcosoV e 

Consider next the vertical motion, the blow at B may now be neglected while 
that at G has to be allowed for. Let t 3 , * 4 be the times of transit along A BC and 
CA. If k=ANvre'h&ve 

-k=V sin atg - $ gt s s . 

One root of this quadratic is negative and the other is positive. The former 
indicates the time before leaving A at which the particle might have passed the 
level of the ground and is here inadmissible. We take the positive root. If V be 
the vertical velocity of arrival at C taken positively, 



Both the values of t 4 thus found are positive, and give the times of transit from 
C to A according as the particle passes through A on the up or on the down 
journey. Taking both these values we see that the required condition is found by 
equating t l + t s to either of the values of * 3 + t 4 . 

Ex. 2. A ball is projected from a point A on the floor of a room, so as to 
rebound from the wall (elasticity e) and hit a given point B on the floor. Let the 
intersection of the floor and wall be the axis of y and let A be on the axis of x. 
If it, v, w be the components of velocity of projection and x, y the given coordinates 
of J5, prove that euy=eva+vx, and 2vwgy. 

Ex. 3. A particle is projected from a given point on an inclined plane in a 

direction making an angle 7 with the 

Si^^" ~~~\ plane, the inclination of the plane being 

/3. Investigate the condition that the 
particle passes through at the nth 
impact. 

We consider the motions parallel and 
perpendicular to the plane separately. 
The motion parallel to the plane is not 
affected by the impacts. If T represent 
-" 2 the whole time of transit from to 

again, we have Vcosy=^g sin /ST. 
' The motion perpendicular to the 

plane is affected by each impact. The 
particle starts with a velocity Vsiuy, hits the plane at A l with the same normal 




Velocity after a time T 1} where V sin y=^g cos fiT^. The particle rebounds with a 
perpendicular velocity eV sin y and the time of transit from A-^ to A 9 is found as 
before. The whole time of transit is therefore 



Equating the two complete times, we have the condition 

cot 7 . cot p = (1 - e n )l(l - c), 
which we notice is independent of the velocity of projection. 

Let #! , JB 2 , &c. be the points at which the tangents to the path are parallel to 
the inclined plane. The time of transit from io B 1 is obviously equal to ^T lt 
while that from B 1 to J? 2 is & (2\ + 2*2)1 and so on. If . G l be the point at which the 
tangent is perpendicular to the plane, the time from to C v is clearly equal to %T. 

Ex. 4. A ball whose elasticity is e is projected with a velocity V and rebounds 
front an inclined plane which passes through the point of projection. If JZj, JR 2 , R 3 
be any three consecutive ranges on the inclined plane, prove that 

RB- ( + fi2 ) Bi + e*Bi=0. [Math. T. 1842.] 

Ex. 5. At two points A, B of a parabolic path the directions of. motion are at 
right angles. If D be the distance AB, 9 the inclination to the horizon, F the 
velocity at A or B, prove that V*=gD (L =tsin 0). 

JEtf. 6. A particle is projected from a point on a rough horizontal plane with a 
velocity equal to that which would be acquired in falling freely through a height h, 
and in a direction making an angle a with the plane. The particle is inelastic and 
the coefficients of both the frictions are taken equal to unity, prove that the range 
from the point of projection to where the particle comes to rest is equal to 

h(l + sin 2a). [Coll. Ex. 1897.] 

The particle describes a parabola with a range 2/i sin 2a. On arriving at the 
plane, there is an impulsive friction which reduces the horizontal velocity from 
vcosa to v'=vcosa-v sin a. After describing a space ', when v' 2 =20s', the 
particle is reduced to rest by the finite friction. The whole range is 2Asin 2o+s'. 

Ex. 7. A perfectly elastic particle slides down a length I of a smooth fixed 
inclined plane, and strikes a smooth rigid horizontal plane passing through the foot 
of the inclined plane. Prove that the maximum range of the ensuing parabolic 
path, as the inclination of the inclined plane is varied, is 8^/3^/3. [Coll. Ex. 1896.] 

Ex. 8. A smooth inclined plane of mass If, inclined to the horizon at an 
angle a, is free to move parallel to a vertical plane through the line of greatest 
slope. A particle, mass m, ia projected from a point in the lowest edge, up the 
face of the plane with a velocity F making an angle /9 with the line of greatest 

i n *i. * xi. *xt. x- i xt. i 

slope. Prove that the range of the particle on the plane is 
r * r 



[Coll. Ex. 1897.] 

Ex. 9. Two inclined planes intersect in a horizontal line, their inclinations 
to the horizon being a and /S; if a particle be projected at right angles to the 
former from a point in it so as to strike the other at right angles, the velocity of 
projection is 

sin ft [2gra/{sin a - sin /3 cos (a 



vertical. Prove that when it leaves the circle at some point Q to describe a para- 
bola the circle is the circle of curvature at Q of the parabola. 

Thence show that the chord of intersection QR of the circle and parabola and 
the tangent at Q make equal angles with the vertical. Prove also that the axis of 
the parabola divides the chord QR in the ratio 3 : 1. 

The first part follows from Art. 36. Since the pressure is zero at Q, v 2 /p, and 
therefore p, must be the same for the circle and the parabola. The rest follows 
from conies. 

Ex, 11. A particle projected horizontally from the lowest point A of a circle 
whose plane is vertical leaves the circle at C and after describing a portion of a 
parabola intersects the circle at D. If B is the highest point of the circle prove 
that the arc BD is three times the arc BG. [Despeyrous, Corns de M6C,] 

Ex. 12. A particle is projected so as to enter in the direction of its length a 
smooth straight tube of small bore fixed at an angle 45 to the horizon and to pass 
out at the other end of the tube; prove that the latera recta of its path before 
entering and after leaving the tube differ by ^2 times the length of the tube. 

[Math. Tripos, 1887.] 

Ex. 13. A man standing on the edge of a cliff throws a stone with given 
velocity u at a given inclination in a plane perpendicular to the edge. After an 
interval r he throws from the same spot another stone, with given velocity v at an 
angle ir-f with the line of discharge of the first stone and in the same plane. 
Find r so that the stones may strike each other ; and prove that the maximum 
value of T for different values of is 2v"jgw, and occurs when sin0=v/w, w being 
y's vertical component. [Math. Tripos, 1886.] 

Ex. 14. A particle is projected from the highest point of a sphere of radius c 
so as to clear the sphere. Prove that the velocity of projection cannot be less than 

[Math. Tripos, 1893.] 



Resistance varies as the velocity. 

162. To determine the motion of a heavy particle when the 
resistance of the 'medium varies as the velocity. 

Let the particle be projected from any point with a velocity 
V in a direction inclined at an angle a to the horizon. The 
equations of motion are 

d z x __ doc d*y dy 

~~~~ '~~~ 



Both these equations are of the linear form, multiplying by e K 
and integrating, we find 

KOC = Fcos a (1 e~ Kt ) 



, OU UlldjU JU iO UU.C 



liy 




horizontal and vertical velocities at any time t are 

dac/dt = Fcos -**, dyjdt = - + ( Fsin a 4- L) e~ Kt . . .(2). 

163. From these equations we deduce the general character- 
istics of the motion. We 

I 

notice that when t is in- 

finite KX = Fcos a. There is 

therefore a vertical asymp- 

tote at a horizontal distance 

OH = V cos a/ K from the ori- 

gin. Let the tangent at 

intersect the asymptote in. 

To, then OT Q = V/K and 

F= K . OT . Since any point 

P may be taken as the origin, it follows that the velocity at any 

point P is proportional to the length PT of the tangent at P cut off 

by the vertical asymptote. 

Tracing the curve backwards we make t = oo ; we then find 
that both x and y are infinitely great. Since the exponential is 
infinitely greater than t, both y/x and dyjdx have ultimately the 
same ratio. Representing this ratio by tan /3, we have 

tan /3 = tan a + Lf V cos a ............. ..... (3). 

The curve has therefore an. infinite branch, the tangent or asymp- 
tote to which makes an angle /3 with the horizon, determined 
from the initial conditions by this equation. This asymptote is 
at an infinite distance from the origin. 

164. Eliminating the exponentials from the values of x and 

y, Art. 162, we find 

y = x tan (3 Lt ........................ (4), 

a linear equation which must hold throughout the motion. 

Drawing a straight line OB parallel to the oblique asymptote, 
this equation shows that the vertical distance of P from OB is 
PB = Lt, where L is the limiting velocity. 

The perpendicular distance of P from OB being Lt cos /3, the 
resolved velocity at P perpendicular to the Clique asymptote is 
r.n}>jdn.nt._ Tli.fi resultant acceleration at P is therefore parallel to BO . 



165. General principle. Since the resistance varies as the 
velocity, the resolved resistance in any direction is proportional 
to the resolved velocity in the same direction. The general 
principle proved in Art. 154 for motion in a vacuum will therefore 
apply to the motion with this law of resistance. The circumstances 
of the motion parallel to any fixed straight line are independent of 
those in any other direction. 

166. Let the particle be projected from a distant point E on the oblique 
branch with such a velocity that it describes the trajectory. Consider the oblique 
resolution of the motion in the direction of (1) the tangent or asymptote at E 
and (2) the vertical. In the former motion the particle is acted on only by the 
resistance, and the acceleration at any time is therefore - KU, where u is the oblique 
component of velocity parallel to the asymptote. In the latter motion the particle 
starting from rest is acted on by gravity as well as by the resistance and has thus 
acquired its limiting velocity L. This component is constant in direction and 
magnitude so that the acceleration is zero. 

Combining these two motions, we see that in any -position P of the particle, 
the velocity v along the tangent PT is the resultant of the vertical limiting 
velocity L and a velocity u parallel to the oblique asymptote. If U and u be cor- 
responding velocities at any two points and P of the trajectory, u= Ue~ Kt , where 
t is the time of transit from to P; Art. 102. We also notice that the resultant 
acceleration at P is equal to - KU. 

Taking a parallel OJi to the oblique asymptote and the vertical as axes of 
reference we have 

^U(l-e~ Kt )/ K , i) = Lt (1), 

where = 02?, i)=2?P. If we refer the motion to the tangent at and the vertical 
as axes, we have '=CLJ, i/ = .4P. We find by considering the motions in these 
directions separately 

Kf=r(l-c" rt ), /o/ = </<--Ml-e~"') (2). 

167. Ex. 1. Particles are projected from a given point at the same instant 
with equal velocities in different directions ; prove that the locus at any time is a 
sphere. 

Befer the motion of any particle to the tangent OA and the vertical as axes of 
, 17. Both , ?/ are evidently functions of t which are independent of a. The 
locus is therefore a sphere whose radius is and whose centre is at a depth T? 
below O. Art. 166. 

Ex. 2. Particles are projected from a given point at the same instant with 
different. velocities in the same direction OA, prove that at any subsequent time 
their locus is a straight line parallel to OA. Art. 165. 

Ex. 3. If the axis of x is inclined at an angle i to the horizon and the direc- 
tion of projection make an angle 7 with x, prove that 



If ,V be the point at which the tangent is parallel to x, prove that the time ^ of 
reaching M and the coordinates of M are 

/ , V sin v 

= = 



(j'+-y); 
the latter equation being also true for all points on the trajectory. 

Ex. 4. A projectile moves under gravity m a uniform medium whose resistance 
varies as the velocity. Prove that the hodograph of the trajectory is a straight 
line and that the velocity of the point on the hodograph is proportional to the 
horizontal velocity of the projectile. [Coll. Ex.] 



Resistance varies as the n th poiver of the velocity. 

168. To find the motion of a heavy particle, when the resistance 
varies as the n th power of the velocity. 

Let -v/r be the angle the tangent at any point P of the path 
makes with the horizontal, p the radius of curvature measured 
positively downwards so that .p = ds/d-^r. Let v be the velocity, 
u the horizontal component. Following John Bernoulli, 1721, we 
resolve the motion normally and horizontally, we thus have 

v" . du 

= q COS xlr. -r- = KV n COS l|r. 

p J r dt T 

Since v cos ^r = u and p = vdt/dty, these become 

dt _ u du _ KU }I 

d^ == ~ g cos- i/r ' ~di = ~ (cbs^)- 1 ^ 

We obtain one integral by eliminating dt, 

du K u n+1 1 1 ten 



(cOSA|r) w+1> 

where a is the angle the initial direction of motion makes with 
the horizon, and u the initial horizontal velocity. 

To effect this integration we put p = tani|r, we then have, 
except n = 0, 



the sign of the radical when n is even being such that the subject 

r>f inf.Aa-riTf-.irvn is nnsitivp- "hp.twp.ftn thp liTm't.S -\1r=a n.nd ^ = i-TT. 



We can conveniently take either u or p as the independent 
variable, and thus we obtain the two sets of relations, 

. 1 [ , _ 1 [ _dM 

t -ttdp- +^-i, 

rfu / 

_ i(?i _- I (C). 



The first follows from equation (A), the second and third from 
the obvious relations dsc=udt, dy updt. The limits in all the 
integrals being p = p to p or u = u to u. 

In. this manner all the circumstances of the motion can be 
expressed in terms of one independent variable which may be 
either p or u. 

It is evident that the integral (B) has considerable importance 
in this theory. Putting 

we see that when n = 2 or n 3, 

W.> = ^ \p (1 + p~y~ 4- log ( p + (1 + .p 2 )")}* l^s =p + ^ p*- 
We may also find a general formula of reduction, viz. 

When the resistance is a constant force, say reg, n 0, and the 
integral (B) takes the form 

f u\- /I + sin T/rV 
i i ' ) 

I ~~ i" " i > 
a/ \1 sin YY 

where a is the velocity when the particle is moving horizontally. 

169. The equations (C) have been applied to the calculation 
of the trajectories of shot in various ways*. When the angle of 
elevation is not more than 10 to 15, as in the case of direct fire, 

* Basbfortb, Phil. Trans. 18(58, Treatise on the motion of projectiles, 1873; 
supplement, 1881. Proceedings of K.A. Institution, 1871 and 1885. W. D. Niven, 
On the calculation of the trajectories of shot, Proceedings of the Royal Societj-, 
1877. Ingall, Exterior Ballistics, 1885. An account of Siacci's method is given 
by Greenhill in the Proe. of the E. A. Institution, vol. xvn. See also Artillery, its 
progress and present position by E. W. Lloyd and A. G. Hadcock, 1893. Greenhill, 
On the motion of a projectile in a resisting medium, Proceedings of the K. A. 
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we may regard the trajectory as so flat that we can reject the 
square of p. Taking u as the independent variable the integration 
can then be effected without difficulty. When the path is more 
inclined we can divide the whole path into subsidiary arcs for 
each of which p may be regarded as approximately constant 
though of a different value in each arc. If the arcs were small 
enough the initial value of p in each arc might be taken as the 
proper value for that arc. For longer arcs it becomes necessary 
to give p a mean value taken over the whole subsidiary arc. 

17O. In artillery practice the values of the integrals (C) are commonly inferred 
from tables especially constructed for that purpose, different tables being used to 
find t, x and y. Opinions differ as to the best methods of constructing and using 
these tables. Bashforth represents the law of resistance by KV* where K is a 
function of the velocity whose values are deduced from experiment. These values 
for a shot of given cross section and weight and for air of given density are 
tabulated for every few' feet of velocity. In effecting the integrations (C) the 
quantity K is regarded as constant and in a long arc a value suitable to a mean 
velocity over the arc has to be found. This difficulty having been overcome, the 
integrals (C) are tabulated for different values of and between certain ranges of 
angle. 

In the Italian method a quantity allied to the velocity is taken as the indepen- 
dent variable. To enable the integrations to be effected the quantity p is taken as 
constant throughout the subsidiary arc. The integrals (C) are then determined 
either by the use of tables or by giving the index n the value suitable to the range 
of velocity in the trajectory. 

An account of the methods of constructing and using these various tables 
would take us too far from our present subject. We must refer the reader to 
special treatises on Artillery. 

171. Law of resistance. Many attempts have been made 
to discover the law of resistance to the motion of projectiles. 
Passing over the earlier experiments of Robins and Huttpn we 
may mention as the most important the long-continued series 
made by F. Bashforth with the help of his chronograph. By this 
instrument the times taken by the same projectile in passing 
over a succession of equal spaces can be measured with great 
accuracy. Other experiments have also been made on the con- 
tinent, for example by Mayevski in 1881. It appears from all 
these experiments that the resistance cannot be expressed by 



To be more particular, let ,-y be the velocity measured in feet 
per second, d the diameter of the ogival headed shot in inches, 
w the weight in pounds. Then taking the resistance to be 

8 I T^T: 1 , Bashforth's experiments show that 
H w f UOOO/ r 

v < 850 n = 2 y3= 61'3 

v> 850 < 1040 7i = 3 /3= 74'4 

v> 1040 < 1100 w = 6 /3 = 79-2 

v> 1100 < 1300 = 3 /3 = 108-8 

v> 1300 < 2780 w = 2 =141-5. 

Mayevski's experiments led to similar results except that the 
highest power of n was n = 5. The values of & were also different 
because the shots were more pointed than in those of Bashforth. 

We may notice that though the resistance for low and high 
velocities follows the same general law, yet the value of the' 
coefficient /8 is much greater for the high than the low velocities,. 
When the velocity of the shot approximates to that of the velocity 
of sound in air, we might expect a considerable change in the 
law of resistance and this is shown in the results given above. 

172. To discuss the motion when the resistance varies as the square of the 
velocity. > 

In this case we can obtain two first integrals of the equations of motion. 
Besolving normally and horizontally as before, we find 

2 du , ds 

- = -KW a C08^ = -KU ..................... (1). 



Dividing the latter equation by u and integrating 

logu=A-K8, .: u=u e~ KS ........................... (2), 

where w ft ia the horizontal velocity at the point of projection and is measured 
from 0. 

Besides this we have the integral (B) already obtained in the general case by 
eliminating dt from the equations of motion. Writing p= - ds/df and v cos f =% 

in (1), we find as before 

dt u du /ru 2 

........................... * " 



dt~ 

1 2* f d\b 2* f 

.'. -3= -- TT= ---- 
2 g J cos 3 ^ g J 

where jp=tan f as before, and the radical is to be taken positively. Integrating 



Eliminating u between (2) and (5) we find 

A ^H-PN/a + !>)+ log {p+^(l + i 2 )} = C .............. (6). 

KU 

This is the intrinsic equation of the path. 

173. To discuss the form of the curve it will be convenient to place the origin 
at the highest point so that initially p = 0. We then have 



(7). 



When s increases to positive infinity we see from (2) and \7) that u tends to 
zero and p to minus infinity. Since by (3) or (C) 

gdt=-udp and gdx = gudt = -ifidp, 

it follows that both dtjdp and dx/dp are ultimately zero. We shall prov6 that 
while t becomes ultimately infinite, x tends to a finite limit. We therefore infer 
that the curve has a vertical asymptote at a Jinite distance on the positive side of the 
highest point. 

To prove this we refer to (S) and retaining only the highest powers of jp, we see 
that 1/H 2 is of the order p z . Putting u = ljp when p is very great, we find 

gt = - $udp = - b log p, gx=- $u-dp = I 2 [p. 

Taking these between the limits p = p 1 to infinity where p Y is any large finite 
quantity, the first gives the time the particle takes to travel from the position 
defined by p=p l to that defined by p = - oo , and the second gives the corresponding 
horizontal space. We see that the first is infinite and the second finite. 

174. Consider next the other extremity of the trajectory. When the arc ia 
negatively very great, we see by (2) that u is positive and infinite. It also follows 
by (7) that p tends to a limit m given by the equation 

-glKUo 2 + mJ(l + m s ) + log(m + J(l + m?)) = Q .................. (8). 

Since the left-hand side passes from a negative quantity to positive infinity as m 
varies from zero to infinity, it is clear that this equation has at least one positive 
root. If the equation could have two real roots, the differential coefficient of the 
left-hand side would vanish for some intervening value of m. But since the 
differential coefficient is 2 N /(l + m 2 ) this is impossible. It follows that the curve on 
the negative side of the highest point has an asymptote inclined at a Jinite angle to 
the horizon. We shall now prove that this asymptote is at a Jinite distance from the 
highest point. 

To prove this we examine the limiting value of the intercept of the tangent on 
the axis of y, viz. y-xp, whenjj = ?n. Remembering that gdx = -u-dp, dy=pdx, 
we have g (y - xp) - $pu-dp +pju?dp, 

the limits being ^ = to p- As we only wish to determine whether the limit is 
finite or not we shall integrate from p = m- l to p=m, where ^ is some finite 
quantity as small as we please. The remaining parts of the integrals will be 
included in two finite constants M and N. Writing p = m-%, we have 

g (y - mp) = /(m - ) w 2 ^ - ( - )K<* - M + P N > 

the limits beinp; = , to 0. To find what function u is of when is small, we 



write that equation in the form 



Expanding and remembering that dfldp=$*J(l+p*) we find after subtracting (8) 
i = -^(l+m 2 ) + ^-- ..... '- u*=V>lt+A'+B'l; + ..., 

where ft 2 , A' and J3' are finite constants. Substituting we find by an easy integratic 
g (y - xp) = - b* + 6 2 | log + Ac., 

where the &o. includes only positive powers of . TaMng this between the limi 
=& to 0, the result is finite. 



Ex. 1. Prove that, when the resistance varies as the square of tl 
velocity, the tune of describing the infinite arc on the negative side of the highe 
point is finite. 

Eeferring to equations (C) and writing p=m-%, M 2 =6 8 /{ we see that the tin 
of describing the infinite are from p=m to ppi is M^Km-pJ, where M is 
finite quantity independent of or p. This result is finite ; see also Art. 116. 

Ex. 2. When the resistance varies as the square of the velocity, prove th 
the polar equation of the hodograph is -5= cos 2 6 ( ^ + ^ smb.-* tan 6\ + -~j 

where the origin is at the highest point, V is the horizontal velocity, U tl 
terminal velocity and the initial line is horizontal and 6 is measured positive 
downwards. [Coll. Ex. 189; 

This is a transformation of equation (5) of 'Art. 172, writing r, - 6, for v, \f>, 

Ex. 3. When the resistance varies as the square of the velocity, prove th 
the radius of curvature p at the point where the normal makes an angle <j> with t! 
vertical is given by 

2/ Kp = e sin 3 <f> + 2 sin 8 # log cot <j> + sin 20. [Coll. E: 

178. Ex. 1. When the resistance varies as the nth power of the velocil 
prove that the curve has a vertical asymptote at a finite distance on the poaiti 
ride of the highest point. 

We have v=u*J(l+p z ) where u is given by equation (B). Now, by the action 
gravity, p continually decreases from one end of the trajectory to the other. Afl 
the projectile has passed the summit p becomes negatively great and (B) then gn 
u=L\p, where L is the limiting velocity. We thus have v=L when jp = oo . Si 
stituting u=L[p in (C) and integrating from ppi to oo, where p^ is any lai 
finite quantity, we find that t and y are infinite and x finite. 

Ex. 2. Prove that, when the resistance varies as the nth power of the velocii 
n being >2, the arc of .the trajectory on the negative side of the highest poi 
begins at a point at a finite distance from the origin. Prove also that the tangc 
at this point makes an angle tan" 1 m with the horizon given by 



where u and p are any contemporaneous values of and p. See Art. 116. As 



In the extreme initial position of the particle the velocity is infinite. Since 
v=UtJ(l +p") we must there have either u or p infinite. If p= oo , (B) gives u=Ljp 
and this makes v finite. The equation giving m is therefore obtained by putting 
11=00 in (B). To determine the position of the particle when this occurs we express 
u in terms of p and use the equations (C). Let the initial position denned by 
p=p be such that p u =m-% 1 where z is a finite quantity as small as we please. 
Substituting p = m- in (B) and using the equation given above to find m, we 
have n =i n / where b is a constant. Substituting in (C) and integrating from 
= ^ to we find that t, x, and ?/ are finite when =0. 

Ex. 3. When the law of resistance is the th power of the velocity, and u, u' 
are the horizontal velocities at any two points of the trajectory at which the 

112 

tangents make equal angles with the horizon, then -- 1- T- = where a is the 
it' 1 u n <i )l 

velocity at the highest point. 

Ex. 4. When the resistance is K'+ KV n , investigate the linear equation 



. . _ 

dp 9 (l+p-)- 

where n is the horizontal velocity and p is the tangent of the inclination to the 
horizon. Thence show that the determination of t, x, y may be reduced to inte- 
gration. [Allegret, Bulletin de la Societe" Math. 1872.] 

Ex. 5. When the resistance is constant and equal to KQ, the highest point 
being the origin and the velocity being , prove that the horizontal velocity u at 
any point of the path is tt=o,(tan0) K where 26 = $ + %TT . Thence deduce from the 
integrals (C), Art. 168, the values of t, x, y in terms of tan f). 

If K< or =1, the subsequent path has a vertical asymptote which is at the 
finite distance .x = 2Ka*[g (4/c 2 - 1) if >, but is at an infinite distance if /c<^-. If 
K>! the particle arrives at a point C at which the tangent is vertical in the finite 
time ica/jy (K- - 1), the coordinates of G being ^Ka?jg (4ic 2 - 1) and - 2 /4<7 (K- - 1). 

On the negative side of the origin, the curve begins with a vertical asymptote 
which is infinitely distant and the time of describing the arc is infinite. 

177. When the resistance varies as the cube of the velocity, the equation (B) 
of Art. 1G8 takes the form 

' 1 K 

. ( == (2) - m) (i? -I- mp + ?u 2 + 3), 

the origin being taken at the point at which the velocity is infinite and m being the 
corresponding value of p. 

To discuss the motion we substitute this value of u in the integrals (C). For 
the reduction of these integrals to elliptic forms we refer the reader to a paper by 
Greenhill in the Procecdhujs of the Royal Artillery Institution, vol. xiv. 188G. 

Ex. Show that for the cubic law of resistance the velocity is a minimum at 
the point given by the negative root of the quadratic p- - m (m- + 3) p = 1. Show 
also that when the direction of motion is perpendicular to the oblique asymptote, 

the horizontal velocity u is given by - = ? + where L is the limiting velocity. 



178. Some formula have also been given by the late Prof. Adams to determine 
the coordinates of a particle projected at any inclination to the horizon on the 
supposition that the resistance varies as the nth power of the velocity and that the 
path is not very curved. These were first published in the Proceedings of the 
Royal Society and proofs were given in Nature, vol. XLI., 1890. These appear to 
be long, but they admit of great abbreviation. 

179. The equation of a trajectory being given in the form cos^=/(jocos^), 
it is required to find the law of resistance. 

We notice that the equation can be written in this form, except when p cos i/> is 
constant, for in that case p cos i/< cannot be taken as the independent variable. 
This excepted curve is the catenary of equal strength. 

Resolving horizontally and tangentially, we have 

-3-(uco8^)= -JRcos^, j-=-R-gein^ .................. (1). 

Eliminating dt R cos ^= (v cos \j>) (R + g sin $) ; 

.'. Rv -v-(cos ^)= -grsin^ (ucos \f/) ..................... (1). 



- 

G/O 

Betnembering that the normal resolution gives v z jp=g cos ^, we have cos $=f (v z jg). 
Substituting this value of COBI//, the expression for the resistance R has been 
found. We may also write the expression in the form 



where /=/( 2 /0) and the sign of the radical follows that of sin ^. 

ISO. Ex. 1. Find the law of resistance when the trajectory is a cycloid with 
the cusps pointing downwards. 

In this curve p=2acos^, .'. f=v/^/2ag. We then find that the resistance 
R= - 2g (1 - v z /2a</)^. Since the radical follows the sign of sin ^, R accelerates the 
particle on the ascending and retards it on the descending branch. Since 
v = cod\[/*/2ag the particle comes to rest at the cusp. The resistance R is then 
acting upwards and is equal to 2g, the particle then moves vertically. See Art. 176, 
Ex. 5. 

Ex. 2. Find the law of resistance when the trajectory is the catenary of equal 
strength with the concavity downwards. 

The normal and tangential resolutions show that v is constant and R = - g sin ^. 
R is a resistance therefore only on the descending branch. 

Ex. 3. Find the law of resistance in the parabola pcos 3 ^=2a. 
Ex. 4. Find the law of resistance in the circle p a. The resistance is 
- f g (1 - u 4 /a V)* and 2 = ag cos i/-. 



CHAPTER IV. 



CONSTEAINED MOTION IN TWO DIMENSIONS. 

Constrained Motion. 

181. A particle, constrained to describe a given smooth fixed 
curve, is under the action of given forces. It is required to find the 
velocity and the reaction between the curve and the particle. 

Let the curve be referred to fixed Cartesian coordinates and 
let its equation be y=f(oc\ Let (x, y) 
be the position of the particle P at the 
time t, m its mass, X, T the resolved 
forces. Let the- tangent at P make an 
angle ty with the axis of x, and let p be 
the radius of curvature. Let R be the 
pressure of the curve on the particle 
taken positively in the direction in which 
p is measured ; this direction is generally 
inwards. 

When the path of the particle is known the relations between 
p, the arc s and the other lines of the curve are also known. It 
is therefore generally more convenient to choose the tangent 
and normal as the directions in which to resolve the acceleration. 
Resolving in these directions, we have 




mv 



= X cos>/r + 



ds 

mv- 

P 

From these two equations we may deduce all the circumstances of 
the motion. 



(I), 
.(2). 



Considering the tangential resolution we see that since 
cos ^r = daolds, sin ty = dyjds, 

mydv = Xdx + Ydy (3). 

There are two cases to be considered according as the right-hand 
side of this equation is or is not a perfect differential of some 
function of x and y. 

In the former case the forces are called conservative. Let 

Xdte+Ydy = dU (4). 

We therefore have -by integration 

%m*-U+C (5). 

Let (#, y ) be the coordinates of the initial position A of the 
particle, and let 17 become Z7 when we write for x, y, their initial 
values. We therefore have 

kmv*-%mv<?=U-U (6). 

This equation is one case of a general principle usually called 
the Principle of Vis Viva. 

The dynamical peculiarity of this case is that the equation of 
the tangential resolution can be integrated without using the 
equation of the constraining curve. It follows that if the particle 
is projected from a given point A with a given velocity and if it is 
conducted to another point P by constraining it to move along an 
arbitrary curve, then, whatever the path may be, the velocity of the 
particle on arrival at P is always the same. 

182. When the forces are such that Xdx + Ydy is not a 
perfect differential of any function of x and y the velocity cannot 
be found without using the equation of the constraining curve. 
Putting y =/(), we find 

%mtf =*f{X -I- Yf (x)} dx + C. 

Since X 'and Y can be expressed as functions of a; by the help 
of the equation of the curve, the integration can be effected. Let 
the integral be F(so). We then have 

mv a - frrnvj = F(x)- F(x \ 
In this case the change of vis viva does not conserve the same 



183. Let us next take into consideration the equation of the 
normal resolution, viz. 



TT . Tr . -n, 

= X sin fy + T cos ty + M. 

The term mv*{p is called the centrifugal force of the particle*. 
This is another name for the normal component of the effective 
force, Arts. 36, 68. 

The force R is called the dynamical pressure of the curve 
on the particle, and jK is the dynamical pressure of the particle 
on the curve. The two terms X sin ^ + F cos ty make up 
the resolved part of the acting forces along the normal to the 
curve and are together called the statical pressure of the forces 
on the particle. Taken with the opposite signs they are the 
statical pressure on the curve. 

184. We are now in a position to apply the two fundamental 
theorems to determine the motion of a particle on any given fixed 
curve. 

First, we use the equation of vis viva, viz. 

change of kinetic energy = work of the forces. 
In this way we find the velocity. 

Secondly, the dynamical pressure on the particle in any 
position is given by the equation 

mv- _ /normal \ /dynamicalN 

p Vforce inwards/ \ pressure / ' 

185. Wort Function. The usual methods of finding the 
work of a system of forces are explained in books on Statics. As' 
however the solution of our .dynamical problems depends so much 
on our knowledge of these rules, it has been thought not im- 
proper to recall to mind those few which we shall here use. A 
more complete list applicable to a system of rigid bodies is to 
be found in the author's Rigid Dynamics. 

* It is perhaps unnecessary to observe that the centrifugal force is not an 
actual force acting on the particle in addition to the impressed forces. It is 
merely a name for the quantity mv~(p, and measures the amount of force which 
must act towards the concave side of the path to produce the curvature 1/p ; the 
mass of the particle being m and. the velocity v. By the first law of motion the 
particle tends to move in a straight line and the force necessary to curve the path 
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If X, Y are the components of a force F the work done when 
the particle receives a slight displacement ds from the position 
x, y to x + dx, y + dy may be written in either of the equivalent 

forms 

Xdx + Ydy Fcos $ds (1), 

where <f> is the angle the direction of F makes with the tangent to 
the path, see Art. 70. That the work of the two forces X, Y is 
equal to that of their resultant is proved in Statics. It is also 
seen to be true by resolving the forces along the tangent; we 
then have 

ds ds 

which is equivalent to the equation (1). Either side of (1) is also 
called in Statics the virtual moment of the force F. 
The integral U when used in the indefinite form 

U = JF cos <)>ds + G 

is called sometimes the force function and sometimes- ike work 
function. The definite integral UU is the work done by the 
force F as the particle moves from the position (X Q , y d ) to the 
position (so, y). Here T represents the same function of #, y 
that U is of x, y. 

186. Work of a central force. Let the central force F 
be regarded as repulsive in the standard case. Let it tend from 
the centre S and be equal to f(r) where r is the distance of the 
particle from S. Then since dr/ds is the cosine of the angle 
the distance r makes with the displacement ds of the particle, 
the part of the work function due to F is JFdr. The integration 
is to be taken from the initial position A to the final position B of 
the particle. 

When the force under consideration is gravity the centre S is 
regarded as being infinitely distant. We then replace dr by dy, 
the upper or lower sign being taken according as y is measured 
downwards or upwards. Supposing the weight of the particle 
to be mg and that y is measured downwards, the work of the 
weigh b is 



noticed that the work is independent of the horizontal displace- 
ment. See Art 70. 

187. Work of an elastic string. The case in which the 
particle is attached to a fixed point S by an elastic string differs 
from that of a central force tending to the same point in a certain 
discontinuity. If I be the unstretched length, r the actual length 
and E Young's modulus, the tension T is given by Hooke's law 

r I 

T = E j when the string is tight, i.e. when r > I, but the tension 
I 

is zero when the string is slack, i.e. r < I. 

Let the work be required when the string is stretched from a 
length h to 1 2 , and let T lt T<> be the tensions at these lengths. If 
both li and 2 are greater than I, the work is 



2 V ^ 

The work done by the tension -is therefore equal to minus the 
arithmetic mean of the tensions multiplied by the extension. The 
work done by the force which stretches the string in opposition to 
the tension is the same taken with the positive sign. 

This rule is of considerable use when the length of the string 
undergoes many changes during the motion, being sometimes 
greater than the unstretched length and sometimes less. It is 
important to notice that the rule, as given above, holds in all 
these cases provided the string is tight in the initial and final 
states. If the string is slack in either terminal state, we may 
still use the same rule provided we suppose the string to have 
its natural or unstretched length in that terminal state. 

188. The equation of vis viva holds also when the particle is 
free from constraint and is acted on by any conservative system of 
forces. For, whatever curve the particle may describe, we may 
suppose it to be constrained, like a bead on an imaginary wire, 
to describe that path. The pressure is then zero throughout the 
motion, but, what more immediately concerns us here, is that 
the equation (6) of vis viva continues to hold under these 

fMTYVii m st.fl.n r*.pa 



189. The whole area or space taken into consideration when 
the forces are expressed in terms of the coordinates is called 
the field of force. Such a field is usually defined by expressing 
the force function (when there is one) as a function of the co- 
ordinates. 

It follows from the principle of vis viva that when a single 
particle moves in a field defined by a force function the kinetic 
energy of the particle in any and every position differs from the 
value of the force function at that point by a constant. The 
constant is independent of the direction of motion, so that two 
particles of equal mass projected from the same point with equal 
velocities but in different directions will always have equal velocities 
whenever they pass over a given point of the field. 

19O. Examples. Ex. 1. A particle is projected from a given point on a 
smooth curve and is acted on by no forces. Prove (1) that the velocity is constant 
and (2) that the pressure varies as the curvature. 

Ex. 2. A heavy particle P describes a curve and in any position a normal PQ 
is drawn outwards, so that PQ is equal to half the radius of curvature at P. 
Prove that the velocity v and the pressure E on the particle measured inwards are 
given by 



where z, z' are the depths of P and Q below a certain horizontal straight line, 
which may be called 'the level of no velocity. Prove also that the particle leaves 
the curve when Q crosses the level of no velocity. 

Supposing that the axis of ?/ in the standard figure of Art. 181 is drawn 
upwards, the two fundamental equations for a heavy particle are 
i mv" - i mu a = - mg (ij - j/ ) , 
inv-jp - mg cos \j/ + R. 

If we draw a horizontal straight line at an altitude y l , such that fJ!/i = gy + ^Vo", 
we see that 



The results to be proved follow immediately. If the particle is constrained to 
remain on the curve merely by the pressure R it will leave the curve when R 
changes sign. But this is what happens when Q crosses the level of no velocity. 

- Ex. 3. A particle is swung round a fixed point at the end of a string in a 
vertical plane. Prove that the sum of the tensions of the string when the particle 
is at opposite ends of a diameter is the same for all diameters. 

[Coll. Exam. 189(>.] 

Ex. 4. A heavy particle, constrained to describe an ellipse whose plane is 
vertical and major axis inclined at an angle a to the horizon, is projected from the 
upper extremity A of the major axis with a velocity v . Find the velocity v { 
with which it passes the upper extremity B of the minor axis and the pressure 



Since the altitude of B above A is the difference between the projections of CA 
and CB on the vertical, the equation of 
vis viva gives 

%m (vf - 2 ) = - J$r (Z cos a - a sin a). 

This gives two equal values of v x with 
opposite signs. One or the other is to be 
taken according as the particle is pro- 
jected from A upwards or downwards. 
If the values of t?j are imaginary the 
particle will not reach B. 

The pressure R t at B is found by re- 
solving the forces along BC inwards. We have 




Pi 
where p 1 =a~jb. 

Let us suppose that in addition to its weight the particle is acted on by a centre 
of force at the focus S such that the attraction at a distance r is pr". The equa- 
tion of vis viva would then have on the right-hand side the additional term 

- (iir n dr, the limits being the initial and the final values of r, i.e. r=a (l + e) and 
r=a, Art. 186. The velocity v 1 ia then given by 

a n+1 
\m (Vi 2 - V 2 ) = - mg (b cos a - a sin a) - n - ^ {!-(! + e) n+1 } 

and the pressure is determined by 

Wi a & 

L = my cos a + fi.a n . - + JR, . 

Pi a 

Let us next attach the particle to the centre C by an elastic string whose 
natural length is I. The effect of this is to add another term to each equation. 
If l<b and <a the string is stretched throughout and the term to be added to the 
equation of vis viva is - J (Tq^-T^ (b-a) where T and 2\ are the tensions at A 
and B, see Art. 187. In our case T =E(a-l)jl and Tj = .E(&-Z)/Z. If however 
l>b and <a the string becomes slack at some position of the particle between 
A and B ; the term to be added is now - i (T + Tj) (I - a) where 2^=0 and T has 
the same value as before. Lastly if l>b and >a the string is slack throughout 
and no term is to be added. 

The equation of pressure will also have an additional term on the right-hand 
side. This term is Tj, where Tj has the same value as in the equation of vis viva. 

In this way the velocity of the particle and the pressure at any point may be 
found with ease no matter how complicated the forces may be. 

Ex. 5. A small ring without weight can slide freely on a smooth wire bent 

into the form of an ellipse. An elastic string whose natural length is I also passes 
through the ring and has one end attached to the focus S and the other to the 
centre C. The ring being projected from the extremity A of the major axis, prove 
that the velocity v 1 , and the pressure -Rj at the extremity B of the minor axis are 
given by 
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Ex. 6. A heavy bead is initially at the extremity of the horizontal diameter of 
a uniform -heavy smooth circular wire whose plane is vertical. The system falls 
from rest through a space equal to the radius. The circular wire is then suddenly 
fixed in space. Find the subsequent motion of the bead, and determine if it ever 
comes finally to rest. Find also the pressure on the wire for any possible position 
of the particle. 

Ex. 7. A particle, constrained to describe a circular wire, is acted on by a 
central force tending to a point oh the circumference and varying inversely a.6 the 
fifth power of the distance, prove that the pressure is constant. 

Kx> 8. A particle is constrained to describe an equiangular spiral and is acted 
on by a central force tending to the pole whose acceleration is fj.r n . The particle 
being projected with a velocity v at a distance a from the pole, prove that the 
velocity and pressure are given by 



ft ( .1 2u ,.\ sin a ii + 3 , 

= r,. -+ - 1 a n+1 \ , ur n sma. 

m V " + 1 / '' + 1 

If =-3 and v n =i^/fj.ja, the pressure Ji^=0 t 2'/(e spiral is therefore a freii 
path when the force, varies a the inverse cube of the distance, and since any point 
may be regarded as the point of projection, the velocity at every point is given by 



Ex. 9. A particle is constrained to move in an ellipse along which it is pro- 
jected, and the straight line joining the foci attracts according to the Newtonian 
law. Prove that the resultant attraction varies inversely as the normal and that 
the velocity is constant. 

Ex. 10. A particle of unit mass moves in a smooth circular tube of radius a, 
under the action of a centre of force which repels as the inverse square of the 
.distance. If the centre of force be midway between the centre of the circle and 
the circumference, and the purticle be projected from the end of the diameter 
through the centre of force remote from that point, with a velocity whose square is 
4/u d^/3 - 1)/3, the particle will oscillate through an arc 2?ra/3 on either side of the 
point of projection. [Coll. Ex. 1897.] 

Ex. 11. A particle is constrained to describe a lemniscate and is under the 
action of two central forces tending to the foci and varying inversely as the cube 
of the distance. Supposing the forces to be equal at equal distances from the foci, 
prove that the pressure at any point P varies as the distance of P from the centre 
of the curve. 

Ex. 12. A particle slides down a smooth curve in a vertical plane. If the 
pressure on the curve is always X times the weight of the particle, prove that the 
differential equation to the curve is y + c=a (dxjds-\) 2 . [Math. Tripos, 1863.] 

191. Rough Curve. When the particle slides on a rough 
curve the friction acts opposite to the direction of motion and its 



equations of motion are by Art. 181 

dv -, r . T _ . 
mv -T- = X cos ty + Y sin ty 

- = -Zsin-/r + Fcos^ 

It is important to determine the signs of the terms containing 
R before proceeding with the solution. The initial value of the 
velocity being known the second equation determines the initial 
direction of JR. Taking R to act positively in the direction thus 
found, it will -continue to be positive during the subsequent 
motion until it vanishes. The initial direction of the velocity 
being known, the friction pR must be made to act in the first 
equation opposite to that direction. If the particle start from 
rest the friction /AJR must be made to act opposite to the direction 
of the tangential force. The sign of /u- will then continue un- 
changed until either the pressure R or the velocity v vanishes and 
becomes reversed in direction. 

To solve the equations of motion we in general eliminate R. 
Remembering that when s and ty increase together p = dsjdty, we 
obtain an equation of the form 



By using the geometrical properties of the curve we express P in 
terms of o/r. The equation being linear, we then have 



The value of v being found, the value of R follows from either of 
the equations of motion. 

192. Examples. Ex. 1. A particle is projected with a velocity V along a 
rough horizontal circle in a medium whose resistance varies as the square of the 
velocity. Prove that 



where v is the velocity after a time t, the arc described, and is a constant. 

Ex. 2. A small bead of unit mass is constrained to move along a rough wire, 
tent into the form of an equiangular spiral of angle o, in a medium whose 
resistance is i> 2 cos a/c and is under the action of no other forcea. If the coefficient 
of friction is cot a, prove that the time of travelling from a distance c to a distance 
b from the pole is e l (b-c}IV cos a where ci = b - c, and V is the velocity at the first 



Ex. 3. A heavy particle moves on a rough cycloid placed with its convexity 
upwards and vertex uppermost. The particle is started with an indefinitely small 
velocity at the point at which the tangent makes with the horizon an angle e equal 
to the angle of limiting friction. Prove that the velocity at a point at which the 
tangent makes an angle <j> with the horizon is Ztjag sin (0 - e) and that the particle 
will leave the curve at the point at which the velocity is >J2ag (cos %e- sin i e). 

[Coll. Ex. 1889.] 

Ex. 4. A particle is projected horizontally with velocity V along the inside of a 
rough vertical circle from the lowest point, prove that if it complete the circuit it 
will return to the lowest point with a velocity v given by 

- - 1) (1 - <r 4 H/( V 2 + 1). [CoD. Ex. 1887.] 



193. Condition that a constrained motion is also free. 

It has already been pointed out that the required condition is 
that the pressure R must be zero throughout the motion, see 
Art. 190, Ex. 8. In this way we easily obtain several useful cases 
of free motion. 

If T and N be the tangential and normal components of the accelerating force 
estimated positively in the directions in which the arc s and the radius of curvature 
p are measured, we may prove that the condition R = leads to the result 

2T=j- (pN). This is obtained by eliminating v'- between the normal ami tangential 

(tS 

resolutions in Art. 181 and differentiating the result. This form of the criterion 
though necessarily true is not. sufficient to make R = Q. As no notice is taken in 
it of the initial velocity, it is generally less convenient than the simple rule 
that JJ = 0. 

194. Examples. Ex. I. A particle is constrained to describe a smooth 

circle under the action of two centres of force 
tending to fixed points S, S' on the same 
diameter, the accelerating forces being /i/?' 5 
and /j-'fr' 5 where r, r' are the distances of the 
particle from the centres of force. If S and 
S' are inverse points, prove that the pressure 
can be made zero by giving p'l/j. and the 
velocity of projection suitable values. 

Let be the radius; ft, ?/ the distances of /S', S' from the centre C. Since the 
points are inverse bb'=a z . If P be the particle the triangles SPC, -S'TC are 
similar and '/= ajl. The fundamental resolutions give 

1 




- = ~ cos SPG + -'. cos S'PC+- . 
a r' ?'" m 

From these we easily obtain 
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Since r'/r= a/6, the first condition shows that the tangential accelerations due 
to the two forces are equal at all points of the circle. Since any point may be 
regarded as the point of projection the second condition gives the velocity at all 
points of the orbit. Since v is zero at an infinite distance, this formula shows 
that the velocity at any point of the orbit is the same as if the particle were con- 
ducted from rest at an infinite distance to that point ; Art. 181. 

If the two centres of force are indefinitely near to each other the resultant 
attraction at any point P at a finite distance from them is the same as that of a 
single centre of force of double the intensity of either. Hence we arrive at Newton's 
theorem that a circle can be described freely under a single centre of force whose 
acceleration varies as the inverse fifth power, the centre of force being on ibe cir- 
cumference. 

When tb* particle comes indefinitely close to the two centres of force, they 
cannot be Considered as one centre. The particle passes between the two centres 
with an infinite velocity. The two centres of force attract the particle in opposite 
directions with forces ju/(a - b) B and M'/(&' - a) 8 , both being infinite. -The resultant 
force 'tending to the centre of the circle is therefore /*/a(a-6) 4 which is also 
infinite. This last force gives the initial curvature to the subsequent path. 

Ex. 2. A particle describes a catenary under the action of a force parallel to 
the ordinate. Show that if the pressure is zero, both the force and the velocity 
vary as the ordinate. 

Ex. 3. Show that a particle can describe a parabola under a repulsive force in 
the focus varying as the distance and another force parallel to the axis always 
three times the magnitude of the former. Prove also that if two equal particles 
describe the same parabola under the action of these forces, their directions of 
motion will always intersect on a fixed confocal parabola. [Coll. Ex.] 

Ex. 4. If a curve be described under the action of a force P tending to the 
pole and a normal force N, prove that 

+* 

195. Does the particle leave the curve ? If the particle 
is a small ring which slides on the curve it is obvious that it 
cannot separate from the curve. In this case the pressure jR may 
have any sign. 

If the particle slide on one side of the curve the pressure on 
the particle must tend towards that side on which the particle 
moves. The pressure R must therefore have the sign which 
suits this direction and must keep that sign throughout the 
motion. When therefore the analytical expression for R given 
by the normal resolution (Art. 184) changes sign the particle 
separates from, the curve. 



Since the forces in nature cannot be infinite the points at which 
R can change sign are found by putting jR = in the normal 
resolution. Let mf be the resultant force, and let its direction 
make an angle <jt with the normal. Then 

mv* ,. , , r> 
= mfcos $ + H. 

The possible points of separation are therefore given by 

V*=fpGOS(f>. 

Now 2/3 cos ^> is the chord of curvature in the direction of the 
force mf. Representing one-fourth of this chord by c, the 
equation becomes v z = 2/b. Hence the particle can leave the curve 
only at a point such that the velocity is that due to one-fourth the 
chord of curvature in the direction of the resultant force. Art. 25. 

196. Examples. Ex. 1. A heavy particle is suspended from a fixed point G 
by a string of length a. A horizontal velocity v is suddenly communicated to the 
particle so that it begins to describe a vertical circle. It is required to determine 
whether the particle will oscillate or the string become slack. 

The equation of vis viva shows that the velocity v at an altitude y above the 
lowest point of the circle is given by 



The tension E is given by 



gy ................................. (2). 

If the particle oscillate the velocity is zero at the extremities of the arc of 
oscillation. It follows from (1) that the altitude of this point above the lowest 
point is v^ftg. If the string becomes slack the tension vanishes at the point 
of separation. It follows from (2) that this occurs at an altitude (v z + ag)jBg above 
the lowest point. These points cannot be real points unless their altitudes are less 
than the diameter. 

We also notice that the altitude of the first of these points is greater or less 
than that of the second according as v s is greater or less than lag. 

If u 2 >5a0 neither point is real. The particle must describe the whole circle 
and the string does not become slack. 

If v z <2ag the velocity vanishes at an altitude less than that at which the 
tension vanishes. The particle therefore oscillates and the string does not become 
slack. 

If v 2 <5ag but >2a# the string becomes slack before the velocity vanishes. 
The particle therefore leaves the circle and describes a parabola freely in space. 

If the particle, instead of being suspended by a string, were constrained to 
move like a bead on a vertical smooth circle of radius a the particle could not 

separate from the circle. It therefore OHmllnips nr daanrihaa t.ViA wfinlp mreiln 



JJo?. 2. A bead can slide on a horizontal circle of radius a and is acted on only 
by the tension of an elastic string, the natural length of which is a, fixed to a point 
in the plane of the circle at a distance 2a from its centre ; find the condition that 
the bead may just go round. Prove that in this case the pressures at the 
extremities of the diameter through the fixed point will be twice and four times the 
weight of the bead if that weight be such as to stretch the string to double its 
natural length. [Math. Tripos, I860.] 

Ex. 3. A heavy particle is allowed to slide down a smooth vertical circle of 
radius 27a from rest at the highest point. Show that on leaving the circle it moves 
in a parabola whose latus rectum is 16a. [Coll. Ex. 1895.] 

J$x, 4:. A particle moves on the outside of a smooth elliptic cylinder whose 
axis is horizontal. The major axis of the principal elliptic section is vertical and 
the eccentricity of the section is e. If the particle start from rest on the highest 
generator, and move in a vertical plane, it will leave the cylinder at a point whose 
eccentric angle is 0, where e s cos 8 = 3 cos - 2. [Coll. Ex. 1892.] 

jBaJ. 5. A particle is projected horizontally from the lowest point of a smooth 
elliptic arc, whose major axis 2a is vertical and moves under gravity along the 
concave side. Prove that it will quit the curve at some point if the velocity of 
projection Fis such that F 2 lies between 2#a and ga (5-e 2 ), where e is the eccen- 
tricity ; and if the velocity have the latter value, prove that the particle will 
continue to move round the ellipse in the periodic time 

2 M* [' n-f 2 M * d [Coll. Ex. 1892.] 

\OJ o |3- a " 



fix- 6. A particle, projected inside a smooth circular tube, moves tinder an 
.attractive force varying inversely as the square of the distance from a point within 
the rim of the tube and in its plane. Prove that the pressure cannot vanish at any 
point if the particle is performing complete revolutions. [Coll. Ex. 1897.] 

197. Moving curves of constraint. To find the equations 
of motion of a particle constrained to slide on a curve moving in 
its own. plane. 

Let be any point of the plane of the curve which it will be 
convenient to take as origin. Let / be the acceleration of this 
point, then the motion relative to will be unchanged if we 
.apply to every point of the curve and to the particle an accelera- 
tion equal and opposite to that of 0. If we also apply 'to every 
point an initial velocity equal and opposite to that of 0, we 
may regard as a fixed point. The point is then said to have 
been reduced to rest 

We shall now take as the origin of the polar coordinates r, 9, 
where is measured from a straight line 0? fixed relatively to 
the curve. Let o> be the angular velocity of 0% referred to a 

_ _ ... -rill __ il __ n.1n 4-lm Tori-ma 
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vector r makes with the tangent. The equations of motion are 

(dd ( \ 2 P , R . ,} 
-r + *> =~-/ 1 --sm</, 



dt* ' \dt n "V m Jl m 

Id a fd6 \ Q , R 
- 



COS <f> 

m T } 

where P, Q are the components of the impressed forces, 
those of/. 

These equations may be written in the forms 

/i + <a>* r ( 2ow J sin <, 

Q 



- cos 

dt \m J 

since rd6/dt = v sin 0, drfdt = v cos ^>. 

These are the equations of motion we would have obtained if 
we had supposed the curve to be fixed in space and the particle to 
be acted on (in addition to the impressed forces) by three fictitious 
forces. The introduction of these forces is said to reduce the curve 
to rest. 

These forces are, (1) the force F l = mf by which the origin 
is reduced to rest ; (2) the force F = mw z r acting on the particle 

along the radius vector from the origin ; (3) F 3 = mr -,- acting 

perpendicularly to the radius vector in the direction tending 
to increase 6. We also observe that the expression R 2mov 
takes the place of the pressure of the curve on the particle. 

Here v represents the velocity relatively to the curve. The 
velocity in space is the resultant of v and the velocity of the 
point of the curve occupied by the particle. 

By resolving the impressed and the fictitious forces along the 
tangent we obtain an equation free from the reaction, and from 
this the velocity v of the particle relatively to the curve may 
be found. This equation is 

& v ,-n > s\dr ( ^ fa *\ r dQ 
m^CP + mcoV-mA)- + (Q-mr- - m/ 2 J . 

By resolving the forces along the normal inwards we have 



If the curve turn with a uniform angular velocity about an 
origin fixed in space, these equations become 






\m (if 1 - t> a ) = J 
= 

morr sin $ + (Fcos xjr X sin i|r) -f E 2wo>y. 



198. Xtacamples. Ex. 1. A bead can slide freely on a smooth circular wire. 
Initially the bead is at rest at a point A. The circle then begins to turn' -with 
uniform angular velocity about a point in the rim, -where OA is a diameter. Prove 
that when the bead is at a distance r from 0, the pressure on the curve 

= 7 2 (3r 2 -4ar)/2a, 
-where a is the radius of the circle and m the mass of the bead. 

To reduce the circle to rest we apply the fictitious accelerating force F^urr. 
Hence ^v 2 = io> 2 r 2 + G. Since the bead is initially at rest in space, it has a velocity 
relatively to the curve v= - w . 2a when r=2a. Hence (7=0 and v= - tar through- 
out the motion. To find the pressure, we have 

v z r R . 
= - orr . 77- H --- 2wv. 
a 2am 

Substituting for v its value, this gives the result. 

Ex. 2. A bead is at rest on an equiangular spiral of angle a at a distance a 
from the pole. The spiral begins to turn round its pole with an angular velocity w. 
Prove that the bead comes to a position of relative rest when r=acosa, and that 
the pressure is then ^mw 2 asin2a. Prove also that when the bead is again at its 
original distance from the pole, the pressure is mw 2 a sin a (3 + sin 2 a). 

199. Time of describing an arc. A heavy particle is in 
stable eq-tdlibrium at the lowest point A of a smooth fixed curve. 
Find the time of a small oscillation. 

Let < be the angle the normal at any point P near A makes 
with the vertical, s the arc AP, p the radius of curvature at A. 
Then <f> is ultimately equal to s/p. The equation of motion is 



when sin < is expanded in powers of s. If the arc of oscillation is 
sufficiently small we may reject all the terms after the first powers 
of s. The time of a complete oscillation is therefore 2-rr */pJg. The 
time of oscillation is therefore the same as if the constraining curve 
were replaced by the circle of curvature at A. 

When it is necessary to take account of the small quantities 
-of the order s 2 , it is more convenient to replace the equation of 



Ex. 1. A particle P makes small escalations about a position of stable equi- 
librium at the point A of a smooth curve under the attraction of a centre of force 
situated at a point on the normal OAC to the curve, the magnitude of the force 



being / (r) where r = CP. Prove that the time of oscillation is 







^ 

F =/(), a=AC taken positively when C is on the convex side of the curve and 
p~OA is the radius of curvature. Notice that the time is independent of the law 
of force but depends on its magnitude F at A. 

Ex. 2. A smooth wire revolves with constant angular velocity w about a fixed 
point in its plane and a bead is in relative equilibrium on the wire at an apse at 
distance a from the fixed point; prove that, if slightly disturbed, the period of a 

small oscillation is A / -where p is the radius of curvature of the wire at 
tit / V a-p 

the apse and is less than a. [Coll. Ex. 1887.] 

Eeduce the curve to rest, and use Art. 199. 

200. Time of describing* a finite arc. By using the 
equation of vis viva the determination of the time can be reduced 
to integration. The equation of vis viva is 



where U <(#, y) is a known function of the coordinates (so, y\ 
The constant G is known when the velocity is given at some 
point B whose coordinates are (h y k). We use the known equations 
of the curve to express any two of the variables os, y, s in terms of 
the third. Choosing s as this variable we have U = ^ (s). Hence 



the integration being taken from one extremity of the arc de- 
scribed to the other. 

2O1. Ex, 1. A heavy particle is projected from a point A of a vertical circle, 
centre 0, with such a velocity that it would come to rest at the highest point B. 

Prove that the time of transit from A to P is A /"log " 7 where BOA=a, 

V 9 oot^a 

SOP =9 and a is the radius. We notice that the time of arriving at the highest 
point is infinite. 

Ex. 2. Prove that the curve such that the time of descent of a heavy particle 
from rest at a given point A down any arc AP is equal to the time down the chord 
is a lemniscate. 

Taking A for origin and using polar coordinates, 6 being measured from the 

[0 fa i r 

downward vertical, the condition gives | r-. = 2 A / . Differentiating 

Jo*/(roo&0) V cos0 e 

both sides and solving the differential equation we find that r^ .4 sin 20. The 



This quadratic gives dr[rde=f(0), and the solution is reduced to integration. 

The history of this problem is given in the Bulletin de la Societe MatMmatiques, 
vol. xx. 1892. It was first solved by Euler in his Mecanique 1736 and afterwards 
by Fuss in the Mgmoires d-c. de Saint Petersbourg, 1824. Eispal gives a geometrical 
proof in Liouville, xn. 1847. 

Ex. 3. A particle is acted on by a centre of force varying as the distance. If 
the time of describing from rest an arc from a given point A is equal to the time 
of describing the chord, prove that the curve is a lemniseate. Ossian Bonnet, 
Liouville, vol. ix. 

Ex. 4. If the time of descent of a heavy particle from rest at a given point A 
down any arc AP bears to the time of descent down the chord a ratio equal to 
the ratio that the length of the arc bears to k times the length of the chord, 

prove 2 ~ = Cy, where y is the vertical ordinate of P and G is a constant. 

202. Subject of integration infinite. A difficulty some- 
times arises in finding the time of describing a finite arc AB if 
the velocity is zero at either limit. Let a particle be projected 
from a point A in such a manner that the velocity of arrival at B 
is zero. It is required to find the time of describing the arc AB. 

Let the points A, B be determined by s = a, s = b. Since the 
velocity at B is zero, we have G= ty(b). The time of describing 
the arc AB or BA is therefore given by 



the limits ot integration being a, b. 

The subject of integration is infinite at the . limit s b, but 
the integral itself may b finite. If we write s = b + a-, we can 
express the work 17 in a seriv.-* ; let 



where n is the lowest power of or in the expansion. The part 
of the integral from s = b cr to b (a being small) is + I ^ ^ . 

This vanishes with or if n < 2 but is infinite if n 2 or > 2. 

If, as usually happens, Taylor's expansion holds true, we have 
n = 1. The time to or from a position of rest is then finite. 



If "felie .point JS is a position of equilibrium as well as of rest, 
Have d U/ds = when <r = 0. It follows from Taylor's theorem 
that ^ = 2. The time to a position of rest at equilibrium is therefore 
infinite. If Taylor's theorem does not hold, n may lie between 
1 and 2 and the time is then finite. 



rule, given uy Despeyrous in his Cours de Mecanigue, is useful when 
gravity is the acting farce. If JB is a position of equilibrium the tangent at B is 
horizontal. Let p be the radius of curvature at B, B the angle the normal at any 
point JP near B makes with the vertical. The equation of vis viva is then 



~ =2^(1- cos 0). 
The time t of describing a small angle a is therefore given by 



The time of transit from A to B is therefore infinite unless the radius of cwvature p 
at B is zero* 

2O3_ Examples. Ex. 1. A. heavy particle is constrained to describe the 
curve a&-+-y$=a$, the axis of y being vertical. Show that the radius of curvature 
at every cusp is zero. Show also that a particle projected from the lowest cusp 
with, a velocity (2gafi will arrive at the next cusp in a time which is three times 
that of falling freely from rest at the origin to the lowest cusp. 

[Despeyrous' problem.] 

JBar. 2. A small ring can slide freely on a smooth wire bent into the form of a 
cycloid. The axes of a; and y being the tangent and normal at the vertex B, the 
force function is given by U=My m where m is positive and < 1. Prove that if the 
particle is projected from a point P whose ordinate is h with a velocity (2JW h m )* the 

l-n 

time of arrival at B is t where Mi (1 - m) t=2a? h - . 

JEac- 3. If the only force acting on the particle is gravity U=gy. If y =Ms n + ... 
prove that p = Ns z ~ n + ... where N~* = Mn (n - 1) , provided n > 1. Hence n< 2 when 
p = O and. m = 2 or is >2 when p is finite or infinite at the position of equilibrium. 



,., ' dty dx (, /dw\ 2 )* 

Use the theorem P:r = T- = I 1 - ( :r H 

r ds- ds ( \ds]\ 



Motion in a cycloid. 

2O4. A heavy particle is constrained to move in a smooth 
Jicced, cycloid whose plane is vertical and vertex downwards. It is 
to find the motion. 

A, A' be the cusps, the vertex, OQD a circle equal 



its centre. Let PQN be a perpendicular on the axis drawn 
from any point P on the cycloid. The following geometrical 




properties of the cycloid are given in treatises on the differential 
calculus. 

(1) The tangent at P is parallel to the chord OQ and the 
arc OP is twice the chord OQ. 

(2) The radius of curvature at P is parallel to the chord QD 
and is equal to twice that chord. 

(3) The distance PQ is equal to the circular arc OQ. 

Let the angle QDO = <, and let a be the radius of the gene- 
rating circle. The tangential and normal resolutions at P give 
[Art. 181) 

d 2 s s \ 

ftgazi ff-] 

tf . R (' (1) * 

= a cos q> -\ I 
p m ) 

The first equation shows at once that the motion is oscillatory, 

A.rt. 118. The time of a complete oscillation is 4>ir A /- and is 

V 9 

independent of the arc described. Let t be measured from the 
instant at which the particle P passes the vertex, let c be the 
semi-arc 05 of oscillation. The first equation gives 



s = c sin A / ~- 
VV 4a 

[t follows that if two particles oscillate in the same or in equal 
cycloids both starting from the vertex, the two arcs described 
!n equal times are in a constant ratio, viz. that of the complete 
ires. If therefore the circumstances of the motion of a particle 
oscillating from cusp to cusp are known, those of a particle 



205. If b is the depth below the cusp of the extremity B of 
the arc of oscillation, we have by the principle of vis viva 

w 2 = 20 (2a - & - ON). 
It follows at once from the geometrical properties of the curve 

that 

^ 2ra<7& 

M = zmg cos < . 

The first term is twice the resolved weight of the particle along 
the normal at P ; the second is the centrifugal force of a particle 
moving uniformly with the velocity due to the depth below the 
cusp of the extremity B of the arc of oscillation. 

206. Examples. Ex. 1. A particle oscillates in a complete cycloid from 
cusp to cusp. Prove the following properties. 

(1) The velocity v at any point P is equal to the resolved part of the velocity 
V at the vertex along the tangent at P, i.e. v Fcos 0. 

(2) The time of describing an arc OP is proportional to the angle ODQ, i.e. 



- / 
"V 4a 



(3) The particle moves as if it were rigidly attached to the generating circle, 
that circle being supposed to roll with a uniform angular velocity on the .base AA'. 
This follows from the last result because d(pjdt is constant. 

(4) The centrifugal force at any point P is equal to the resolved part of the 
weight along the normal at P, and the pressure is twice either of these. 

Ex. 2. A heavy particle starts from rest at a point A of a cycloid, prove that 
the time T of transit from any point P to any point Q is given by 



where p, g, I are the depths of P, Q and the vertex below the level of A, and a is 
the radius of the generating circle. 

Ex. 3. A particle slides down a smooth cycloid starting from rest at the cusp. 
Prove that the whole acceleration at any instant is in magnitude equal to g and 
that its direction is towards the centre of the generating circle. [Coll. Ex.] 

The required acceleration is equivalent to the resultant of g and Rjm; the 
result follows at once from the triangle of accelerations. 

Ex. 4. A smooth cycloid is placed with its axis AB inclined to the vertical, 
and its convexity upwards; a particle begins to slide down the arc from A, and 
leaves the curve at P ; the perpendicular from P on AB cuts at Q the circle on AD 
as diameter, and QE is a diameter of this circle ; prove that PR is horizontal. 

[Math. T. 1888.] 

207. When a pendulum, is removed from one place to another 
the number, .n, of oscillations in any given time (such as a day) 
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of the length I of the pendulum due to a change of temperature. 
Since the number of oscillations in a given time varies inversely 
as the time of a single oscillation, we have n z = Off /I where G is 
some constant. Taking the logarithmic differential, we find 

O _,_.,_, ___<&_ ^ __ 

n g I ' 

This formula is a very convenient first approximation to the value 
of Sn. 

208. Ex. 1. Prove that a seconds pendulum brought to the summit of a 
mountain x miles high loses about 22a; seconds per day if the attraction of the 
mountain can be neglected. If the mountain is of the form of table-land, the loss 
is only five-eighths of the above amount. The length of the pendulum is supposed 
to be unaltered. 

By Dr Toung's rule the attraction at the top of table-land is g (l--7-\ nearly 
where a is the radius of the earth. 

Ex. 2. A railway train is running smoothly along a curve at the rate of 60 
miles per hour, and a pendulum which would ordinarily oscillate seconds is observed 
to oscillate 121 times in two minutes. Show that the radius of the curve is 
approximately a quarter of a mile. [Coll. Ex. 1895.] 

Ex. 3. If the moon be in the zenith, prove that a seconds pendulum would' be 
losing at the rate of ^-foyth of a second per day. 

The moon attracts the earth as well as the pendulum and its disturbing effect is 
measured by the difference of its attractions' at the centre of the earth and at the 

pendulum. This is -.=- ( -) g where M=-faE is the mass, and r=60a is the 
distance of the moon. 

209. Ex. 1. A heavy particle oscillates on a smooth fixed curve, and the 
periods of oscillation in all arcs are the same. Prove that the curve is a cycloid. 

Let the axis of y be measured vertically upwards from the lowest point of the 
curve and let y = h be the initial value of ?/. Let the equation of the curve be 
s=/(y), where s is the arc measured from the lowest point. Since v 2 =20 (7j -y) 
the time t of reaching the lowest point is given by 

/'i 



Put y = hz, then 



Since the time t is to be the same for all values of h, we have dt[dh = Q. Hence 



independent of ft, and therefore/' (Jiz) = M(hz)"^ where M is a constant independent 
of A and z. We thus find by an easy integration that the arc / (y) = 2My^. This is 
the equation of a cycloid having the line joining the cusps horizontal. 

Ex. 2. A body of mass M can slide on a perfectly smooth horizontal plane 
and has attached to it a thin tube in the vertical plane containing the centre of 
gravity. The form of the tube is such that the periods of the oscillations of a 
particle of mass m placed in it are the same for all arcs. Prove that the form of 
the tube may be derived from, a cycloid by elongating the ordinates perpendicular 
to the axis in the ratio >J(M +m)/ N /lf. This problem is due to Clairaut; Mem. de 
VAcaA., Paris, 1742. 

210. Resisting medium. If the particle oscillate on a 
smooth cycloid in a medium resisting as the velocity, the tangential 
equation of motion becomes 

d*s ' ds 

_______ __. /v)2r V^ 

dt*" dt } 

where n z = g]4ia. This problem has been discussed in Arts. 121 
and 126. The interval between two successive passages through 
the lowest point is always the same and the successive arcs of 
descent %nd ascent are in geometrical progression. 

If the resistance vary as the square of the velocity, the motion 
is discussed in Art. 129. 

211. Tautochronous curves. When a particle oscillates 
on a given smooth curve either in a vacuum or in a medium 
whose resistance varies as the velocity, we know that the oscilla- 
tion is tautochronous about the position of equilibrium if the 
tangential force F=m 2 s where s is the length of the arc measured 
from the position of equilibrium and in is a constant, Art. 118. 
If therefore any rectifiable curve is given a proper force to produce 
a tautochronous motion can at once be assigned. 

A catenary is a tautochronous curve for a force acting along 
the ordinate equal to ytfy because the resolved part along the 
tangent is obviously m?s. 

The equiangular spiral is tautochronous for a central force 
fjur tending to the pole, because the resolved part along the 
tangent being m 2 s where m- = p, cos 2 a, the time of arrival at the 
pole is the same for all arcs. 

In the same way the epicycloid and hypocycloid are tauto- 

1 /> J.1J? J-J'X* 4- 4-1* ~ 4- 
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the fixed circle and varying as the distance, because since 

r* = As* + B, 

.e resolved part along the tangent, viz. prdr/ds, varies as s. 
i all these cases the time of arrival at the position of equilibrium 
the least positive root of tan nt= n/tc (Art. 121), where 2/cv is 
te resistance and n 2 4- 2 = m 2 . The whole time from one position 
1 momentary rest to the next is TT/W. 

The properties of tautochronous curves are more fully discussed in the author's 
gid Dynamics. A historical summary is also there given. 

212. Rough cycloid. A particle slides from rest on a 
wgh cycloid placed with -its axis vertical in a medium whose 
'sistance varies as the velocity. Prove that the motion is tauto- 
rono'its. 

The descending motion is given by 



-j- =: fj,R g sin <j) SKV, - ~R gcos <p ......... (1), 

dt p 

here v is really negative. Eliminating R 



, 

dt p cos e xr ' 

here tan e = /*. This may be written 

-jT (e u v) + 2/c (e u v) + -$ e u sin (<f> - e) = 0, 
dt cos e vr / * 

fjffi *i\ 

[ovided -=- = M - , that is u = ud>. Put e u ds = dw ; 
dt p 



sn -, = 



dt cos e 

Now w fe^ 4a cos $d<f> = 4,a cos e e~^ sin (^> e). 
he equation therefore reduces to 

-0 
~ U- 



dt 

This is the linear equation, Art. 121. We infer that at what- 
fer point of the cycloid the particle is placed at rest, it arrives 
j the point E determined by w = 0, that is $ = e, in the same 



time from one position of momentary rest to the next is trjn. 

So long as the particle is moving in the same direction the 
constant //, retains the same sign. The motion is therefore 

given by 

ff-v* sin (< - e) == Aer ft sin (nt + B), 

When the particle arrives at the next position of rest, it will begin 
to return or will remain there at rest according as the value of $ 
at that point is greater or less than the angle of friction. 



in a circle. 

213. A heavy particle is constrained to move in a fixed circle 
whose plane is vertical, It is required to find the time of describing 
an Q>rc. 

Let G be the centre, A and B the lowest and highest points of 
the. circle, a its radius. Let P be the 
position of the particle at any time t } 
<j> the angle GBP, 

Let the particle be projected from 
the lowest point with a velocity F 
The equation of vis viva gives 

2a ~~ } F 2 = 2ga (1 cos 20). 
at / 

Let us put F q =5 2gh, so that the 
velocity of projection is that due to 

a height /?,; we also put A = 2a,/e 2 . If K> 1, the velocity at 
the lowest point is more than sufficient to carry the particle 
to the highest point of the circle, the particle therefore goes 
continually round .the circle in the same direction. If K< 1 the 
velocity at the lowest point is insufficient to carry the particle 
round the circle, the particle therefore oscillates. If K = 1 the 
particle arrives at the highest point with a velocity zero, but only 
after an infinite time has elapsed, Art. 201. 

Substituting for F 2 in the equation of vis viva, we have 




- 
g\dt 



(2). 
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If t be the time of describing the arc AP which subtends an 
angle 20 at the centre, we have 

* ** (3) 

o -v/0 2 - sin 2 <) v h 

where one radical is positive and the other has the same sign as 
d<j>jdt 

If K = I, the integral is a known form. We have 



a ' J cos 

when (f> = ^ i rr, t is infinite so that the particle takes an infinite 
time to reach the highest point. 

If K > 1, we write the integral in the form 

(5). 



This elliptic integral* gives the time of describing the arc which 
subtends an angle <j> at the highest point of the circle. The time 
of arriving at the highest point is found by writing \TT for the 
upper limit. 

214. When K < 1, we put K = sin. a. We see from .(2) that 
sin (f> cannot exceed K and that the velocity is zero when sin <f> ; 
the particle therefore oscillates on each side of the lowest point 
through an arc AD or AE which subtends an angle a at the 
highest point. Let sin <f> = K sin ty, so that ty varies from zero 
to I-TT. We then find after an easy substitution in (3) 

/ff t ~ r *+ = r d * (6) 

V a Jo cos Jo V(l-/c 2 sin 2 ^) vw< 

This elliptic integral determines the time of describing an angle <j> 
where </> and -xjr are related by the equation sin < = K sin ^. 

We can construct the angle ^r geometrically. Describe a circle 
with centre G to touch BD, and let BP intersect this circle in Q ; 

onrvhViAr onnsf;rnft,ion Wft draw a 
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In obtaining (6) we supposed the sign of cos i/r to be the same 
as that of the radical in (3) and therefore the same as that of 
d<f>/dt. Since cos $ is positive, it then follows from (6) that 
d\ff/dt is positive. The point Q therefore travels round the circle, 
being the lower or upper intersection of BP with the circle accord- 
ing as P is moving from A to D or from D to A. 

215. Series for the time of oscillation. We may approxi- 
mate very closely to the time of a complete vibration by using a 
series. If T be this time, the formula (6) gives }T when the 
upper limit is |TT. We have by the binomial theorem 



By a theorem in the integral calculus 

Jo 2.4.6 

It immediately follows that 



where K sin a and a is the angle subtended at the highest point 
of the circle by the half-arc of oscillation. It is also useful to 
notice that K is the ratio of the chord of the half-arc to the diameter 
of the circle. 

The first term of this series represents the time of an infinitely 
small oscillation. The other terms are regarded as small correc- 
tions to this time, and are sometimes called the "reduction to 
infinitely small arcs." The second term is usually a sufficient 
correction. Thus suppose the arc of oscillation on each side of the 
vertical to subtend an angle of 36 at the point of suspension, 
then a = 18 and K -^. The second term is only about ^-th and 
the third -^th of the first. 

216. Relation between continuous and oscillatory motions. Comnarine 



vhat precedes that the particle P' travels round the circle and P oscillates in a semi- 
ire equal to AD, where the angle DBA=a and /c=sino. 




Let P, P' be the positions of the particles when the angles ABP=(j>, A'B'P'f, 
where sin $ K sin ^. If t, t' be the times of describing the arcs AP, A'P 1 we have 

/!ft- K P ** / 8 t-[* ** 

V a' *J ^(l-^sinSf)' Ya ~./oV(l-K 2 si 



It follows therefore that 



sin a )' 
The points P, P' therefore corre- 



tpond to each other in the two motions, and it is easy to see that they are 
geometrically connected by the relation 

chord AP _ tea _ cfiord AD 

chord A'P' ~"af~ diam. A'B' ' 

It is obviously convenient that the particles should occupy corresponding points 
at the same instant of time. We therefore choose the constants a', g', so that 
t=t'. We then have g'la'=K z gla, The equations of motion take the forms 



la d(j> , /aV 2 df 

A/ r-=KCoa\f/, A / r -j r - = 
V 9 dt Y> V 9 dt 



where the coefficients on the left hand are equal. 

If we make the radii equal we can suppose both particles to describe the same 
circle. We then have 



317. Ex. 1. If the circle described by P' has AM for its diameter, prove that 
P, P' move so as to be always on the same horizontal line, the gravitational forces 
being g and g* respectively. 

Ex. 2. If the circles are equal and the arc PP' is bisected by a point Q, prove 
that Q moves on the circle as if it were a third heavy particle acted on by a gravi- 
tational force g"=9K. The velocity of Q at A (and at all points) is equal to the 
mean 'of the velocities of P and P'. Prove also that Q goes half round while P' 
goes all round. Sang, Edinburgh Trans. 1865, vol. 24. 

These results follow at once from Art. 216. 



218. Relations between two oscillatory motions. The investigation of 



If T, T' be the periods of oscillation corresponding to two semi-arcs which 
subtend angles a, a' at the highest point of the circle and so related that 
sin a = (tan J a') 2 , then will T= T' (cos J a') 2 . 

The half arc of oscillation being defined by sin a=K, the time t of describing 
the angle <p is given by 

/ t- I i ~~~, o "^ I * 

^/ d i Q \/(l K" sin \I/\ i o cos <p 

where sin$=icsm^. Let 26 =;$ + ([/, so that is the angle the arc A'Q in the 
figure of Art. 218 subtende at 3'. Eliminating we find tan^=' - ^ . We 

shall now change the independent variable from \j/ to 6. The simplest (though not 
the shortest) method of effecting this is to find d\j/ by differentiation and sin 2 $ by 
trigonometry both in terms of 9. The substitution is then obvious and we have* 
/> <ty _ 2 (6 dd 



where X=2 > //c/(l + K). Eemembering that /c=sina and sin <f> K sin \f/, we now 
write \=sin a' and sin <p' = \ siii d. 

Let two particles P, P' oscillate in the circle APE through arcs AD, AD' which 
subtend angles a, a' at the highest point B^ then the last equation shows that the 
times t, t', of describing corresponding angles <j>, $', are connected by the relation 



To compare the changes of the values of these corresponding angles we refer to 
the figure of Art. 213. As P moves from A to D and back to A, Q travels round 
the semicircle A'QE', 20 increases from to ir, and <' increases from to a'. 
Thus the oscillation from A to D and back to A corresponds to the oscillation.^ 
to D' only, i.e. a complete oscillation of P corresponds to half a complete oscillation 
of P'. If T, T' be the times of a complete oscillation of P, P, we have therefore 

T=T'/(1 + K). 
The two angles a, a' are connected by the relation 

. , . 2^/K ' lcosa' 

sinV=A=-2 ; /. JK= : 7-. 
I + K v sin a 

Since *<:! and a' <TT we take the lower, sign in the value of JK. Hence 
sin a = (tan I a') 2 - I* follows also that t = 2' (cos J a') 2 . 

Ex. If ji a 2 , ... be a series of angles connected by the relation 



and if T^ be the time of a complete revolution in an arc subtending 4a : at the point 
of suspension, prove that 

T 1 =(sec^o 1 . secjtto ... to o>) 2 . 2v^J(alg). [sang.] 



219. Co-axial Circles. Two heavy particles, constrained to describe the 
same vertical circle, are projected from any two points with velocities due to their 
depths below the same horizontal line. It is required to prove that the straight 
line joining the particles always touches a co-axial circle. 



Let Oy be the radical axis of two co-axial circles whose centres are C, C'. 
Let a tangent at any point T of one circle intersect the other in two points P, Q. 



ON M 




Let PM, QN be perpendiculars on the radical axis. By a known property of 
co-axial circles the tangents FT, QT drawn from points on the outer circle satisfy 
the relations* 

PT 2 = 2 . CC' . PM, QT 2 = 2 . CC' . QN. 

In the time dt let the tangent move into the position P'TQ'. Then since the 
elementary arcs QQ', PP', make equal angles with the chord P'Q', the triangles 
QTQ', PTP' are similar : hence 

arc QQ'/arc PP'= QT/PT. 

It follows from these two geometrical theorems that 

(vel. of Q) 2 /(vel. of P) Z -QNIPM. 

If then the point P move with a velocity equal to (20 . PM)^, the point Q must 
move with a velocity equal to (20. QN$. It follows that the points P, Q are the 
positions of two particles moving with velocities due to their depths below Oy. 

If the radical axis is external to the circle described by the particles, the 
particles go round the circle. If the radical axis intersects the circle in the two 
points D and E, the particles oscillate in the same arc DAE. 

In the figures the particles have been supposed to move the same way round the 
circle. If their directions are opposite the chord PQ envelopes a circle or a part of 
a co-axial circle situated above Oy. 



* The properties of co-axial circles are fully discussed by geometrical methods 
in Lachlan's Modern Pure Geometry. The following is an analytical proof of the 
property P2' 2 =2 . CC' . PM. 

Let c, c' be the distances of the centres C, C' from Oy, d the length of a tangent 
drawn from to any co-axial circle. The equations of the circles are therefore 

................................ . (1), 

................................. (2). 

If x, y be any point P external to the first circle, PT a tangent 



If P lie on the second circle this becomes 2 (c - c') x by subtracting the second 



The point of contact T divides the chord PQ in the ratio of the velocities at 
P, Q. That point is therefore the centre of gravity of two masses placed at P, Q 
inversely proportional to the velocities at those points. The ordinary formulae for 
the centre of gravity enable us to -write down the distance of T from any straight 
line. It follows, for example, that the depth of T below the radical axis is the 
geometrical mean of the deptlis of P and Q. 

Some positions of P, Q, and therefore of T, heing known from the initial 
conditions, the circle enveloped hy the chord touches PQ in T and has its centre 
in OA. The distance between the centres C, C' may also be found from the 
equation PT 2 =2 . CO' . PM. If x, x' are the initial depths of P, Q, I the initial 
chord, it follows that */(2 . <7C") = Z/(V# W*')- 

Let the two particles P, Q take the positions P', Q' after the lapse of any finite 
time t. It follows that a third particle E moving on the circle with a velocity due 
to its depth below Oy will describe each of the finite arcs PP', QQ' in the same 
time t. By adding or subtracting the time of describing the arc P'Q, we see that 
the times of describing PQ, P'Q', i.e. the arcs cut off by any tioo tangents to a co-axial 
circle, are equal. 

When the radical axis is external to the system of circles there are two points 
L, L' one on each side of Oy which are the positions of the two co-axial circles 
whose radii are zero. Since L is an evanescent circle the distance OL is equal to 
the tangent drawn from to any co-axial circle. Also, for the same reason, any 
straight line drawn through L divides the circle APE into two parts which are 
described in equal times. 

22O. Examples. Ex. 1. A circle is drawn to touch at their middle points 
the chord and arc of oscillation of a particle which is moving on a vertical circle 
under the action of gravity. Prove that a point on the first circle in the same 
horizontal line with the particle moves with a velocity equal to 2 */(gr) sin 2 ^ a cos \ 9 
where r is the radius of the circle on which the particle moves and a, are the 
angles which the radius drawn to the particle makes with the vertical at the instant 
when it is stationary and at the instant considered. [Math. Tripos.] 

Ex. 2. A particle describes a vertical circle of radius a with a velocity due to 
its depth below the highest point B. Prove that the radius of the circle enveloped 
by the chord joining any two positions of the particle at a constant time interval T 
is a/cosh 2 (T^Jg/a). Prove also that the depth of the point of contact of the chord 
arid its envelope below B is 2a/cosh | x cosh 2 where 1N /a/# and 2 \/ a /# are the 
times from the lowest point of the extremities of the chord. [Coll. Ex. 1897.] 

Ex. 3. Prove that if a particle move round a circle so that its velocity is pro- 
portional to the product of its distances from two fixed points in the plane, one 
inside and one outside, any circle drawn through them divides the orbit into two 
parts which are described in equal times. State the corresponding result when the 
points- are both inside, or both outside. [Math. Tripos, 1888.] 

Describe two consecutive circles through the fixed points A, B to cut the given 
circle in the points P, P' and Q, Q'; we shall prove that the times of describing 
the elementary arcs PP', QQ' are equal. 

The distance between any two parallel tangents to these co-axial circles is 
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itact of either. If then PS, QS are any two normals to the circle APQB inter- 

ting the consecutive circle in JR and S, the time of moving from P to R is equal 

the time from Q to S. 

Because the given circle and the circle APBQ&re symmetrical about the straight 

e joining their centres, the tangents PP', QQ' make equal angles with the 

rmals PR, QS; the lengths PP', QQ' are therefore proportional to PR, QS. 

e arcs PP', QQ', therefore, are also described in equal times. 

Let ABCD be any one co-axial circle cutting the given circle in C, D. Then 

scribing all the co-axial circles, each elementary arc PP' in the larger arc CD 

i a corresponding elementary arc QQ' in the smaller arc CD, and these are 

icribed in equal times. The times therefore of describing the smaller and larger 

is CD are equal. 

Wherever A, B may be, let two of the co-axial circles cut the given circle in 

D and C', D'. It follows from what precedes that the times of describing the 

is CC', DD' are equal. 

Ex. 4. A particle oscillates in a circular arc EAD, see fig. of Art. 219. A 
igent is drawn from A to the co-axial circle to cut the arc of oscillation in X. 
horizontal tangent to the same co-axial cuts the same arc in Y. It follows from 
s theorem of Art. 219, that the time of moving from A to X is twice that 
m A to Y. Prove that this is equivalent to the theorem 



/"*' '<ty _ /" 
Jo ^(l-K'BinV) J 



sin ^/' = 2 sin \f/ cos \f/ (I - x 2 sin 2 \f/ (1 - x 2 sin 4 \f>)~\ 

[Cayley's Elliptic Functions, Art. 249.] 



CHAPTER Y. 



MOTION IN ONE PLANE. 

Moving Axes. 

221. THE components of velocity and acceleration along the 
axes of coordinates, the tangent and normal to the path and in 
some other directions have been already considered in Chapter I. 
The solution of the more difficult problems in dynamics requires 
however that we should have at our command a greater power 
of resolution than is given by these. We shall now investigate 
the general components for any moving axes in one plane. 

222. To avoid the continual repetition of the same argument, 
we shall use the term vector to represent the subject under con- 
sideration, whether it be a velocity or an acceleration. 

Let us understand by a vector any quantity which has direction 
as well as magnitude, and which obeys the parallelogram law. 
Thus the radius vector of a point P is a vector and its resolved 
parts along the axes are the coordinates x and y. Again the 
velocity of P is a vector, and its resolved parts along the axes 
are dxjdt and dyjdt. The acceleration of P is also a vector and 
the resolved parts are d-xfdt 2 and d z y/dt*. Lastly if R be any 
vector whose direction makes an angle ty with the axis of as, its 
components along the axes, supposed to be rectangular, are R cos 'v/r 
and R sin ty. 

223. Fundamental theorem. A vector R having been 
resolved in the directions of two rectangular axes Of, Ot) which 
turn round a fixed origin in a given manner, it is required to find 
the rates at which these components are increasing with the time. 

Let P be the position of the moving point at any time t 
Draw a straight line PQ to represent the instantaneous direction 



tnd magnitude of the vector R. Let u, v be the resolved parts of 
he vector in the directions of the axes Of, Orj. 





After a time dt, the point P will occupy a position P r , the 
r ector R will become R + dR and may be represented by the 
traight line P'Q'. The axes Of, Oi? will turn round through a 
mall angle d$> and will take the positions Of, O?/.'. The resolved 
tarts of R + dR along these new axes will be u + du, and v + dv. ' 

At the time t the component of the vector in the direction Of 
3 u. At the time t + dt the component in the same direction 
i.e. in the direction Of not Of) is 

(u + du) cos d<j> (v + dv) sin d<f>. 

?he rate of increase of u in the direction Of is found by sub- 
racting the component at the time t from that at the time 1 4- dt 
nd dividing by dt 

If we represent the rate of increase in the direction Of by u^ , 
re have 

__ [(u + du) cos dcj> (v + dv) sin d$] u 
Ul ~~ ~ dt I ' 

Vhen we reject the squares of small quantities according to the 
ules of the differential calculus, we write unity for cos d<f> and 
ty for sin d(f>. We therefore have 

du d<b 

MI = ~j7 - V -TT . 

dt dt 

In the same way if the rate of increase in the direction Oi) 
e v lt we have 

(u + du) sin dd> + (v + dv) cos d(i> v 

v = _ ___ 
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224. This theorem is of great importance and particular attention should be 
given to the meaning of the letters. The rate of increase of u in the direction of 

the moving axis 01- is . Its rate of increase in the direction of an axis fixed in 

1 CLt 

space which is coincident with the position of at the time 't and which is left 
behind when moves into some other position 0' is - v - . It is the latter 

fit QiL 

rate of increase not the former which ix required in dynamics. 

To make this point clear let us suppose that u represents the component 
velocity of a point P. Then 

_ /component along O|'\ /component along 0\ 
~\ at time t + At ) \ time t ) ' 



U.U; V IUUJ I,. _ 1^1 I 

r \ time t + dt J \ time t J 

When it is necessary to distinguish between these two we may call the first the 
relative rate and the second the space rate of increase of the vector. 

225. There is another method of establishing the fundamental 
theorem which is very generally used and which puts the argument 
into a more algebraic form. 

Let the moving axis Of; make an angle < with an arbitrary 
direction Ox fixed in space. Then if U be the component of the 
vector along Ox, 

U = u cos ^> v sin ; 

dU /du d<f>\ , I d& dv\ . , 
.'. -j- = ( -j- v ~- cos </> (u ~ + -rr sin $. 
dt \dt dt 1 ^ \ dt dtj ^ 

This gives the rate of increase in the direction of the fixed 
axis Ox. Let Ox coincide with Of and be left behind when Of 
moves into the position O'f ', then cj> = though d<p/dt is not zero. 
By definition dUldt = it l , and therefore 

_ du d(j> 

Again let Ox coincide with 0-rj and let it be left behind when Orj 
moves to Orf. Since < is the angle Of makes with Ox measured 
from Ox round positively in the direction f?;, the instantaneous 
value of <f> is ITT though as before it is increasing; at the rate 



226. Ex. 1. To deduce the components of velocity and acceleration along and 
rpendicular to the radius vector, Art. 35. 

We take the arbitrary axis of to coincide with the radius vector, then <f>=e. 
(garding =r, 17 = as the components of the vector ?, the space components of 
e velocity are 

d d6 dr d-n dO dB 

1 1 f\ 1) ~ _^- - f f 

dt at dt dt dt dt 

Taking the velocity as a second vector, the components are udrldt, vrd9jdt, 
d the space components of the acceleration are 
du do d z r 



dv 



_1 d t d6\ 
-r dt( r dt)' 



Ex. 2. To deduce the components of acceleration along the tangent and normal, 

t. 36. 

Taking the axis of parallel to the tangent, we have 0=i/>. Let the velocity 
the vector, then u represents the velocity and v = 0. The components of accelera- 

m are therefore 

_du d\ff _du _dv d\f/ _ d\f/ 

-~~ ' ~ ~ 



227. To find the components of velocity and acceleration with 
'.gard to moving axes. 

Let the position of the moving point P be given by its co- 
dinates (, 77) with regard to two rectangular axes 0%, Oi) which 
irn round a fixed origin with an angular velocity d<j>jdt. Let 
i, v) be the components of the velocity of P parallel to the 
istantaneous positions of 0%, Or). Let (X, F) be the components 
the acceleration of P. The relations between (f, 77), (u, v), (X,F) 
How at once from the general theorem. We have 

U = Tt~ rj ~dt ' V== ~dt + ^ dt (A); 

y. _ du d$ y _ dv d(f) ,,-j, 

7rt~ V ~dt' di dt ( '' 

ubstituting for u, v in the latter expressions their values given 
y the former, we have 



_ld ( dj>\\ 
ydtV dt)[ 



at 
If the origin is also in motion, these equations require some 



of the origin in the directions of the axes. Let u, v continue to 
represent the components of the space velocity of the point P. 

To find u, v we add to the expressions (A) for the relative 
component velocities the component velocities of 0, Art. 10. We 
thus have 



These equations give the motion of P referred to a system of 
moving axes having any fixed origin but always remaining parallel 
to the original moving axes. With these values of u, v, the 
accelerations X, Y will continue to be expressed by the 
formulse (B). 

228. We may deduce the expressions (C) for the accelerations 
X, Y in terms of the coordinates , t] from the theory of relative 
motion, explained in Art. 10. 

The motion of P in space is made up of the velocity relative 
to M together with that of M in space ; see fig. of Art. 223. Now 
OM is the radius vector of M, and the component velocities in 
the directions OM, MP are ' and (<', while the accelerations in 
the same directions are 

r-ff and ~(f'f> 

where accents represent differentiations with regard to the time. 
Again regarding M as fixed, MP is the radius vector of P, hence 
the component velocities of P along MP and parallel to MO (not 
OM") are t] and f]$ , while the accelerations in the same directions 

are i/' 9$' 2 and - -=- (rf '). Adding together these components, 

?7 tZ-C 

we obviously obtain the values of u, v ; X, Y already given in 

Art. 227. 

239. Relative and actual path. When the motion of a point is referred to 
moving axes 0%, 0-rj it is necessary to distinguish between the path in space and the 
path relative to the -moving axes. Suppose a sheet of paper to be attached to the 
moving axes and to turn round the fixed point with them. The point P traces 
out on this sheet the relative path -which is not the same as that traced out on a 
sheet fixed in space. 

The coordinates of P in the relative motion are (, ij) and the displacements 
parallel to these axes are d aud drj. The direction of the tangent of the relative 
path and the radius of curvature of that path are therefore found by the ordinary 
rules of the differential calculus. The coordinates of P in the path in space are 
also (, ?j), but the displacements have just been proved to be d - i)d<p and 



Let us represent by accents the differential coefficients with regard to any 
idependent variable t. The formula of the differential calculus giving tJie space 
wtion of P referred to fixed axes may be adapted to moving axes by writing u, v 
rr x', y' respectively, where M=f - 17^', v = i)' + (j>', and %, v^for x", y" where 
u : = u' - v<}>', v l = v' + utj>'. 

Thus, if \-, x be the angles the tangents to the relative and actual paths make 
ith Of, and p, R be the radii of curvature of these paths, we have 



When we apply kinematical theorems to purely geometrical properties in which 
ae idea of time is absent, we regard t as an auxiliary arbitrary quantity introduced 
3 represent the independent variable. If we wish the arc s to be the independent 
ariable', we write t=s. 

The effect of these changes may be exhibited in a figure. Let P, P' be the 
ositions in space of the moving point at 
tie times t, t + dt, and Of, Of the positions 
f the axis of reference at the same times. 
f PM, P'N be perpendiculars on Of, Of, 
r e have 




\ / j -r^" . 

(A). s 

Let P'JI', PH be perpendiculars on Of 
nd P'Jlf ' respectively. The coordinates of 
', P' referred to axes Of, 0-q fixed in space for a time dt are 
OM=f, 

These values of MM 1 , P'H follow at once from Art. 223, but they may be 
btained by projecting the broken line ON, JVP' on Of, 0??. If x be the angle the 
ingent PP' makes with Of and do- the arc PP', we have i&n-^^P'HIPH and 
iff) 2 =(P'H) z +(PH) 2 , and these by substitution from (B) lead to the same results 
s before. 

23O. Many of the formulae used in the differential calculus may be inferred 
y, resolving the accelerations in different directions. For example, the formulas 
>r the radius of curvature in polar coordinates may be written down by simply 
asolving the polar accelerations of Art. 35 along the tangent and equating the 
3sult to V'*IR. The expressions for R in Cartesian moving and fixed axes may be 
btained in the same way. 

331. Examples. Ex. 1. The position of a point P is referred to rectan- 
ular axes 0,f , Qri which move so that Q describes -^ p 

, given curve AQ while Qf is always a tangent to 
he curve. Prove that the component velocities I \ 1 \ A 

nd accelerations of P are . I \ / ^fr^ 

M 






Ex. 2. A particle P is attached to the extremity of a string of length I which 
is being wound on to a fixed curve after the manner of an involute. Prove that 
the component accelerations of P along and perpendicular to the straight portion 
of the string are respectively 



where <f>' is the angular velocity of . Also $'= '/P- 

Ex. 3. Assuming the earth to be uniformly describing a circle of radius a 
about the sun with velocity U, and the sun to be moving in a straight line in the 
plane of the earth's orbit with a uniform velocity F, prove, that the radius of 



* ,. ., v. 4 - , 

curvature at any point of the earth's orbit in space is - - mTrT v~- a\ ' wnere 

* \J i (J ~r Y S1H tf t 

6 is the angle the line joining the earth and sun makes with the direction of the 
sun's motion. [Coll. Ex. 1892.] 

Ex. 4. A fine string wound round a circle has a particle P attached to its 
extremity and the circle is constrained to turn round its centre in its own plane 
with a uniform angular velocity u. The particle is initially in contact with the 
circle and has a velocity F normal to the circle. If be the length of string 
unwound at the time t, prove that 2 =a 2 w 2 2 + 2aFi. 

Ex. 5. A particle P is attached by a rod PA without mass to the extremity of 
another rod AB, n times as long, which revolves about the other extremity J3, the 
whole motion taking place in a horizontal plane. If 6 be the inclination of the 
rods, <o the angular velocity of AB at the time t, prove that 

*!J + *?. + n f^. cos 6 + w 2 sin 0\ =0. [Math. Tripos, I860.] 
Q,V- at \at J 

332. Oblique axes. The general method of finding the resolved velocities 
and accelerations of a point referred to moving axes may be extended to oblique 
axes. These extensions however are not of any great importance because oblique 
axes are seldom used in mechanics. 

Let 0|, Q-n be any two axes which make angles 0, </> with an axis Ox fixed in 
space. These angles we shall suppose to be perfectly arbitrary so that the angle 
f OTJ between the axes is not necessarily constant. See figure of Art. 223. 

Let PQ represent any vector ; ,, v its components obtained by oblique resolu- 
tion according to the parallelogram law. Let u 1 , v lt represent as before the rates 
of increase of the components of the vector in directions fixed in space but coin- 
cident with the positions of 0, Or] at the time t. 

Let us resolve the vector in a direction perpendicular to 0. The resolved 
parts of MJ and v a are clearly zero and VjSin (0- 6). Since %0%'=dd, ;(V = d0, the 
resolution gives 

. , m _[( tt + d ) sin de + (v + dv) sin (0 - + d0)] - [v sin (0 - 6)] 

"I Sln \ ~~ ") jT -------- ' 

(10 dv . , 



By resolving in a direction perpendicular to Oij we obtain in the same way 



If I, T? are the oblique coordinates of P, the space velocities u, v of P are 
imilarly 



The advantage of resolving perpendicularly to and Of) is that only one of 
;he components u lt v lt enters into the resolution. We thus obtain each indepen- 
lently of the other. If we resolve in the directions 0, Oi\ we obtain the values 
)f u a + ! cos (<j> - 0) and v l + v^ cos (< 6) and, from these, u^ and v^ can be obtained 
>y solving the equations. 

These values of u lt v 1 were first given 'by H. W. Watson in the Math. Tripos of 
L861. 

233. Hyper-accelerations. It is seldom that we use higher differential 
soefficients with regard to the time than the second, Art. 21. When these are 
required the general theorem on vectors (Art. 223) gives the components for differ - 
intial coefficients of any order. 

Let x, y be the coordinates of a moving point referred to fixed axes, then 
X n =d"a;/dt n , Y n ~d n y\dt n are the components of the space hyper-acceleration of 
;he n th order, Art. 21. Let 0, Ot\ be any set of moving axes, the relations 
Between the space components of two successive orders of acceleration are 

_dX n d<f, _dY n d<f> 

* n+l -~dt~ Yn ~di' Xn+1 -~di' + * n di- 

The reader may consult a Note Sur les Principes de la M&anique by Abel 
Transon, Liouvitte's Journal, vol. x. 1845, for another mode of treatment. 

Ex. 1. A point moves along a curve with velocity , prove that the components 
along the tangent and normal of the acceleration of the third order are respectively 



<Vu_v? d /u\ 
dt* />" ; ds\p )' 



Ex. 2. A point P moves along a curve with uniform velocity. Prove that 
tan 5= Boots' where 5, 8' are the' angles the diameter of the parabola of closest 
sontact and the direction of the hyper-acceleration make with the normal at P. 
Show also that the semi-latus rectum of this parabola is p cos 3 5. 



D'Alembert's Principle. 

234. When a single particle moves under the action of given 
forces the equations of motion may in general be found by re- 
solving the forces in some convenient directions. In the case 
of a system of particles the mutual reactions must also be taken 
into the account ; these are in general unknown and will have 
to be eliminated from the equations. It is important to be able 
to write down some of the results of this elimination without 



two as one system. We resolve and take moments JOT the two 
bodies as if they were one. We may adopt the same method in 
dynamics. 

235. In applying this principle to dynamics, it will be found 
convenient to use the term effective force. This may be defined 
as follows. When a particle is moving -as part of a system, it is 
acted on by the external forces and the reactions of the other 
particles.- If we consider this particle to be separated from the 
system and all these forces removed there. is some one -force 
which, with the same initial conditions, would make it move in 
the same way as before. This force is called the effective force on 
the particle. 

It follows that the effective force is statically equivalent to 
the impressed forces which act on the particle and the reactions 
of the rest of the system, but is differently expressed. Let in 
be the mass of the particle, (sc, y) the Cartesian. coordinates; the 
components of the force which must act to produce any given 
motion have been proved to be md'xjdt- and md 2 y/dt*, these then 
are the components of the effective force. In the same way if v 
be the velocity and 1/p the curvature of the path, the tangential 
and normal components of the effective force are mdv/dt and mv-Jp. 
See Art. 68. 

236. Considering any one particle of the system, we know 
that the resolved parts of the effective forces in any directions 
are equal to the corresponding resolved parts of the impressed 
forces and the reactions. It immediately follows that the effective 
forces on each particle, if reversed, are in equilibrium with the 
impressed forces and the reactions. But, by Newton's third law, 
the mutual reactions of any two particles are in equilibrium. 
Making then any selection of the particles of a system, the reversed 
effective forces of those particles are in equilibrium with the external 
forces which act on them, excluding their mutual reactions, but 
including the pressures (if any) of the remainder of the system. 



Some of the equations ot motion may therefore be found (1) by 
uating the sum of the resolved parts of the effective forces in 
y convenient directions to the sum of the resolved parts of 
e external forces, (2) by equating the sum of the moments of 
e effective forces about any point to the sum of the moments of 
e external forces. 

The resolved parts and moments of the external forces may 
s written down by the rules of statics. The components of the 
fective forces in various directions have been found in the 
eceding articles. The moment about any point then follows 
' multiplying that component by the length of the perpendicular 
Dm 0, Art. 6. 

If (#!, 2/i), (# 2) 2/a) &c. are the Cartesian coordinates of a system 
mutually attracting particles whose masses are m 1} m z &c., and 
these are acted on by the external accelerating forces (X lf F a ), 
r 2 , F 2 ) &c., the equations of resolution and moments are 



here the S implies summation for all the particles. 

237. So long as we confine our attention to resolutions and moments it is 
inecessary to include the mutual actions of the particles under consideration. 
however we use the principle of virtual velocities to express the conditions of 
uilibrium we must remember that the particles may not be rigidly connected 
gether. Now the work of two equal and opposite forces F, - F, acting on two 
Articles distant r from each other is proved in statics to be Fdr. It is obvious 
at this does not vanish unless the distance r is invariable. This point is impor- 
nt in using the principle of vis viva. 

The most convenient way of applying the principle of Virtual Velocities to 
ynamical problems is to use Lagrange's equations. 

238. When the selected system of particles is a rigid body, 
le mutual distances of the particles composing it are invariable. 

It is proved in statics that the position of such a body in 
pace of two dimensions can be defined by three quantities usually 
ailed coordinates. For example, these might be the Cartesian 
Dordinates of some point and the angle which some straight 
ne fixed in the body makes with some straight line fixed in 



position oi the system at any time t inese tnree are supplied 
by the two resolutions and the equation of moments above 
described. 

It is proved in statics that a system of forces can be reduced 
to a single force R acting at some convenient point and a 
couple G. The components of the force R are equal to the sum 
of the components of all the forces of the system, and the couple G 
is equal to the sum of their moments about 0. This is usually 
called Poinsot's method of compounding forces. We shall now 
apply this method to find the resultants of a system of effective 
forces. 

239. ' A system of particles, rigidly connected, moves in space* 
of two dimensions. The coordinates of the centre of gravity are 
(x, y), the angle which a straight line fixed in the body makes 
with a straight line fixed in space is < and the whole mass is M. 
It is required to prove that the effective forces of the whole system 

d*x d^y 
are equivalent to two effective forces M-j-, M -~ acting at the 

centre of gravity, and an effective couple Mk* -~ , where Mk 2 is a 

, at 

constant which depends on the form and structure of the body or 
system. 

Let m be the mass of any particle of the body, x = x + , 
y = y + rj be its coordinates. Then since 2m/2m, Sw^/Sw are 
the coordinates of the centre of gravity referred to the centre of 
gravity as origin, it is clear that 2m^=0, 2m-?7 = 0. 

The sum of the resolved parts of the effective forces parallel to 
the axis of a is 

t_> , Ct OJ 



The resolved part parallel to the axis of y may be found in the 
same way. These two effective forces are the same as the effective . 
forces of a particle whose mass is M placed at the centre of gravity 
and moving with that point in space. 

240. To find the effective couple we take moments about 
the centre of gravity. Remembering that , 17 are the coordinate? 
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:ouple is 



Since 2w=0, 2rai7 = 0, the right-Kand side reduces to the first 
;erm. Let />, 6 be the polar coordinates of the particle m, referred 
;o the centre of gravity as origin, then gdij - ydg = pd&. The 
souple is therefore 



We shall now introduce the condition that the particles are 
igidly connected together. When this is the case the dd/dt of 
svery particle is equal to d<j>fdt, and the length of every p is 
sonstant during the motion. For, let a be the angle the radius 
r ector p of any particle m makes with the straight line fixed in 
he body, then = <f> -f a. Though a may be different for every 
>article, yet its value does not change during the motion, hence 

la/dt = 0, and dOjdt = d<j>{dt. The effective couple is (Sw/o a ) ^ . 

at 

241. The constant 2w/o 2 is called the moment of inertia of 
he system about an axis drawn through the centre of gravity 
>erpendicularly to the plane containing the particles* 

To find the moment of inertia of any system, about any oasis, 
ve multiply the moss of every particle by the square of its distance 
rom the aoris and add the results together. 

When the particles are so close together that they form a 
ontinuous body, the sum is an integral. Thus for a circular 
,rea of radius a and density D, the area of any element is p dBdp ; 
ence the moment of inertia about an axis drawn through the 
entre perpendicular to its plane is 



rhere the square brackets imply that the quantity is to be taken 
ietween the limits of integration. These limits being p to a, 
nd 6 to 2-Tr, the moment of inertia about the centre is %Ma?. 

In the same way the moment of inertia of a rectangle whose 
ides are 2a and 26 about an axis drawn through the centre of 
ravitv t>erbendicular to its t>lane is i-M" (a a -f- ). 



The moment of inertia of a triangular area about any axis is 
the same as that of three particles each one-third of its mass 
placed at the middle points of the sides. 

243. The moment of inertia is of special importance in rotational motions, 
for in a certain sense, it measures the dynamical significance of the form and 
structure of the moving body. Thus- all free bodies having equal moments of 
inertia rotate with equal angular accelerations when acted on by equal couples. 
The translational motion depends on the mass and the position of the centre of 
gravity, Arts. 92, 239. 

243. Sufficiency of the equatibno. The equations of motion of a particle 
moving freely are 

^_ Y <* 2 y_ v 

d 2 ~ ' 5? ' 

where X, Y are the accelerating components of the forces, Arts. 68, 73. We shall 
now prove that when the initial values of x, y, dxjdt, dyjdt are also given, these 
equations are sufficient to find x, y as functions of *. 

To prove this we replace the proposition by a more general theorem, the- limit- 
ing case of which is the proposition to be established. Let r be any very small 
time which we shall afterwards replace by dt. Let x <f> (t), y = ^ (t) ; the equations 
may be written in the functional forms 



( >' 
where X, Y are known functions of <f> (t) and \& (t). 

Eepresenting the initial time by =0, we suppose that the four initial values 
0(0), vKO), 0(r)-0(0), f(r)-t(0) ........................ (2) 

are given. Putting t = in (1) we deduce the values of (2r), \f/ (2r) ; again putting 
t=r we obtain <f> (3-r), ^(3r), and so on. Thus by a continual repetition of the 
process the values of (nr), ^ (nr) and therefore of $ (t), $ (t) can be found. 

That the solution of the two equations of motion of the second order leads to 
results which contain four arbitrary constants (to be determined by the initial 
conditions) is also proved in treatises on differential equations; see Forsyth's 
Differential Equations, Art. 173. 

244. On general and particular integrals. The Cartesian equations of 
motion of a free particle are 

*" = *, y" = Y .................................... (1), 

where accents denote differential coefficients with regard to the time. These are 
usually solved by. combining them together so as to obtain a perfect differential. 
We then have by integration 

F(x> y, x', y 1 , f) = C ................................. (2), 

where C is a constant. When an integral is obtained in this manner there is 
nothing to limit the initial conditions. However the particle may be projected the 



uation (2), after determining the proper value of C, must be true throughout the 
lole motion. Such an integral is called a general integral. An integral which 
true only for special initial conditions is called a particular integral. 

245. If any equation such as (2) be arbitrarily written down containing one 
aitrary constant we may enquire what the dynamical problem is of which that 
lation is ft general integral. 

To answer this we differentiate (2) and substitute from (1). We then have 

dF , dF . dF dF dF . 

T -x' + y'+- r -,X+ .y+- = Q (3). 

dx dy dx' dy' dt v ' 

Since the state of motion at any time t may be taken as the arbitrary initial 
)tion the quantities x t y t x', y' are really arbitrary. The forces X y Y must there- 
e be such as to make (3) an identity. 

To determine X, Y we differentiate (3) partially with regard to any of the four 
ters x, ?/, x', y', treating the others as constants. Supposing that X, Y are 
ended to be functions of x, y only, they are constants when we differentiate 
rtially with regard to x', y'. In this way we may obtain, by successive difieren- 
tioris, several equations each containing X, Y in the first degree. 

If these equations lead to inconsistent values of Z, Y we infer that the given 
lation cannot be a general integral. 

It may also happen that all the equations to find X, Y are identical, and in 
s case the forces X, Y are to a certain extent arbitrary. Bertrand haa shown 
it this can happen only when the integral (2) has the form 



(4). 



This therefore, when X, Y are functions of x, y only, is the only general 
,egral which can be common to several dynamical problems. Liouville's 
irnal, 1852. 

Ex. 1. If x' 2 + y' 2 -2/(z, y) = C be taken as the general integral, prove that 
-dfldx, Y=dfjdy. This is the equation of vis viva. 

Ex. 2. Prove that xy'x'y = C with the upper sign cannot be a general 
egral; but, with the lower sign, is a general integral when the resultant force 
ids to the origin. 



The Principle of Vis Viva. 

24(J. To investigate the principle of vis viva for a system of 
rticles. 

Besides the external forces which act on the several particles 
i must here take into account their inutual actions and re- 
dons. 

Let m be the mass of any one particle ; oc, y its coordinates ; 
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particle. The equations of motion of that particle are 

d?y 



Multiplying these by dccjdt and dy/dt respectively and adding the 
results, we have 

dx d*x dy d a y\ ( y dx y dy\ (y 

- = X + ............. (2 ' 



Summing this for all the particles of the system, we have 

dm d*x dy d*y\ _^( x dx +Y fy\ (S\ 

iW*)-*( x di + Y dt) ....... ( *> 

The right-hand side of this equation, after multiplication by dt, is 
the work done by the forces as the system makes a small dis- 
placement, Art. 185. 

Amongst the forces X, Y are included the unknown reactions 
on the several particles, but it is clear that we may omit from the 
right-hand side all the reactions which would disappear in the 
principle of work in statics. 

When the remaining forces are such that the work integral 
jZ(Xdx + Ydy)=JJ+C ..................... (4), 

where Z7is a known function of the coordinates of the particles, 
these forces are said to form a conservative system. Art. 181. 
Representing by v the velocity of the particle m, the integral 

of (3) becomes 

&mv* = U+C ......................... (5). 

Let U be the same function of the initial coordinates that U is 
of the coordinates at the .time t, and let v be the initial value 
of v. The equation of vis viva may also be written in the form 

$2mv<? = U-U .............. . ...... (6). 



247. The principle of vis viva is important for several 
reasons. 

(1) The principle is of general application. The forces in 
nature are such that there is a work function, and the unknown 
reactions, in general, disappear from the equation. 



(3) The principle gives a relation between the circumstances 
of the motion in any stated position of the system and those at 
the initial stage. When the intermediate motion is not required 
this is particularly important. 

248. The force function. The equation of vis viva can be usefully em- 
ployed only when the integrations necessary to obtain the force function U can be 
effected. It is also important to notice beforehand what forces and reactions may 
be omitted in forming that equation. 

The acting forces may be classified thus, 

(1) the external forces which act on the particles, 

(2) the mutual actions of such of the particles as are rigidly connected 
together, ' 

(3) the mutual attractions of independent particles, 

(4) the pressures due to any fixed curve or surface on which some of the 
particles are constrained to move. 

The external forces are in general central forces tending to or from fixed points. 
It follows from Art. 186 that, when each force ia some function of the distance 
from the fixed point, the contribution of each to the work function can he 
integrated. 

Let E be the mutual action between two particles whose instantaneous distance 
apart is r, and let E be measured positively when the action tends to increase r. 
It is proved in statics that the work of both the action and reaction is Edr. 

It follows from this that the, reaction between any two particles which keep an 
invariable distance from each other throughout the motion disappears 'from the 
equation of vis viva, for in such a case dr=0. 

If any two independent particles repel each other with a force E which is a 
known function of their distance r, the contribution of this force to the work 
function can be integrated. 

If two particles art connected together by a tight string, even if bent by passing 
over smooth pulleys, fixed or moveable, the work of the tension is - Tdl, where I 
is the whole length of the string. If the length of the string is invariable the 
work is zero. The action of an inextensible string may therefore he omitted in 
the equation of vis viva. If the string is extensible and the tension obeys 
Hooke's law, the corresponding work can be found by integrating -Tdl, see 
Art. 187. 

249. If one or the particles is constrained to move on a smooth fixed curve 
whose equation is f(x, y)=0, let U be the nbrmal pressure. The work of R is 
E cos (f> ds ; this is zero because <f>, being the angle between the direction of E and 
the arc of the path, is \v. If however the curve is itself constrained to move, the 
angle </> is not necessarily a right angle and the work may not be zero. Since the 
equation of the moving curve will contain t, this is usually expressed by saying 
that the geometrical relations must not contain the time explicitly, if the reactions 
are to disappear. 

Tf t.lif Mi.vnf. r\r eiivfrtna > vniinli tVio frint.irm onto nlrtttrr t.ViO to.T>rront t.n tViA TintVl 



150 THE PRINCIPLE OF VIS VIVA. [CHAP. V. 

250. Energy. Selecting some geometrically possible ar- 
rangement of the particles as a standard position, the work done 
by the forces as the particles move or are moved from any other 
given arrangement to the standard position is called the potential 
energy in the given position. 

Let the standard position be called S ; let the system move 
from some given initial position A and at the time t let its position 
be P. It has already been proved (Arts. 69, 246) that 

Kin. En. at P - Kin. En. at A = work A to P. 
But Pot. En. at P = work P to 8, 

Pot. En. at A = work A to 8. 

/. Kin. En. at P + Pot. En. at P = Kin. En. at A + Pot. En. at A. 
It follows therefore that the sum of the* kinetic and potential 
energies is constant throughout the motion. This sum is called the 
energy of the system, and it has just been proved that the energy 
of the system is constant and equal to its initial value. 

This theorem is true whatever standard position may be 
chosen, but it will be found convenient to so choose this position 
that the system may finally arrive there. When this choice is 
made the potential energy represents the whole work which can 
be obtained from the forces as the system moves to its final 
position. 

251. As a simple example, let a heavy particle fall from rest 
at the ceiling of a room to the floor ; the kinetic energy after 
falling a distance z is fynv* = mgz. Let us take the floor (i.e. 
z = h} as the standard position, because the particle cannot 
descend any lower; the potential energy at the depth z is 
mg (h z\ The whole energy is therefore mgh> which is constant 
throughout the motion. At the ceiling the energy is wholly 
potential because the particle starts from rest ; on arriving at the 
floor the energy is wholly kinetic, all the available potential 
energy having been changed into kinetic energy. 

Deereea nf freedom. Tf a svst.pm r>rmf.ai rkart.inlAa 



sition ot the system and there are then 2n K degrees of 
sedom. The degrees of freedom of a system may be defined to be 
? number of coordinates required to fix its position. 

253. Via viva of a rigid body. When some or all of the 
rtieles of a system are rigidly connected together a simple and 
eful expression for the vis viva can be found. Let (x, y) be 
B coordinates of the centre of gravity, </> the angle which a 
aight line fixed in the body makes -with a straight line fixed in 
ace, and M the mass. The vis viva is then 



.ere M& is the constant called the moment of inertia of the 
dy about the centre 'of gravity, see Art. 241. 

To prove this, let x x + , y y + 77 be the coordinates of any 
cticle m, then 

\- .. N ldx\* . / v d% \ dx 
= (Sm) + 2 Sm - + 



ice 2w = as in Art. 240 the middle term is zero. Hence 



~ jl r 
dtj \dtj } 

is equation expresses the proposition that the whole vis viva 
a moving system, whether rigid or not, is equal to that of a particle 
mass M moving with the 'centre of gravity together with the 
viva of the motion relative to the centre of gravity. 

To introduce the condition that the system is rigid we change 
polar coordinates by writing 



membering that dOjdt is now the same for all the particles and 
ial to d<f>/dt (Art. 240) and that dp/dt is zero, we find 



^ 7n 

- -ji r - = Mk" 

dt/ \dtj } 



364. Examples. Ex. 1. An endless light string of length 21, on which are 
threaded beads of masses M and m, passes over two small smooth pegs A and B 
in the same horizontal line and at a distance apart a, one head lying in each of the 
festoons into which the string is divided by the pegs. The lighter bead m is raised 
to the mid-point of AB and then let go. 'Show that the beads will just meet if 

^5 = 2 (-L\* . [Math. Tripos, 1897.] 

M \l+aj J 

We notice that only two positions of the system are contemplated i n the 
problem, viz. (1) the initial position in which the bead m lies in AB, and (2) the 
position in which the beads are in contact. In both these cases the kinetic energy 
is zero. The principle of vis viva asserts that the change of kinetic energy is equal 
to the work. It immediately follows that the work done when the system passes 
from the first to the second position is zero. Let x be the depth below AB at 
which the beads meet. Then omitting the tension, Art. 248, we have 



We also have by geometry 4# 2 + a? I 2 . Eliminating x we obtain the result. 
The circumstances of the motion when the beads m, M are at any depths y, 17 
below AB may also be deduced from the principle. We have 

Since the sum of lengths joining in and M to A is I, we have the geometrical 
equation 

*v/(i a 2 + y 2 ) 4- \/(i a 2 + V 2 ) = I (2). 

Differentiating the second equation, we have 

V , _.. V>' _n /QV 



Joining this to (1) we have the values of v, v' when y and tj have any values not 
inconsistent with (2). 

2Sx. 2. A particle of mass m has attached to it two equal weights by means of 
strings passing over pulleys in the same horizontal line and is initially at rest half 
way between them. Prove that if the distance between the pulleys be 2a, the 

velocity of m will be zero when it has fallen through a space ;-~.r - a . 

[Coll. Exam.] 

Ex. 3. Two pails of weights IF, w, are suspended at the ends of a rope which 
is coiled round the perfectly rough rim of a uniform circular disc of radius a 
supported in a vertical plane on a smooth horizontal axis, and the pails can descend 
into a well so that when one comes up the other goes down. If the pails be 
allowed to move freely under gravity, and, when the heavier has descended a 
distance b from rest, a drop of water be thrown off from the highest point of the 
rim of the disc, prove that this drop will strike the ground at a horizontal distance 
x from the axis of the disc given by 

x- ( J W + W+ w) = 4/tb ( W - w) , 

where W is the weight of the disc, and h is the vertical distance above the ground 
of the highest point of the rim of the disc. [Math. Tripos, 1897.] 

The equation of vis viva gives 
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rhe length of each string is a (1 + sec a). A blow if is applied to H in a direction 
perpendicular to AB; show that if J 2 > IMmag tan a, M will oscillate to and fro 
;hrough a distance 2atana. But if J 2 is less than this quantity and equal to 
IMmag (tan a - tan /3), the distance through which M oscillates will be 

2a { P (P + 2 ) }* where p = sec a - sec . [Coll. Ex. 1895.] 

The effect of the blow J is to communicate an initial velocity V=iJjM to the 
mass M , leaving m initially at rest. 

Ex. 5. Two particles M, m are connected by a string passing over a smooth 
pulley, the lesser mass m hangs vertically, and M rests on a plane inclined at an 
ingle a to the vertical. M starts without initial velocity from the point of the 
.nclined plane vertically under the pulley. Prove that M will oscillate through a 

listance -, ' - where h is the height of the pulley above the initial 
7ft 2 - M z cos 2 a 

position of IT, m is greater than. Afcos a hut less than M. [Coll. Ex. 1897.] 

Ex. 6. Two equal particles connected by a string are placed in a circular 
;ube. In the circumference is a centre of force varying as the inverse distance. 
3ne particle is initially at rest at its greatest distance from the centre ,of force, 
prove that if v, v' be the velocities with which they pass through a point 90 from 
;he centre of force, e ~ v ^ + e~ "*/* = 1. [Coll. Exam.] 

Ex. 7. A thin spherical shell of mass M is driven out symmetrically by an 
nternal explosion. Prove that if when the shell has a radius a the outward 
/elocity of each particle be V, the fragments can never be collected by their 
nutual attraction unless F 2 <3//a. [Coll. Exam.] 

The attraction of a thin spherical shell on an element of itself is the same aa 
f half the mass of the shell were collected at the centre. 

Ex. 8. Three equal and similar particles repelling each other with forces 
varying as the distance are connected by equal inextensible strings and are at rest ; 
f one string be cut, the subsequent angular velocjty of either of the other strings 

,vill vary as ./ - - - - , 6 being the angle between them. [Christ's Coll.] 

Ex. 9. An elastic string of mass m and modulus E rests unstretohed in the 
'orm of a circle of radius a. It is now acted on by a repulsive force situated in 
ts centre whose magnitude IB /* (distance)" 2 . Prove that the radius of the circle 
vhen it next comes to rest is a root of the quadratic r 3 - ar=m/j./Eir. [Coll. Exam.] 

Ex. 10. A circular hoop of radius b, without mass, has a heavy particle 
:igidly attached to it at a point distant c from its centre, and ita inner surface is 
:onstrained to roll on the outer surface of a fixed circle of radius a (b being greater 
;han a), under the action of a repelling force from the centre of the fixed circle 
jqual to yu times the distance. Prove that the period of small oscillations of the 



11 u n & + c /6-o\ 
aoop will be 2w --- ----- ) 

a \ eft. / 



Prove that when c = 6, all oscillations large or small have the same period;' 
and prove farther that in the general case the hoop may be started so that it will 
continue to roll with uniform angular velocity equal to {/tt&/(&-a)}^. 

[Math. Tripos, 1886.] 

The following is a simple (but not necessarily the shortest) method of writing 
down the equation of vis viva in problems of this kind. Having selected some 
independent variable to fix the position of the system, say, the inclination of the 
straight line joining the centres C, of the two circles to the vertical, we find the 
coordinates x, y of the particle in terms of by projecting 0(7, CP on the vertical 
and horizontal. The vis viva, being the sum of m (dx/clt)* and m (dyjdt) 2 , follows 
immediately. Equating the half of this sum to the force function Jm/*. CCP+C 
we have an fquation giving dffjdt in terms of Q. 

It is then easily seen that, if the constant G be properly chosen, the value of 
dd/dt reduces to the constant given in the question. To find the small oscillations, 
we differentiate the equation of vis viva and reject the squares of 6. 

When c=a, the path of the particle is an epicycloid and the oscillations large 
or small are, by Art. 211, tautochronous. 

255. Rotating field of force. When a particle moves in 
a field of force which rotates round the origin with a uniform 
angular velocity n, an integral of the equations of motion can he 
found which reduces to that of vis viva when n = 0. 

Let 0%, Of} be two rectangular axes which rotate with the 
field of force, and let X, Y be the component accelerating forces. 
We then have by Art. 227 

fS_s*( _._ 

at- dt * 



j- - - 77 = 

dP at 

Multiplying these by d%/dt and d-rj/dt and adding, we find 



dt~ dt dt 



We introduce the condition that the field of force rotates by 
making X, Y such functions of , 17 only that X dUld^ and 
Y=dU/di). Then U is a function of 17 only and not of t. The 
equation then becomes 

\(v z -n*r*) = U+C ............... '. ........ (3), 

where v is the velocity of the particle relatively to the moving 



We may notice that if U be expressed in terms of the co- 
ordinates x, y referred to fixed axes, the expression will contain t 
also, except when the force is central and tends to 0. 

The equation, when written in the form (2), is a slight ex- 
tension of that given by Jacobi in the Oomptes Rendus, Tome in. 
p. 59, 1836. 

If V be the space velocity of the particle, A the anguiar 
momentum about referred to a unit of mass, then 

F-2J.*-r* ...................... (4). 

The equation of Jacobi then becomes 

%V*-nA = U+C ........................ (5). 

To prove the relation (4), let p be the perpendicular from on 
the tangent to the relative path. Since V is the resultant of v 
and nr, (the latter being perpendicular to r), we have 

ya = -y* + n v a -[ 2v . tip, A = vp + nr*, 

the second equation being obtained by taking moments about 0. 
The equation (4) follows at once. 

An example of a rotating field of force is met with in 
astronomy. If the components of a binary star describe circles 
about their common centre of gravity, the force is always the 
same at the same point of the rotating plane. Jacobi's integral 
will therefore apply to the motion of a satellite moving in that 
plane, provided it is of such insignificant mass that the motions of 
the primaries are undisturbed by its attraction. 

366. When the particle moves in space of two dimensions and the field of 
force rotates about a perpendicular axis -with a variable angular velocity ^' we may 
obtain an extension of the equations. 

We know that ^dV-jdt is equal to the sum of the virtual moments of the 
forces divided by dt, (Art. 246), hence 



But dAjdt=:%Y-T)X by taking moments about the origin, hence 
IdF" dAdU 



where U in a function of the moving coordinates , 17, 2. When 0' is constant, this 
can be integrated and we obtain the equation (5). 

When a system of particles moving in a given rotating field of force is under 
consideration, we have for each an equation similar to (6). Multiplying these by 



of vis viva. If 2T be the vis viva, A the angular momentum of the system, U the 
force function, this equation is 

T-<t>'A=U+C .. .................................. (7), 

"where tf>' is the angular velocity of the field supposed to be constant. In this form 
we may omit from U all the actions and reactions which disappear in the principle 
of virtual work. 

267. Coriolis' theorem on relative vis viva. A system of particles is 
referred to moving axes O, Oij. Supposing the system at any instant to become 
fixed to the moving axes, let us calculate what would then be the effective forces on 
the system. If we apply these as additional impressed forces on the system, but 
reversed in direction, we may use the equation of vis viva to determine the relative 
motion as if the axes were fixed in space. 

Let m a , m 2 , &c. be the masses of Che particles; (X 1 , Yj}, (X z , F 2 ), &c. the 
components of the impressed forces. Let also jp, q be the resolved velocities of the 
origin, then, including these as explained in Art. 227, the equations of motion of 
any representative particle m are 

fd 2 ,.. 1 d . . . dp } v \ 
m 1 ^1 - " f ~ - ' T* (n w) + -jl -qw[=X 
\dt* n dt^ ' dt J j 

....... . .......... ,.. ( il* 

\d?Y) , 1 d ., . dq } ' 

m |_!_ ^ +_ __ (?w) + . ? + ^j. = Y 

where (a~d<pldt. 

The left-hand sides of these equations measure the components of the effective 
forces on the particle m, Art. 227. The corresponding components on an imaginary 
particle of the same mass m attached to the moving axes and momentarily coin- 
ciding with the real particle are found by treating , i) as constants. These are 
du dp ) 

-^Tt + dt-*" = 

at at ) 



These we represent by X , Y for the sake of brevity. 

Transposing these terms to the other sides of the equations of motion, we have 



(3). 



These equations may also be used to supply another proof of the theorem in 
Art. 197. 

Multiplying these respectively by d^jdt, d-rjfdt and adding, we have, as in Art. 255, 



dt d dt - 

Summing this representative equation for all the particles and integrating 



If the axes rotate round a fixed origin with a uniform angular velocity, w is 
constant and p, q are zero. The equation of Coriolis then takes the simpler form 



where r is the distance of the particle m from the origin and v is its velocity rela- 
tively to the axes. For a single particle this is the same as Jacobi's integral. 

If the angular velocity w is not uniform and p, q not zero, the system of 
additional forces (X 0) Y Q ) is not conservative and the integration in (4) cannot be 
effected except in special cases. The equation is however still important, for the 
first step in the integration of the equations (1) must be to eliminate the unknown 
reactions, if any such exist. Now the equation (4) is free from all the reactions 
which would disappear in the principle of vertical work, and that equation therefore 
supplies us at once with one result at least of the elimination. 

For the purposes of this proposition the forces measured by A' , F are called 
the forces of moving space. When the origin of coordinates is fixed, these take the 
simple form 

.. dw T dt,) 

x =-^-v Tt , r =-^+- (6). 

This theorem is due to Coriolis ; see the Journal Poly technique, 1831. 
258. Xiaiaant'a theorem. Ex. A particle moves under the action of a force 
whose -Cartesian components are X.=.v n -j~, Y=v n , where v is the velocity. 

Prove that the equation of vis viva is v-~ n = (2 - n) U+ 0. 
See the Bulletin de la Societe Mathematiqiie, 1893, vol. xxi. 

Moments and Resolutions. 

259. The equation of Moments. If P, Q are the com- 
ponents of the force on a single particle resolved along and 
transverse to the radius vector, it is clear that Qr is equal to 
the moment of the forces about the origin. Representing this 
moment by M , the transverse polar equation of motion becomes 



260. When a system of mutually attracting particles moves 
under the action of external forces we have by adding together 
the transverse polar equations of each particle 



If R be the attraction of m L on m z , the reaction of m z on m t is 
R, and the sum of the moments of these two must disappear 
from the right-hand side. If then the external forces are such 
that their resultant passes through the origin, we have 2M =0, 
and therefore by integration 
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where H is a constant. This equation expresses the proposition 
that when a system of mutually attracting particles moves under 
the action of external forces such that the sum of the moments 
about a fixed point is zero, the sum of the angular momenta of all 
the particles about that point is constant. For example, if any 
number of mutually attracting planets move under the influence 
of a fixed sun, the sum of their angular momenta is constant. 
See also Art. 93. 

Since ady ydx = r z dO (Art. "7), the equation (3) of moments 
when written in Cartesian coordinates takes the form 

d y . < 



261. Rigid system. When a system of particles is rigid it 
is useful to have an expression for the resultant angular, mo- 
mentum about the origin. Let (x, y) be the coordinates of the 
centre of gravity, </> the angle a straight line fixed in the body 
makes with a straight line fixed in space, and M the mass. The 
angular momentum of the whole mass is then 



^ / dy dx\ .^ . / dy _. dx\ 

2m a? - - y -jr = (Si) -n y jJ 

V dt y dtj v y V dt J dt) 



j-, 
dt *dtJ dt 

where Mk z is the moment of inertia about the centre of gravity. 
See Art. 241. 

To prove this, let (as, y) be the coordinates of the particle m, 
then # = a; + , y = y + r}. Remembering that 2ra = 0, 2m?? = 
as in Art. 239, we find by substitution that 

drj 

-ri 
dt ' dt 

Since dx/dt, dy/dt are the components of the velocity of the 
centre of gravity, the first term is the moment of the velocity 
of a particle of mass M placed at the centre of gravity and 
moving with it. The equation therefore asserts that the angular 
momentum about any point is equal to that of the whole mass 
collected at the centre of gravity together with the angular mo- 
mentum round the centre of gravity of the relative motion. 

To introduce the condition that the system is rigid we change 
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same for every particle and equal to dtf>/dt (Art. 240), this term 
j > 

becomes Mk z - . 
at 

It follows that, when a rigid body is acted on by any forces 
whose moment about the origin is Gr, the equation of moments is 



Ex. 1. A particle moves in a field of force defined by the force function 



Show how to find the coordinates r, 6 in terms of the time. 

The force transverse to the radius vector is Q=dU/rd0. The equation of 

moments therefore becomes T- (r* -j-) = -3 -,- . Multiplying by r*d0/dt, the inte- 
gration can be effected and we find 



(1), 



where A is an arbitrary constant. This integral is equivalent to a result given by 
both Jacobi and Bertrand. 
The equation of vis viva is 



Eliminating ddjdt by the help of (1) we arrive at an equation giving dtjdr aa a 
function of r. The determination of t in terms of r has thus been reduced to an 
integration. The relation between 6 and t may then be found from (1) by another 
integration. 

Ex. 2. A particle is placed at rest at the point =0, r=a in a field defined by 
U=m . Show by writing down the equations of vis viva and moments that the 
path is a circle. 

263. The equation of resolution. If a system of particles 
moves under the action of external forces, we have by resolving 
parallel to the axis of x, (Art. 236), 



where X is the typical accelerating force on the particle m. In 
this equation we may omit the mutual attractions of the particles, 
for the action and reaction being equal and opposite, -these dis- 
appear in the resolution. 



can take the axis of x parallel to that direction. We then have 



where A is a constant. This result is the same as that alread} 
arrived at, and more fully stated, in Art. 92. 

264. Summary of methods of integration. When the 
system of particles moves in a given field of force the equation 
of vis viva in general supplies one integral of the equations of 
motion. If the system has only one degree of freedom, this 
integral is sufficient to determine the motion. 

When another integral is required, there is no general method 
of proceeding. We usually search if there is any direction fixed 
in space in which the sum of the resolved parts, of the forces is 
zero, or any fixed point about which the sum of the moments is} 
zero. In either of these cases an additional integral is supplied 
by the methods of Arts. 263 and 260. The first case usually 
occurs when the acting force is gravity, the second when the 
force is central. 

When these methods fail we have recourse to some artifice 
suited to the problem. Suppose that we have some reason for 
believing that a particle describes a certain path, we constrain 
the particle by a smooth curve. If the pressure can be made 
zero by the proper initial conditions, the constraint may be 
removed and the particle will describe the path freely, Art. 193. 

365. Examples. Ex. I. Two particles, of masses m, M, placed on a smooth 
table, are connected by a string of length a + b, which passes through a fine ring 
fixed at a point on the table. The particles are projected with velocities U and 
F perpendicularly to the portions of the string attached to them, and the initial 
lengths are respectively a and &. Find the motion. 

Let (r, 6), (p, <f>) be the polar coordinates of m and M at the time t. By the 
principles of angular momentum and vis viva, we have 



We have also the geometrical equation 

r+p=a+b ....................................... (3). 

Eliminating p, 8, <j>, we find 



In this differential equation, the variables can be separated and thus t can be 
expressed in terms of r by an integral. The integration cannot be generally 
effected. 

If the system oscillate, the extreme positions are determined by putting dr/dt=0. 
We thus have 







Since the left-hand side is positive when r=0 and r=a+& and vanishes when 
r = a there is a second positive root less than a + b. This second root may be 
proved to be greater .or less than a according as ml7 2 /a is greater or less than 
jW 2 /Z>. These values of r determine the extreme positions of the system. We 
notice that if T be very small, the second root is very nearly equal to a+ &. 

If F=0 the particle M arrives at the origin, but the appearance when r=a-J-& 
of the singular form 0/0 in the equatioii (5) is a warning that the motion changes 
its character in this case. In fact if the third term on the left-hand side of (4) is 
removed, the velocity of arrival at is finite instead of being infinitely great. 

To find the tension T of the string, we use the radial equation of motion for 
one of the particles. This gives 



' r \dt) ~ m' 

Differentiating (4) we find drjdt in terms of r and after some slight reductions 
T _ Mm, / t7 2 a 2 - VW \ 

The string therefore does not become slack. 

Ex. 2. Two particles whose masses are in the ratio 1:2 lie on a smooth 
horizontal table, and are connected by a string that passes through a small ring in. 
the table: the string is stretched and the particles are equidistant from the ring: 
the lighter particle is then projected at right angles to its portion of the string. 
Prove that the other particle will strike the ring with half the initial velocity of 
the first particle. [Coll. Ex. 1896.] 

Ex. 3. One A of two particles of equal mass, without weight, and connected 
by an inelastic string moves in a straight groove. The other B is projected parallel 
to the groove, the string being stretched. Prove that the greatest tension is four 
times the least. [Coll. Ex.] 

Eeduce A to rest, then B is acted on by T and T cos 9, the latter being parallel 
to the groove, where is the angle AB makes with the groove. The particle B now 
describes a circle, and the normal and tangential resolutions give the angular 
velocity and the tension. 

Ex. 4. Two particles m, M, are connected by a string, of length a + 6, which 
passes through a hole in a smooth table; M hangs vertically at a depth 6 below 
the hole, m is projected horizontally and perpendicularly to the string with velocity 
V from a point on the table distant a from the hole. Prove that if M just rise to 
the table, mV z (2a& + 6 2 ) = ZMgb (a -I- 6) 2 . Prove also that if M oscillates, 
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weightless rigid rod AS which is free to turn about its middle point ; the heavier 
sphere rests on a horizontal table, the rod making an angle 30 with it. If a sphere 
of mass TO falling vertically with velocity u strike the lighter sphere directly, prove 
that the impulse which the heavier sphere ultimately gives to the table is 
-m(l + e), where e is the coefficient of restitution between the two .spheres, the 
tabl^ being perfectly inelastic. [Coll. Ex. 1898.] 

At the first impact we take moments for the two particles TO, 2m about to 
avoid the reaction at 0. We therefore have 3mv'a = Ra cos a, m (' - u) = - R where 
a =30. At the moment of greatest compression the velocity of approach of the 
centres is zero, .. u' = v' cos a, and JR=f mu. Since the complete value of R is 
found by multiplying this by 1 + e, the velocity of either end of the rod after impact 
is ^ r wcosa(l + ^). The balls m and 2m rotate with the rod round through some 
angle, and 2m finally hits the table with a velocity v'. Taking the same equation 
of moments as before R'a cos a= 3mv'a, .. JR' = mu (1 + e). 

Ex. 6. One end of a string of length I is attached to a small ring of mass m 
which can slide freely on a smooth horizontal wire, and the other end supports a 
heavy particle of mass m'. If this particle be held displaced in the vertical plane 
containing the groove, the string being straight and then let go, prove that the 
path of m' is part of an ellipse whose semi-axes are I, ImKm+tri), the major axis 
being vertical. [Coll. Ex. 1896.] 

Only the horizontal resolution and the geometrical equation are required. 

Ex. 7. A rectangular block of wood of mass If is free to slide between two 
smooth horizontal planes, and in it is inserted -a smooth tube in the shape of a 
quadrant of a circle of radius a, one of the bounding radii lying along the lower 
plane, and the other being vertical. A particle of mass m is shot into the tube 
horizontally with velocity F, rebounds from the lower plane, and leaves the tube 
again with a relative velocity V, prove that 

F' 2 = e 2 F 2 - 2ga (1 - e 2 ) (M + m)/H, 

where e is the coefficient of restitution for the lower plane. [Coll. Ex. 1895.] 

Ex, 8. If in the case of three equal particles the units are BO chosen that the 

energy integral is i(v 1 2 + s 2 -f-u s 2 )= + + , where r lz is the distance 

r 23 r 31 r !2 '' 

between the particles whose velocities are v^ and v 2 , and if r is a positive constant, 
the greatest possible value of the angular momentum of the system about its 
centre of inertia is f v/(2r). [Math. Tripos, 1893.] 

Ex. 9. Two equal particles are initially at rest in two smooth tubes at right 
angles to each other. Prove that whatever be their positions and whatever their 
law of attraction, they will reach the intersection of the tubes together. 

[Coll. Ex.] 

Ex. 10. Three mutually attracting particles, of masses m^ , m 2 ,m 3 , are placed at 
rest within three fixed smooth tubes Ox, Oy, Oz at right angles to each other. The 
attraction between any two, say m ls m 2 , is /M^wion,* where r 3 is the distance. If 
the triangle joining the particles always remains similar to its initial form, prove 
that the initial distances satisfy the equations 



266. Double answers. Ex. A cube, of mass M, constrained to slide on 
a smooth horizontal table, has a fine tube ACS cut through it in the vertical plane 
through its centre of gravity, the extremities A, B being on the same horizontal 
line and the tangents at A, B horizontal. A particle, of mass m, is projected into 
the tube at A with velocity F, deduce analytically from the equations of linear 
momentum and vis viva that the velocity of emergence at B is also V. 

Let u, v be the velocities of the cube and particle at emergence. The principles 
referred to give 



These give two solutions, viz. (1) u=Q, v = V, and (2) =2mF/5, v = (m-M)VIS, 
where S=m + M. To interpret these we notice that there are two sets of initial 
conditions which give the same linear momentum and vis viva. These are 
determined by the values of u, v just written down. We have therefore really 
solved two problems and have thus obtained two results. 

To distinguish the solutions, we investigate the intermediate motion. Let P be 
any point in the tube and let p be the tangent of the angle the tangent makes with 
the horizon. If u, v now represent the horizontal velocities at P, the same two 
principles give 

Mu+mv=mV t Mu z + m (w 2 -j-j3 2 o;' 2 ) =?>iF 2 , 

where x'~v - u is the relative velocity. These give 

F ( / ,ar+\"*) 

v=^f <milf(l+ a -- 1 v. 

M+vt ( \ M / ) 

Now v=V initially when#=0, hence the radical must have the positive sign and 
must keep that sign until it vanishes. On emergence therefore, when p is again 
zero, v = F. The negative sign of the radical evidently gives the initial conditions 
of the other problem. 

267. Bodies without mass. Ex. 1. A heavy bead is free to slide along a 
rod whose ends move without friction on a horizontal circle ; prove that when 
the mass of the rod is negligible compared with that of the bead, the bead will, 
when started, continue to slide along the rod with an acceleration varying inversely 
as the cube of its distance from the middle point. [Math. Tripos, 1887.] 

The reaction between the rod and the particle is zero because the rod has no 
mass. To prove this, let R be the reaction, M the mass of the rod, then, taking 
moments about the centre of the circle, we have M^dujdt^Rp, where w is the 
angular velocity of the rod. Hence R = when If = 0. 

The particle P, being not acted on by any horizontal force, describes a straight 
line in space with uniform velocity b. If a; be the distance of P from the middle 
point C of the rod ; a, c, the perpendiculars from on the path and on the rod, we 
have a; 2 + c s = OP 2 = a? + b*t 2 . 

This gives d*xldt"=b z (a 2 - c 2 )/x 3 . 

Ex. 2. A rigid wire without mass is formed into an arc of an equiangular spiral 
and carries a heavy particle fixed in the pole. If the convexity of the wire be 
placed in contact with a perfectly rough horizontal plane prove that the point 
of contact will move with a uniform acceleration equal to g cot a, where a is the 



Let P be regarded as positive when acting towards the origin. The equations of 
motion are 



_- 

dt \dt~ ' rdt\ dt 

To find the path we eliminate *. The second equation, after multiplication by 
i^dB/dt and integration, as in Art. 262, becomes 



.(2). 



For the sake of brevity we represent the right-hand side by H 2 . Putting also 
tt=l/r, we find dejdt-Hu?. We then have 

dr __ 1 du d6 _ rrdu 
dt~~v?d6 dt~~~ do' 



Substituting in the first equation of motion 



, , du dH 2 
*" 1 cW-dr ! 
Eeplacing H 2 by its value given in (2), 



This is Laplace's differential equation of the path of the particle. The forces 
P, Q being given in terms of the coordinates u, 0, of the moving particle, this 
equation, when solved, will determine u as a function of 6, and thus lead to the 
equation of the path. To find the motion along the path we use equation (2). 
Substituting in that equation the value of n in terms of 6 we find by integration the 
time t at which the particle occupies any given position. 

The polar differential equation of the path cannot be integrated except for 
special forms of the forces P, Q. If Q=0, the equation takes the form 

<** __ P 

d^ + W -~P^> ....................................... W- 

This can be integrated when P is a function of u alone, a case which is considered 
in the chapter on central forces. It can also be integrated when P=u*F(0), the 
method of solution being that shown in Art. 122. 

When P=v?F(Q) the equation is linear. If one solution of the differential 
equation is known, say w=0 (0), the general integral may be determined by substi- 
tuting u=zt/> (8). After integration we find z=A + B J[0 (0)]- 2 d6. 

360. When P=u s F(6), Q=u?f (0), the differential equation of the path takes 
the linear form 

(5). 



The various cases in which this equation can be integrated are enumerated 
in treatises on Differential Equations. 



By multiplying the equation by the proper factor we can make the left-hand 
side a perfect differential. Conversely choosing any factor, we can find the relation 
between P and Q that this may be the proper integrating factor. If we wish 
the relation between P, Q to be independent of the initial conditions, the terms 
containing A 2 as a factor must be made a perfect differential independently of the 

remaining terms. The coefficient of h z is -r^+u and this is made a perfect 

differential by either of the factors sin0 or cos0. The remaining terms must 
therefore also become a perfect differential by the same factor. The condition that 

L -7-; + M -J-+NU is a perfect differential is N--^- + -73, =0, and the integral is 
do" ' ao do ao 

, . , - du / ,, dL 

known to be L 1- 1 M. 

d0 \ d0 

Multiplying equation (5) by sin0, the product is a perfect differential if 



which reduces at once to -O = TS -^ + 3 cot 0-4 (6). 

it 8 dO u 3 u 3 

The integral, since /'(0) = <2/w 8 , becomes 

Yft 2 + 2 I^ s d0\ ( sin 6 ~ e - cos 0u\ -^sm0u=C (7), 

where C is a constant. This is a linear equation of the first order and can be 
integrated a second time when Q]u s is given as a function of 6. The determination 
of the path can therefore be reduced to integration when the relation (6) is satisfied. 
In tne same way, if we multiply (5) by cos 0, we find that the product is 

a perfect differential if -^ = -.- 3 tan 0- s (8), 

* u 3 ddu A u s 

and the integral is (h* + 2 J-^d!0Wcos0 ~ + BinflwJ - ^cos0tt=C' (9), 

which is linear and can be integrated a second time. 

Another case in which the integration of (3) can be effected may be deduced 
from Art. 262. The equation (3) is 



) + 2|-^d0, 
J u 



If then -5=/(M) + 2 I -|d0, the integral is 



37O. Ex. 1. If P-u y F(d) and Q=Ptan0, prove that =.4sm0 is a par- 
ticular solution of the linear equation (5). Thence obtain the general integral 
by putting u=zsinO, where z is a function of which is determined by solving 
a linear equation of the first order. 

Ex. 2. A particle moves under the forces 



prove that an integral of its motion is 

fc a -1^ sin 6 - u cos 01 + h (sin - sin 30) ^ + cos 30ul = C. 



Obtain also a similar integral if 

P=Am s cos nO In + , Q=/m 3 sin n0. 

[Coll. Exam. 1892.] 

Ex. 3. If the Cartesian accelerating forces X, Y are unrestricted, prove that 
the differential equation of the path is 



where A is a constant depending on, the initial conditions. 

Prove also that the determination of y as a function of x can be reduced to 
integration when both X, Y are functions of x only. 

Ex. 4. If X and Yjy are functions of x only, the differential equation of the 

j y 

path is linear. Prove that it can be integrated when Y=y T , and that the first 

&9C 

integral is (4 + 2 $Xdx) ^~Xy=C. 

Y dX 3X 

Prove also that when = -= H -- , the differential equation can be integrated 
y da; x 

and that the first integral is 

(A + 2 $Xdx) x ^ - (A + 2 fXdx + xX) y = C. 

Ex. 5. Prove that the Cartesian equations of motion can be completely 
integrated when the force function satisfies 

&U_<FU = &U 
dx 2 dy' z ~ dxdy ' 

To prove this we notice that U=<f>(y+ax) + \f>(y + a'x), 

where a, a' are the roots of a? - *=!. We then change the variables to %=y + ax 
and i)=y + a'x. The new coordinates , 17 are also rectangular. The equations 
of motion become d*ydt'*=(f>' (), Pi?/dt 2 =^' (ij), which may be solved as in 
Art. 122. 

Ex. 6. If the direction of the acting force is always a tangent to the direction 
of motion, as in the case of a resisting medium, prove that the path is a straight 
line. Consider the resolution along the normal. 

Ex. 7. If the direction of the force is always perpendicular to the path, prove 
that the velocity is constant. 



Superposition of Motions. 

271. A particle is constrained to describe a fixed curve. When 
projected from a point A with a velocity "M X under the action of 
any forces the velocity and pressure at any point P are v t and J^. 
When projected with a velocity u z from the same point A under 



and R 2 . When the particle is projected from A with a velocity 
u such that u? = u 1 2 + u.?, and moves under the action of both 
systems of forces, the velocity and pressure at P are v and JR. 
It is required to prove that 



To prove this we write down the two equations for each of 
the three types of motion. Representing for the sake of brevity 
the normal components of accelerating force by N lt N z , N r + N a , 
we have 

v? - Wl = 2 /(X.dao + T L dy\ v*/ p = N, + RJm, 

v? - u* = 2 f(X 2 dx + Y 2 dy), v*/ p = N Z + R 2 /m, 

tf -v? 



the limits of integration being always from the point A to P. 

The results follow at once by subtracting from the third 
equation the sum of the other two. 

272. The following corollary will be found useful. 

A particle can describe a curve freely under the action of 
certain forces, the velocity at some point A being u : . If the 
particle is now constrained to describe the same curve the velocity 
at A being changed to u 2 , then the pressure at any point P is 
C/p, where p is the radius of curvature at P, and G is the 
constant TO (w 2 2 uf). 

To prove this we notice that when the velocity at A is u-i and 
the forces act on the particle, the pressure is 1^ = 0. If the 
velocity at A were u' and no forces acted on the particle, the 
pressure at P would be mw' 2 //o. Superimposing these two states 
and putting u'* = u^ u^, the theorem follows at once. 

273. We may also deduce the following theorem due to Ossian Bonnet. If a 
particle can freely describe the same curve under two different systems of forces, 
the velocities at some point A being respectively MJ and w a , then the particle can 
describe the same path under both systems of forces provided the velocity at A is u, 
where 2 = 1 2 + u 2 2 . Since any point may be taken as the point of projection this 
relation between the velocities holds at all points of the curve. Liouville's 
Journal, Tome rx. page 113. 

374. The following example of Ossian Bonnet's theorem is important. It 
will be shown in the chanter on central forces that a narticle P will describe an 



~ provided me velocity or projection at any point A is given oy 



The same ellipse can also be described about a centre of force in the othev focus 
jET 2 whose law of attraction is /* 2 /r 2 2 provided the velocity v 2 hap the corresponding 
value. It immediately follows that the particle can describe the ellipse freely about 
both centres of force acting simultaneously, provided (1) the velocity v at any point 
A is given by 



and (2) the direction of projection at A bisects externally the angle between the 
focal distances. 

According to this mode of proof both the centres of force should be attractive, 
for it is evident that an ellipse could not be freely described about a single centre 
of repulsive force situated in either focus. But the law of continuity shows that 
this limitation is unnecessary. Supposing /* z and /i 2 to have arbitrary positive 
values, it has been proved that the equations of motion of a particle moving freely 
under both centres of force become satisfied when this value of v 2 is substituted in 
them. The equations contain only the first powers of ^ and /j, 2 (see Art. 271) and 
can be satisfied only by the vanishing of the coefficients of these quantities. They 
will therefore still be satisfied if we change the signs of either ^ or /&, . 

In the same way we may introduce other changes into the theorem, provided 
always we can obtain a dynamical interpretation of the result. 

375. Ex. 1. Prove that a particle can describe an ellipse freely under the 
action of three centres of force ; one in each focus attracting as the inverse square 
and the third in the centre attracting as the direct distance. Find also the velocity 
of projection. 

Ex, 2. Particles of masses ,, m 2 , <fec. projected from the same point in the 
same direction with velocities Wj, M 2 , &c. under the action of given forces F l} -F 2 , 
&c. describe the same curve. Show that a partide of mass M projected in the 
same direction with a velocity V under the simultaneous action of all the forces 
2i, F 2 , &c. will also describe the same curve, provided 
M V z = mjuf + OT 2 M 2 2 + 
Ossian Bonnet, Note iv. to Lagrange's Mecanique. 

Ex. 3. A bead is projected along a smooth elliptical wire under the action of 
two centres of force, one in each focus, and attracting inversely as the square of 
the distance. If TP, TQ be any two tangents to the ellipse, prove that the pressure 
when the bead is at P : pressure when the bead is at Q : : TQ 3 : TP S . 

Initial Tensions and radii of Curvature. 

276. Particles, of given masses, are connected together by in- 
elastic rods or strings of given lengths and are projected in any 
given manner .consistent with these constraints. It is required to 
find the initial values of the tensions and the radii of curvatures of 



ART. 277.] INITIAL TENSIONS. 169 

The peculiarity of the problems on initial motion is that the 
velocities and directions of motion of all the particles are known. 
It will thus not be necessary to integrate the differential equations 
of motion, for the results of these integrations are given. 

Supposing that there are n particles, we shall require besides 
the 2n equations of motion a geometrical equation corresponding 
to each reaction. 

To show how the geometrical equations may be formed, let 
us suppose that two particles mi, m a are connected by a rod or 
straight string of length I. The component velocities of the 
two particles in the direction of the string being necessarily equal, 
their relative velocity is the difference of their component velocities 
perpendicular to the rod ; let these be V\ t F" 2 . If < be the angle 
the rod makes with some fixed straight line, the geometrical 

equation is I - F a V v 

Cut 

The simplest method of obtaining the relative equations of 
motion is perhaps to reduce m-^ to rest. To effect this we apply to 
both particles (1) an acceleration equal and opposite to that of Wj, 
and (2) an initial velocity equal and opposite to that of wij. The 
path of friz being now a circle whose centre is at m^ and whose 
radius is I, the relative accelerations are those for a circular 
motion. (Art. 39.) 

Let XL, JT 2 be the components along the rod of junction of all 
the forces and tensions which act on m 1} w 2 respectively. We 
then have (Art. 35) 



_ ................ 

dt I Wg m l ................ 

In this way we may form as many equations as there are re- 
actions. By solving these the initial values of the reactions become 
known. 

If the angular accelerations of the rods are also required, let 
Y 1} Y% be the component forces perpendicular to the rod which 



w.' aim livnuo/i xcau.iuu.i.iuia. y c uuuo nave <a/i> 

the form 



where N> T are linear functions of the forces and tensions which 
act on the particle m. 

These reactions having "been found by considering the relative 
motion, we substitute in (3). The first of these determines the 
radius of curvature p of the path of m, and the second the tan- 
gential acceleration, if that be required. 

When any one of the particles is constrained to describe a given 
curve, the initial pressure of that curve is one of the unknown 
reactions. This pressure will be determined by the normal resolu- 
tion of (3) since the radius of curvature of the path is the same 
as that of the constraining curve. 

278. If some or all the particles start from rest, the equations 
of relative motion are simplified, for we then have </>' = where the 
accent denotes d/dt. Since however the direction of motion of a 
free particle at rest is not given, the tangential 'and normal resolu- 
tions are then inappropriate. We can however use the Cartesian 
or polar resolution's in space. Since 6' 0, the polar resolutions 
reduce to r" and rd" which are very simple forms. We must 
however bear in mind that if we require to differentiate the 
equations of motion this simplification must not be introduced 
until all the differentiations have been effected, Art. 281. We 
may also use Lagrange's equations, when the curvatures and not 
the tensions are required. These modifications of the general 
method are more especially useful in Rigid Dynamics and are 
discussed in the first volume of the author's treatise on that 
subject. 

379. Examples. Ex, 1. Particles are attached to a string at unequal 
distances, and placed in the form of an unclosed polygon on a smooth table. The 
particles are then set in motion without impacts and are acted on by any forces. It 
is required to find the initial tensions and curvatures. 

Let ABOD &o. be any consecutive particles, and let the tensions of AB, J5C, &c. 
he 2\, T 2 , <fec. Let the given forces be F lt F 2 , &c. and let them act in directions 
making angles a, /3, &c. with AB, BC, &c. Let l^Jdt, Ldfa/dt, &c. stand for 
the known difference of the velocities of the consecutive particles resolved perpen- 
dicular to the rod or string joining them. 
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EXAMPLES. 



17 1 



The particle B being reduced to rest, G is acted on by T 8 /i s along CD, T z jm s 
long CJ5, T 2 /m 2 along CB, T a /w 2 parallel to AB. Besides these there are the 




mpressed accelerating forces F^m. A and ~.F 2 /m 2 . Since G describes a circle 
elatively to B, we have for the particle C 



1 - 2 = - 3 COS C + T 

) m s 
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/here .4, B, 0, &c. are the internal angles of the polygon. The second resolution 
nay be omitted if the angular accelerations of the several portions of string are 
lot required. 

An equation, corresponding to the first of these, can be written down for each 
if the n particles, beginning at either end, except the last. We thus form (n - 1) 
iquations to find the (n - 1) tensions. 

To find the initial radius of curvature of the path in space of any particle G 
re resolve, along the normal to the path. Let the directions of motion of the 
(articles be AA' t BB', &c. and let v lt v 2 , &c. be the velocities of the particles. Then 

^2."=T 3 ainDCC'+T 2 smBCC'-F 3 Kia (DCC'-y). 
Pz 

If the particle m 3 is initially at rest, v 3 =0 and the last equation fails to deter- 
trine /> 3 . The initial tensions may still be deduced from the first equation. The 
nitial direction of motion of the particle coincides with the direction of the 
esultant force and is therefore known when the initial tensions have been found. 
Che tangential acceleration is also known for the same reason. The determination 
if the radius of curvature requires further consideration. 

Ex. 2. Heavy particles, whose masses beginning at the lowest are jitj, m,,, &c., 
ne placed with their connecting strings on a smooth curve in a vertical plane. 
rind the initial tensions. 

In this problem the arc between any two particles remains constant, so that 
he tangential accelerations of all the strings are equal. Let this common accelera- 
ion be/. Taking all the particles as one system, the tensions do not appear in the 
esulting equation, we have therefore 

(TOJ + m + &c. ) /= - m^g sin ^ a - mg sin ^ 2 - &o. , 



Considering the two lowest, 

(m 1 4-v 2 )/= ~ TO i0 Bin ^i - tll z9 sin #!+'2a 
and so on. Thus all the tensions T lt T ZI &c. have been found. 

If any tension is negative, that string immediately becomes slack. We also 
notice that the initial tensions are independent of the velocities of the particles. 

To find the initial reactions, we use the normal resolutions. If t> be the initial 

WiU^ 

velocity of the particle pi, we thus find = -mgcps \b+R. 

P 

Ex, 3. Three equal particles are connected by a string of length a + b so that 
one of them is at distances a, 6 from the other two. This one is held fixed and 
the others are describing circles about it with the same angular velocity so that the 
string is straight. Prove that if the particle that was held fixed is set free the. 
tensions in the two parts of the string are altered in the ratios 2a + b : 3a and 
26+a:36. [Coll. Ex. 1897.] 

Ex. 4. Three equal particles tied together by three equal threads are rotating 
about their centre of gravity. Prove that if one of the threads break, the curva- 
tures of the paths instantaneously become 3/5, 6/5, 3/5ths respectively, of their 
former common value. [Coll. Ex. 1892.] 

Ex. 5. Two particles are fastened at two adjacent points of a closed loop of 
string without weight which hangs in equilibrium over two smooth horizontal 
parallel rails. Prove that when the short piece of string between the particles is 
cut the product of the tensions before and after the cutting is equal to the product 
of the weights of the particles. [Coll. Ex. 1896.] 

Ex. 6. Two particles of equal weight are connected by a string of length I 
which becomes straight just when it is vertical. Immediately before this instant 
the upper particle is moving horizontally with velocity ,Jgl, and the lower is 
moving vertically downwards with the same velocity. Prove that the radius of 
curvature of the curve which the upper particle begins to describe is -f^uJSL 

[Coll. Ex. 1897.] 

Just after the impulse the upper particle begins to move in a direction inclined 
tan" 1 1/2 to the horizon. 

Ex. 7. Two equal particles A, , are connected by a string of length I, the 
middle point C of which is held at rest on a smooth horizontal table. The particles 
describe the same circle on the table with the same velocity in the same direction, 
and the angle ACB is right. The point C being released, prove -that the radii of 
curvature of their paths just after the string becomes tight are 5^/52/4 and infinity. 

Ex, 8. Four small smooth ringB of equal mass are attached at equal intervals 
to a string, and rest on a smooth circular wire whose plane is vertical and whose 
radius is equal to one-third of the length of the string, so that the string joining 
the two uppermost is horizontal, and the line joining the other two is the horizontal 
diameter. If the string is cut between one of the extreme particles and the nearer 
of the middle ones, prove that the tension in the horizontal part of the string is 
immediately diminished in the ratio 9 : 5. [Coll. Ex. 1895.] 

Ex. 9. Six equal rings are attached at equal intervals to points of a uniform 
weightless string, and the extreme rings are free to slide on a smooth horizontal 



attached to them make angles a with the vertical, and then let go, the tension in 
the horizontal part of the string will be instantaneously diminished in the ratio of 
cos 8 a to 1 + sin 2 a. [Coll. Ex. 1889.] 

Ex. 10. Three particles A, JB, G are in a straight line attached to points on a 
string and are moving in a plane with equal velocities at right angles to this line, 
their masses being m, m', m respectively. If B come in contact with a perfectly 
elastic fixed obstacle, prove that the initial radius of curvature of the paths which 
A and C begin to describe is Ja, where AB=BG=a. [Coll. Ex. 1892.] 

The particle B rebounds with velocity v. By considering the relative motion of 
A and B we have 4v 2 /a=T/m. By considering the space motion of A, v 2 /p=T/m. 

Ex. 11. A tight string without mass passes through two smooth rings A, B, 
on a horizontal table. Particles of masses p t q respectively are attached to the 
ends and a particle of mass m to a point between A and B. If m be projected 
horizontally perpendicularly to the string, the initial radius of curvature /> of its 
path is given by (m +p + g)//> = pja - qjb, where OA = a, OB=. b. [Coll. Ex. 1893.] 

Ex. 12. A circular wire of mass M is held at rest in a vertical plane, on a 
smooth horizontal table, a smooth ring of mass m being supported on it by a string 
which passes round the wire to its highest point and from there horizontally to a 
fixed point to which it is attached. If the wire be set free, show that the pressure 

of the ring on it is immediately diminished by amount ~ r-^-. , where 9 is 



the angular distance of the ring from the highest point of the wire. 

[Coll. Ex. 1897.] 

Ex. 13. Two particles P, P' of masses m, m' respectively are attached to the 
ends of a string passing over a pulley A and are held respectively on two inclined 
planes each of angle a placed back to back with their highest edge vertically 
under the pulley. If each string makes an angle /3 with the plane, prove that the 
heavier particle will at once pull the other' off the plane if 

m'/m < 2 tan a tan /3 - 1. [Coll. Ex. 1896.] 

Ex. 14. Two particles of masses m, M are attached at the points B, G of a 
string ABC, the end A being fixed. The two portions AB, BC rest on a smooth 
horizontal table, the angle at B being a. The particle M has a velocity communi- 
cated to it in a direction perpendicular to BC. Prove that if the strings remain 
tight, the initial radius of curvature of the locus of M is a(l+?isin 2 a), where 
7i=M/m and BC=a. . [Coll. Ex. 1895.] 

280. To find the initial radius of curvature when the particle 
starts from rest. In this problem it may be necessary to use 
differential coefficients of a higher order than the second. Let 
x, y be the Cartesian coordinates of a particle, then representing 
differential coefficients with regard to the time by accents 



are zero. Putting u = aoy" y'x", we have after differentiation 

u' ^xy-y'x'", 

u " = off - yW + x"y'" - fa!", 

u'" = a-y _ y V + 2 (?y - y' V v ). 

For the sake of brevity let the initial value of any quantity "be 
denoted by the suffix zero, thus x " represents the initial value 
of V. Using Taylor's theorem arid remembering that # ' = 0, 
t/ '=0 5 we have 



Similarly (#' 2 + 1/' 2 ) 1 - ( V 2 + 2A>" 2 ) f ^ + &c. 

If the particle start from rest the initial radius of curvature 
is therefore zero. But if the circumstances of the problem are 
such that X "y '" #o"'2/o" = 0, the radius of curvature is given by 



" lv 



This is the general formula when the axes of x, y have any 
positions. 

If the axis of y be taken in the direction of the resultant 
force # " = 0, and if we then also have x"' 0, the expression for 
the radius of curvature takes the simple form 



If F be the initial resultant force on the particle, X the trans- 
verse force, the formula when X = 0, :X" ' = may be written 



The corresponding formula for p in polar coordinates may be 
obtained in the same way. We have when r(r"6'"r'"0") = Q 
initially, 



P 

where the letters are supposed to have their initial values. If the 
initial value of r" 0, this takes the simpler form 

/I 1\ i*' 



281. Let n particles P 1} P z , &c. at rest, be acted on by given 
forces and be connected by K geometrical relations. To find the 
initial radius of curvature of the path of any one particle P we 
proceed in the following manner, though in special cases a simpler 
process may be used. We differentiate the dynamical equations 
twice and reduce each ' to its initial form by writing for all the 
coordinates (as tt y^) } (# 2 , y a ), &c. their initial values, and for 
(i, yi)y & c zero. We differentiate the geometrical equations 
four times and reduce each to its initial form. We then have 
sufficient equations to find the initial values of x", x"', ot v , &c., 
R, R 1 , R", &c. where R is any reaction. Lastly solving these for 
the coordinates of the particular particle under consideration we 
substitute in the standard formula for p. 

This process may sometimes be shortened by eliminating the 
tensions (if these are not required) before differentiation. We 
thus avoid introducing their differential coefficients into the 
work. 

aaa. Shorter Methods. We can sometimes simplify the geometrical rela- 
tions by introducing subsidiary quantities, say 6, <f>, &c. In this way we can 
express all the coordinates (x lt j/j), &c. in terms of 9, <, &o. by equations of the 

form 

a=/(0, 0, Ac.), y=F(6 tt f,,&o.) ........................ (1), 

where 0, #, <Src. are independent variables. Substituting in the dynamical equations 
and eliminating the reactions, we have 2n - K equations of the second order to 
determine 0, <f>, &c. in terms of t. These eliminations may be avoided and the 
results shortly written down by using Lagrange's equations. Lagrange's method is 
described in chap. vn. 

These equations, however obtained, contain 6, 6', 6"\ <j>, 0', 0", <fcc. and by 
differentiation we can find as many higher differential equations as are required. 
Since 0', $', <fcc. are zero, we find by differentiation 



where suffixes as usual indicate partial differential coefficients, thus f0=df/d9. 
There are similar expressions for the differential coeffiQients of y. Substituting in 
the standard form for p, we obtain the required radius of curvature. 

383. "We notice that if the partial differential coefficients f d , /^, Ac. are zero 
the initial value of x lv does not depend on any higher differential coefficients of 
0, <f>, &c., than the second, and these are given at once by the equations of motion. 
Since p = 3?/" 2 /a; iv , when the axis of y is taken parallel to the resultant force on 
the particle, the radius oj curvature can then be found without differentiating the 



__, dx _ f dd . f dd> 

Since 5r /(l 5 +/ *3P-" 

the geometrical meaning of the equations / 9 = 0, 7^ = 0, &e. clearly is 
for every geometrically possible displacement of the system. The point, whose 
initial radius of curvature is required, must begin to move parallel to the axis of y 
however the system is displaced. 

384. Examples. Ex. 1. A particle is placed at rest at the origin and is 
acted on by forces X, Y parallel to the axes. If X, Y are expanded in powers of t 
and the lowest powers are X=ft, Y=g,.sbovr that the path near the origin is 
y s =maP and that the radius of curvature is zero. If X=^ft z t Y=g, the path is a 
parabola whose radius of curvature is % 2 //. We notice that in the first of these 
cases X' is finite, in the second zero. 

Ex. 2. A particle is at rest on a plane, and forces X, Y in the plane begin to 
act on it. If these forces are functions of the coordinates x, y only, prove that the 
initial radius of curvature of the path is 



[Coll. Ex. 1895.] 
This result follows from Art. 280. i 

Ex. 3. Two heavy particles are attached to two points B, G of a string, one 
end A being fixed. Prove that if the string ABC is initially horizontal, the initial 
radii of curvature of the paths of B and C are equal. 

Prove also that if there are n particles on the horizontal string, all the initial 
radii of curvature are equal. If AB, BC were two equal heavy rods, hinged at 
B, and having A fixed, prove that the initial radii of curvature at B and C are 
unequal. 

In this problem we see beforehand that it will be unnecessary to differentiate 
the equations of motion. Take the angles 6, </>, which the strings make with the 
initifil position ABO as the independent variables, Art. 283. 

Ex. 4. Two heavy particles P, Q, are connected by a string which passes 
through a smooth fixed ring 0, the portions OP, OQ of the string making angles 
0, <(>, with the vertical. If the masses m, M. of P, Q, satisfy the condition 
TOCOS 0=Mcos 0, the initial radius of curvature of the path of P is given by 

M+m sin 2 __ sin 2 9 sm-<j> 
M p r l~r ' 

where r- OP and I is the length of the string. 

Take the polar equations of motion, eliminate the tension and differentiate 
twice. We thus find the initial values of 6", r", r iv ; since r"=0 the polar formula 
for p is much simplified. 

Ex. 5. A uniform rod, moveable about one end which is fixed, is held in a 
horizontal position by being passed through a small ring of equal weight; show 
that if the ring is initially at the middle point of the rod, when it is released 
the initial radius of curvature of its path is 9 times the length of the rod. 

[Coll. Ex. 1887.] 

Taking as origin, the polar equation of motion, of the particle shows that the 



0, Art. 261, we have ^[(-Mfc a +mr>) ff] = (Ma+mr) gcoaO. This gives the 

I value of 0"=60/7a. The length of the radius of curvature follows by the 
mtial calculus, Art. 280. 

c. 6. Three particles whose masses are %, m a , m, are placed at rest at the 
rs of a triangle ABC, and mutually attract each other with forces which vary 
ding to some power of the distance. If m i m,fF a , m^af,, mja^bF^ are the 
i, prove that the initial radius of curvature p of the path of C is given by 

OJVJ 

= - m 2 a sin <p { - 



3 6, <f> are the angles CA, CB make with the resultant force on C, 

cos C),\ 



S is the resultant force on C. 

educe that the initial radii of curvature of the three paths are infinite when 

dangle is equilateral. 



Small oscillations with one degree of freedom. 

285. The theory of small oscillations has already been dis- 
ed in the chapter on Rectilinear Motion so far as systems 
i one degree of freedom are concerned. In this section a 
28 of examples will be found showing the method of proceeding 
ases somewhat more extended. 

The particle, or system of particles, is supposed to be either 
equilibrium or in some given state of motion. A slight 
urbance being given, we express the displacements of the 
ural particles at any subsequent time t from their positions 
;he state of equilibrium or. motion by quantities x, y> &c. 
;se are supposed to be so small that their squares can be 
lected. If required, corrections are afterwards introduced 
the errors thus caused. 

We form the equations of motion either by resolving and 
ing moments or by Lagrange's method. By neglecting the 
ares of the displacements these equations are made linear in 
, z, &c. They are also linear in regard to the reactions be- 
en the several particles. Eliminating the latter we obtain 
tar ecmations which can in general be completely solved. The 



system oscillates about its undisturbed state or departs widely 
from it on the slightest disturbance. 

The principle of vis viva supplies an equation which has the 
advantage of being free from the unknown reactions, but it has 
the disadvantage that its terms contain the squares of the velo- 
cities, that is, the terms may be of the order we neglect. Being 
an accurate equation, it may sometimes be restored to the first 
order by differentiating it with regard to t and dividing by some 
small quantity. Generally the solution is more easily arrived at 
by using the equations of motion which contain the second 
differential coefficients with regard to t 

286. Examples. Ex. 1. Two particles whose masses are m, m' are con- 
nected by a string which passes through a small hole in a smooth horizontal table. 
The particle m' hangs vertically, while m is projected on the table perpendicularly 
to the string with such a velocity that m' is stationary. If a small disturbance is 
given to the system so that m' makes vertical oscillations, prove that the period is 

/ (m+m )c w jjere c j g IJ^Q mean radius vector of the path of m. 
V M0 

Let r, 6 be the polar coordinates of m, z the depth of m', I the length of the 
string and T the tension. The equations of motion after the disturbance are 



_ 

dt* dt 

d*z T 

dfi^-m" r + Z = L 

The second equation gives r^dO/di = h, where A is a constant whose magnitude 
Jepends on the disturbance. Eliminating T, z and d6}dt we find 



___-___ 

Let r=c+ where c is a constant which is as yet arbitrary except that the variable 
is so small that its square can be neglected. 



Let us now choose c to be such that the right-hand side of the equation is zero ; 
then mh?=m'c s g. Substituting for h. we find 

, , > 3m' <7 
= A sintnt + a), n-= -- . -. 
m + m' c 

bince | is wholly periodic and has no constant term, its mean value is zero, 
when taken either for any long time or for the period of oscillation. It follows 
that r=c is the mean radius vector of the path of m after the disturbance. This 
is not necessarily the same as the radius of the circle described before disturbance ; 
whether it is so or not depends on the nature of the disturbance given to the 
system. 

Let the particle m before disturbance he describing a circle of- radius a with 



momentum of m is mVa. If the disturbance be given by a vertical blow B ap- 
plied to the particle m', this reacts on TO by an impulsive tension, and, the moment 
of this about being zero, the angular momentum of m is unaltered. In this 
case we have h = Va and -we find c = a. If the disturbance be given by a transverse 
blow B applied at m, the velocity of m is changed to V where V- F=jE?/m. In 
this case h= Va and c is not equal to a. 

Ex. 2. A particle of mass m is attached to two points A, B by two elastic 
strings each having the same modulus E and natural length I. If the particle be 
displaced parallel to this line, prove that the time of oscillation is 2v^f(ml/2E). 

[Coll. Ex. 1895.] 

Ex. 3. A heavy particle hangs in equilibrium suspended by an elastic string 
whose modulus is three times the weight of the particle. The particle is slightly 
displaced in a direction making an angle cot" 1 4 with the horizontal and is then 
released. Prove that the particle will oscillate in an arc of a small parabola 
terminated by the ends of the latus rectum. [Math. Tripos, 1897.] 

Ex. 4. A straight rod AB without weight is in a vertical position, with its 
lower end A hinged to a fixed point, and a weight attached to the upper end JB. 
To B are attached three similar elastic strings equally stretched to a length k times 
their natural length and equally inclined to one another, their other ends being 
attached to three fixed points in the horizontal plane through B. Show that, when 
the strings obey Hooke's law, the condition for stability of equilibrium is that the 
weight must not exceed that which, when suspended by one of the strings, would 
cause an increase of length equal to f (2 - l/k)AB. Show that, when this condition 
is fulfilled, the system can perform small vibrations parallel to any vertical plane. 

[Math. Tripos, 1888.] 

Ex. 5. A smooth ring P can slide freely on a string which is suspended from 
two fixed points A and B not in the same horizontal line. If P be disturbed, find 
the time of a small oscillation in the vertical plane passing through A and B. If 

T be the time, (2 7 /2?r) 2 (; = 4 (rr')%/(r+r f ) {(r -\-r') z - 4c' 2 }%, where r, r' are the distances 
AP, BP in equilibrium and AB = 2c. 

Ex. 6. A rod of mass M hangs in a horizontal position supported by two equal 
vertical elastic strings, modulus X and natural length a. Prove that if the rod 
receive a small displacement parallel to itself, the period of a horizontal oscillation 

is 2ir (? + } . [Coll. Ex. 1897.] 

Ex. 7. A particle of mass m is attached to an elastic string stretched between 
two points fixed in a smooth board of mass M t and the board is free to slide on a 
smooth table. Prove that the period in which the particle oscillates is less than 
it would be if the board were fixed in the ratio 1 : ^(l + m/M). [Coll. Ex. 1895.] 

Reduce the board to rest. 

Ex. 8. A ring of mass nm is free to slide on. a smooth horizontal wix-e, and a 
string tied to it passes through a small ring vertically below the wire at a depth h, 
and supports a particle of mass m. Prove that if the first mass be released when 
the upper part of the string makes an angle a with the vertical, and if be the 
inclination after a time t, the equation of motion is 

h (n + sin 2 0) (d0/^) 2 = 2<7 cos 4 (sec a - sec 6). 
Prove hfrtica that the small nnmllationfl n.Virmt. -f.>io Yinoi+.inn nf /anniliTM-iiiwi will Via 



Ex. 9. A crane is lowering a heavy body and the chain is paid out with a 
uniform velocity F. Prove that the small lateral oscillations of the hody are 
determined by 



where r is the length of the chain at any time and 6 its inclination to the vertical, 
the weight of the chain heing neglected. 
Also if 6 f jr=y, 2*Jgr=xV t prove that 



This equation can be solved by the use of Bessel's functions. See Gray and Matthews' 
Treatise on SesseVs Functions. [Coll. Ex. 1895.] 

Ex. 10. . A gravitating solid of revolution is cut by a plane perpendicular to 
the axis. A particle is fastened by a fine string of length I to a point in the prolon- 
gation of the axis, so that when the string is perpendicular to the plane section 
the particle just does not touch the plane at its centre 0. Assuming the conditions 
such that when the particle is slightly disturbed the motion is that of a simple 
pendulum, prove that the time I 1 of a small oscillation is given by Z(27r/T) 2 =JR + ^lR r 
where R is the force exerted by the solid on a unit mass at and R' is the space 
variation of the force at 0, taken outside the solid, along the axis. [Coll. Ex. 1892.] 

Small oscillations with two or more degrees of freedom. 

287. Oscillations about equilibrium. A particle is in 
equilibrium under the action offerees X, Y which, are given func- 
tions of the coordinates. A slight disturbance being given, it is 
required to determine whether the particle oscillates and the nature 
of the motion. 

Let a, b be the coordinates of the position of equilibrium, 
a + (K, b + y, the coordinates at any time t. We shall assume as 
the standard case that x and y are small throughout the motion. 
Solving the equations of motion we shall express sc, y in terms 
of t. By examining the results we shall determine whether and 
how nearly the subsequent motion follows the standard form. 

We shall suppose that the forces X, Y can be expanded in 
integer powers of x, y, viz. 

X = Ax + By, Y = B'x + Cy ............... (1), 

where we have rejected the higher powers in our first approxima- 
tion. There are no constant terms because X, Y vanish in the 
position of equilibrium. Taking the mass of the particle as unity >, 
the equations of motion are 

' ..- ...... ... /2V 



.(4). 



solve these we let 8 represent djdt, 
ninating y, we have the two forms 

~Qf > / 

- B , 6- - ( 

3 first of these is a differential equation with constant co- 
sients. Its solution can be written down by the usual rules 
en in treatises on differential equations. The solution contains 
r arbitrary constants, and the value of y follows from that of x, 
hout the introduction of any new constants. 

The usual method is to assume as a trial solution x = Le mt . 
t>stituting we arrive at the biquadratic 

/. m" = | [A + G *J{(A - Cy + 455'}]. 

mming that no two roots are equal, let the four values of m 
m, n] then 

x Ltf* + L 2 e~ mt + M& nt + Ne~ nt .. . (6), 

ere L } , L &c. are four arbitrary constants and the values of m 
y be real or imaginary. 

It is at once obvious, if m be positive or of the form r p \f T- 1, 
ere r is positive, that the value of OB will become large by efflux 
time. It is therefore necessary for an oscillatory motion that 

the real roots and the real parts of the imaginary roots of the 
\erminantal equation (5) should be negative. 

Since the sum of the four roots of (5) is zero, some of the real 
rts must be positive unless the four roots are of the form 
?V 1. It is therefore necessary for an oscillatory motion that 
h the roots of the quadratic (5) should be real and negative. 
,e algebraical conditions for this are, that both ( A - C)* + 4<BB' 
d AC - BB' should be positive and A + C negative. 

As our solution represents the motion only when as and y 
nain small, it is unnecessary for us here to consider any case 
cept that in which the roots of (5) take the forms m- = -p\ 
= _ q\ The motion is then given by 

x = L sin (pt + a) + M sin (qt + /S)| ^ 



where BL'= - (p~ -f A)L and EM' = - (q~ + A)M. The quantities 
p a , g 2 are the roots of 

Q.. : ............... (8). 



288. If B, B' have the same sign, the roots of the quadratic (8) are separated 
by each of the values p 2 = -A, j 2 = - C. To prove this, it is sufficient to notice 
that the left-hand side of that equation is positive when p"= o> and is negative 
when _p 2 has either of the 'separating values. 

It is also sometimes useful to notice that the roots cannot be equal unless the 
two separating values A and C are equal and that the equal roots are then 
p z =-A=-G. If AC-BB'=Q the biquadratic (5) has two equal zero roots, 
though the roots of the same equation regarded as a quadratic are unequal. 

289. To find the four arbitrary constants J/, M, a, /8, loe solve the equations (7) 
with regard to the trigonometrical terms. We thus find 

- (p*~ 2 2 ) L sin (pt + a)) 



Putting *=0, we at once have the values of Lsino, Msin/3 in terms of the 
initial values of the coordinates. Differentiating with regard to t and again putting 
i=0, we find L cos a, 51 cos |3 in terms of the initial velocities. 

290. Equal roots. The case in which the equation (5) has equal roots has 
been excepted. This occurs when either (A-C) 2 + 4:BB' = or AC-BB'=Q. 
When B, B f have the same sign the first alternative requires A = C and either B or 
B' equal to zero. In the second alternative the equation has two zero roots. 

Excepting when both B and B' are zero, the solution of the dynamical equations 
(2) is known to contain terms of the form (Lt + L') e nt . If m is positive or zero 
(or has its real part positive or zero), this term will increase indefinitely with t. 
If however the real part of m is negative and not zero, say equal to - r, the maxi- 
mum value of Lte~ ri is L/re. Since L is so small that its square can be neglected, 
this term in the solution will always remain small except when r also is small. 
The existence of equal roots in the determinantal equation (5) does not therefore 
necessarily imply that the oscillation becomes large. 

291. Before disturbance the particle P was in equilibrium at the origin under 
the influence "of the forces X, Y given by (1) Art. 287. When AC=BB', the 
equations X=0, F=0 are satisfied by values of x, y other than zero. These lie 
on the straight line Ax + By = 0. The dynamical significance of the condition 
AG=BB f is therefore that there are other positions of equilibrium in the immediate 
neighbourhood of the origin. The roots of equation (8) being # 2 = 0, q z =-A-C, 
the -values of x, y take the form 



The first terms represent a uniform motion along the line of equilibrium, 
while the trigonometrical terms represent an oscillation in the direction By= - Cx. 
Whether the particle will travel far or not along the line of equilibrium will depend 



that represented by such equations as (7). By giving the particle 
the proper initial conditions it may be made to move in either 
of the ways denned by the following partial solutions 

cc=*L sm(pt + a.') f y = L f sm(p + a) ......... (10), 

as = M sin (qt + /9), y = if' sin (qt + /9) ......... (11). 

Bach of these is called a principal oscillation and all the modes 
of oscillation included in (7) are compounded of these two. The 
dynamical peculiarity of a principal oscillation is the singleness 
of the period. 

The solution (10) is sometimes taken as the trial solution instead of the 
exponential used in obtaining (5). Practically we then begin the solution by 
finding the principal oscillations and finally combine these into the general 
solution (7). 

The paths of the particle when describing the principal oscil- 
lations are the two straight lines 

Ly = L'x, My = M'x ........... , ...... ,..(12). 

In each oscillation the ratio of the coordinates, being equal to 
L'fL or M'/M, is constant throughout the motion. We have, by 
(7), using the values of p" + q*, p a # 2 , given by the coefficients of 
the quadratic (8), 

L'M* _(? + A)(<f + A)_ B' 
~ JS B 



It follows that when B, B' have the same sign, the ratios L'jL, 
M'/M have opposite signs. In one principal oscillation, the co- 
ordinates x, y increase together; in the other, when' one increases 
the other decreases. 

We also notice that when B' = B, the two straight lines (12) 
ire at right angles. 

The directions of these rectilinear oscillations may be obtained without inves- 
tigating the motion. The lines must be BO placed that il the particle be displaced 
along either, the perpendicular force must be zero. The lines are therefore 

given by 

Xy - Yx = ; .'. By* + (A-C)xy~ B'x* = 0. 

Thuae lines are real when (A - Cf 4- 4BJ3' is positive. This condition is 
satisfied when the roots of the determinantal equation (5) are real or of the form 
pj-l. 

293. When the coordinates are such that only one varies along 
each principal oscillation, they are called principal coordinates. 
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Referring to the equations (9), we see that if we put 
By + (q* + A)x = , By + (p* + A^os^y, 

f, v) will be the principal coordinates. This transformation of 
coordinates is always possible, so long as p* and < are real and 
unequal. 

We may also discover the principal coordinates without previously finding the 
values of p z , g 2 . We deduce from the equations (2) 



by using an indeterminate multiplier X. If now we write (B+\C ( )/(.<1 + \.B')=X, 
we see that x + \y will be a trigonometrical function with one period. We have a 
quadratic to find X; representing the roots by X 1? \%, the principal coordinates are 
, 17=0; +X 2 y, or any multiples of these. 



294. Conservative forces. When the forces which act on 
the particle are conservative, the solution admits of some simplifica- 
tions. Let ?7be the force function, then, since dUjdx and dU/dy 
vanish in the position of equilibrium, we have by Taylor's theorem, 

^= ^o + H^ 2 + 2#2/ + Cy) + ............... (1). 

It follows that the equations of motion are 

^-X-Av + By, g=r=^ + fy ......... (2). 

Cut* \Aiv 

Comparing these with the former values of X, Y, we see that 
B' = B. 

If we turn the axes round the origin we know by conies that 
the equation (1) can be always cleared of the term containing the 
product soy. Representing the new coordinates by , 77, let the 
expression for U become 

0-~Z7, + iU'" + CV) + .................. (3), 

where A ' + C' = A + C, A 'C ' = A G - B\ The equations of motion 
are then 



The motion is oscillatory for all displacements or for none 



+ Uy* = iV, or A'? + U V = jy. 
The lines of the principal oscillations are the directions of the 
principal diameters of the limiting level conic, and the periods 
of the principal oscillations are proportional to the lengths of the 
diameters along which the particle moves. 

290. Tbe representative particle. The investigation of the small oscilla- 
tions of a particle in a given field of force has a more extended application to 
dynamical problems than appears at first sight. Suppose, for example, that a 
system, consisting of several particles connected together by geometrical relations, 
has two degrees of freedom. Let the position of this system be defined by the 
two coordinates x, y. The equations giving the small oscillations, after the elimi- 
nation of the reactions, take the form 



because the squares of x and y are neglected. If B=B' these are the equations of 
motion of a single particle moving in the field of force denned by 

U-U =% (Ax z + Wxy + Cy z ). 

The investigations given in Art. 292 and Art. 294 apply therefore to both problems. 
To exhibit the motion of an oscillating system to the eye, we take its coordi- 
nates x, y to be also the Cartesian coordinates of an imaginary particle which 
moves freely in the field of force U. We represent by a figure the level conies, the 
path of this representative particle, and sketch the positions of the principal 
oscillations. The special peculiarities of the motion will then become apparent in 
the figure. 

296. Test of stability*. Let the field of force in which 
the particle moves be given by the function If. Since dUjdx and 
dUfdy vanish in the position of equilibrium, U must be at that 
point a maximum or a minimum. In the neighbourhood we have 

U- U = b(Aa;* + 2Ba;y+Cf)+... 

If AC IP is positive, U is a maximum or a minimum for all 
displacements according as the common sign of A and C is nega- 
tive or positive, and if A G- B* is negative, If is a maximum for 

* The energy test of the stability of a position of equilibrium is given by 
Lagrange in the Mtcanique Analytique. He gives both this proof and that in 
Art. 297. The demonstration for the general case of a system of bodies has been 
much simplified by Lejeune-Dirichlet in Crelle's Journal, 1846, and Liouville's 
Journal, 1847. See the author's Rigid Dynamics, vol. i.; the corresponding test 
for the stability of a state of motion is in vol. n. 



some and a minimum for other displacements. It follows from 
Art. 294 that the motion of the particle, when disturbed from its 
position of equilibrium, will be wholly oscillatory if U is a real 
maximum at that point. The particle will oscillate for some dis- 
placements and not for others if U has a stationary value, and will 
not oscillate for any displacement if U is a real minimum. 

We have here assumed that all the coefficients A, B, G are' 
not zero. When this happens the cubic terms in the expression 
for U govern the series. The equations of motion (2) of Art. 295 
will then have terms of the second, order of small quantities on 
their right-hand sides. 

Besides this if A C JS 2 = 0, the quadratic terms of the ex- 
pression for U take the form of a perfect square, viz. (Asc -\-ByYJ A. 
In this case the forces X dUjdac and Y=dU/dy contain the 
common factor Ax-\-By so that there are other positions of 
equilibrium in the neighbourhood of the origin, see Art. 291. To 
determine the motion, even approximately, it is necessary to take 
account of the powers of x, y of the higher orders. 

The geometrical theory of maxima and minima has a cor- 
responding peculiarity, for it is shown in the Differential Calculus 
that further conditions, involving the higher powers, are necessary 
for a maximum or minimum. 

The following investigation shows how far this correspondence 
extends. 

297. Let a particle be in equilibrium at a point P whose 
coordinates are x 0t y , and let Uf(sc t y) be the work function. 
Let the particle be projected with a small velocity v r from a point 
P 1} whose coordinates are #1,2/1, very near to P . The equation of 
vis viva gives (Art. 246) 

i7 1 ) (l), 

Z7 ) (2), 

where v<~ = v^ + 2(Z7 - UJ (3). 

Let U be a maximum at the point P for all directions of 
displacement, then Z7 T < ?7 and v<? is a small positive quantity. 
As the particle recedes from P , U^ U increases, but the equation 

/O\ r,V.n,r. 4- k r, 4- 4-1*^ -nn .rt-istl sv ^n^-^^4- ~r. .-. f, n ,, 4-U4- TT TT "U^^^^str, 
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greater than the small quantity \v ti -. The equilibrium is therefore 
stable for displacements in all directions. 

Let U be a minimum at P Q for all directions of displacement, 
then as the particle moves from P the difference U U increases. 
So far as the principle of vis viva is concerned, there is nothing 
to prevent the particle from receding indefinitely from P . 

Let U be a maximum for some directions of displacement 
and a minimum for others. The particle cannot recede far from 
P in the directions for which U is a maximum, but there ia 
nothing to restrict the motion in the other directions. 

208. Ex. A particle P is in equilibrium under the action of a system of 
fixed attracting bodies situated in one plane, the law of attraction being the 
inverse xth power of the distance. Prove that, if K> 1, the equilibrium of P cannot 
be atable for all displacements in that plane, though it may be stable for some and 
unstable for other displacements. If K < 1, the equilibrium cannot be unstable 
for all displacements in that plane. 

To prove this let m : be any particle of the attracting mass, coordinates /, g ; 
let #, y be the coordinates of P. The potential of m-^ at P is by definition 



, where i\ is the distance of m-, from P. We then find by a partial 

- 1 



differentiation 

f 17 ! 
da;" 2 



M 

Summing this for all the particles of the attracting mass and writing U=2,U 1 , we 
find 



The right-hand side is positive or negative according as K>! or 

Taking the equilibrium position of P for the origin and the principal directions 
of motions for the axes, Art. 294, we see by Taylor's Theorem 



where A' = &-U\dx*, C"=d 2 ?7/d!?/ 2 . It is evident that U cannot be a maximum for 
all displacements in the plane of xy if A' + G' is positive and cannot be a minimum 
for all displacements in the plane if this sum is negative. The result also follows 
from Art. 296. 

299. Barrier curves. It is clear that this line of argument 
may be extended to apply to cases in which there is no -given 
position of equilibrium in the neighbourhood of the point of 
projection. Let the particle be projected from any point P l with 



where U is a given function of as, y and 17i is its value at the 
point of projection. 

If we equate the right-hand side of this equation to zero, we 
obtain the equation of a curve- traced on the field of force at 
which the velocity of the particle, if it arrive there, is zero. 
This curve is therefore a barrier to the motion, which the particle 
cannot pass. 

If the barrier curve be closed as in Art. 297, the particle is, 
as it were, imprisoned, and cannot recede from its initial position 
beyond the limits of the curve. Some applications of this theorem 
will be given in the chapter on central forces. 

The right-hand side of the equation will in general have 
opposite signs on the two sides of the barrier. When this is 
the case the particle, if it reach the barrier in any finite time, 
must necessarily return, because the left-hand side of the equation 
cannot be negative. 

If the right-hand side of the equation have the same sign on 
both sides of the barrier, that sign must be positive, and U must 
be a minimum at all points of the barrier. The particle is 
therefore approaching a position of equilibrium and arrives there 
with velocity equal to zero. The particle therefore will remain 
on the barrier, see Art. 99. 

The barrier is evidently a level curve of the field of force 
and, as the particle approaches it, the resultant force must be 
normal to the barrier. Just before the particle arrives at its 
position of zero velocity, the tangential component of the velocity 
must be zero, for this component cannot be destroyed by the 
force. The path cannot therefore touch the barrier, but must 
meet it perpendicularly or at a cusp. 

3OO. Examples. Ex. 1. Two heavy particles of masses m, m', are attached 
to the points A, B of a light elastic string. The upper extremity is fixed and 
the string is in equilibrium in a vertical position. A small vertical disturbance 
being given, find the oscillations. 

Let x, y be the depths of m, m' below 0; a, b the unstretched lengths of OA, 
AB, E the coefficient of elasticity. The equations of motion reduce to 

'E . E\ E 

7? 



of motion. Since x = h, y k make d 2 a;/dt 2 =0, d 2 2//dt 2 =0, these constants are the 
equilibrium values of x, y. We then find 



One principal oscillation is given by (2) and the other by using instead of p\ 
the other root of the quadratic. It follows that in one oscillation the two particles 
are always moving in the same directions, that is both are moving upwards or both 
downwards. In the other when one moves upwards the other moves downwards. 

Ex. 2. Two heavy particles, of masses m, M, are attached to the points A, B 
of a light inextensible string, the upper extremity being fixed. Prove that the 
periods of the small lateral oscillations are 2?r/p and Zirjq where p and q are the 
roots of 

1 a 4- 6 1 m a & _ A 
~* ~~ * * ~~ ' 



and OA=z a, AB = b. Prove also that the magnitudes of the principal oscillations 
in the inclinations of the upper and lower strings to the vertical are in the ratio 
(17 - &p a )/ap a . Show that in one principal oscillation the two particles are on the 
same side of the vertical through and in the other on opposite sides. 

Ex. 3. . Two particles M, m, are connected by a fine string, a second string 
connects the particle m to a fixed point, and the strings, hang vertically; (1) m 
is held slightly pulled aside a distance h from the position of equilibrium, and, 
being let go, the system performs small oscillations ; (2) M is held slightly pulled 
aside a distance k, without disturbance of m, and being let go the system performs 
small oscillations. Prove that the angular motion of the lower string in the first 
case will be the same as that of the upper string in the second if Mk = (M+m) h. 

[Math. Tripos, 1888.] 

Ex. 4. Three beads, the masses of which are m, m', m", can slide along the 
sides of a smooth triangle ABC and attract each other with forces which vary as 
the distance. Find the positions of equilibrium and prove that if slightly disturbed 
the periods 2irjp of oscillation are given by 

(p 2 - a) (p z - 13) (p 2 - 7) - m'm" (p* - a) cos 2 4 - m"m (js 2 - /3) cos 2 J5 

- mm' (# 2 - 7) cos 2 C - 1mm' m" cos A cos B cos C=0, 
where a, /3, 7 represent m" + m', m-j-m", tn'-i-m respectively. 

Ex. 5. A particle P of unit mass is placed at the centre of a smooth circular 
horizontal table of radius a. Three strings, attached to the particle, pass over 
smooth pulleys A, B, C at the edge of the table and support three particles of 
masses m a , %, ?re s ; the pulleys being so placed that the particle P is in equilibrium. 
A small disturbance being given, prove that the periods of the oscillations are 
27T/7J, where 



one tangent plane. The particle being slightly disturbed, it is required to find the 
oscillations. 

Taking the point as origin and the tangent plane as the plane of xy, the 
-equation of the surface may be written 



where the axes of x, y are the tangents to the principal sections and I/a, 1/6 are 
the radii of curvature of those sections. By the principles of solid geometry the 
direction cosines of the normal at any point P become (arc, by, 1) when the squares 
of x, y are neglected. The equations of motion are therefore 

cPx <Py _. d?z 

m-^~-Rax, m-j-Z=-Rby, m-^= -mg + R. 

Since z is of the second order of small quantities the third equation shows that 
R=mg, and the other two become 



If a and b are positive, that is if both the principal sections are concave up- 
wards, the motion is oscillatory and the two periods of oscillations are 2ir/ N /a<jr 
and ^TJfJbg. The particle, by definition, performs a principal oscillation when its 
motion has but one period. This occurs when 

(1) =0, y= sm(>Jbgt + p), (2) y=0, x=A sin (,Jagt+a). 
The directions of these oscillations are the tangents to the principal sections. 

Ex. 2. A particle rests on a smooth surface which is made to revolve with 
uniform angular velocity w about the vertical normal which passes through the 
particle. Show that the equilibrium is stable (1) if the curvature is synclastic 
upwards, and w does not lie between certain limits, or (2) if the curvature is anti- 
clastic and the downward principal radius is greater than the upward principal 
radius, and <o exceeds a certain limit. Find the limits of w in each case. 

[Math. Tripos, 1888.] 

Taking as axes the tangents to the principal sections, the equations of motion 
(Art. 227) reduce to 

d?x dii d?y _ dx , 



To solve these we put x=L sua.(pt + a), y = L'cos (pt + a). We then obtain a 
quadratic for p 2 and the ratio L'jL. 

The path of the particle relatively to the moving surface when performing the 

/a;\ 2 / y\ z 
principal oscillation defined by either value of p- is the ellipse f j 1 + ( ^ ] = 1. 

The two ellipses are coaxial. 

3O2. Tbe insufficiency of the first approximation. In forming the 
.equations of motion in Arts. 287, 294, we have rejected the squares of x and y. 
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But unless the extent of the oscillation is indefinitely small, the rejected terms 
have some values, and it may be, that they sensibly affect the results of the first 
approximation. See Art. 141. 

3O3. To find a second approximation we include in the equations (2) of Art. 
287 the terms of the second order. We write these in the form 
(5 s - A) x - By = Eja* + ZE&y + E s y*\ 



Taking as our first approximation 

x=L sin (pt + a) + M 



we substitute these in the right-hand sides of (1). The equations take the form 
(8\- A)x-By = VP sin (\t + /*)) 

" 



where X may have any one of the. values 0, 2p, 2q, pq and P, Q contain the 
squares of the small quantities L, M, L', M'. To solve thesevequations, we con- 
sider only the specimen term of (3) and assume 

x=L &in(pt + a)+M em(qt + p)+R sin (X*-f-/i)l 

^ '' 



We find by an easy substitution 

R(\* + A)+BR'=-P > B'R+R'(\*+C)=-Q} 



p_ - 

" ~ 



It appears that jR, R' are very small quantities of the second order, except when 
X is such that the common denominator is small, and in this case R, R f may 
become very great. The roots of the denominator are X 2 =jp 2 , X 2 = g 2 , and the 
denominator is small when X is nearly equal to either p or q. This requires either 
that one of the two frequencies jp, q should be small or that one should be nearly 
double the other. 

If for example p is nearly equal to 2g and the numerators of JR, R', are not 
thereby made small, the terms defined by \=p - q and X=2g will considerably in- 
fluence the motion, the other terms producing no perceptible effect. If p = 2q exactly 
the denominator is zero and both R, R' take infinite values. The dynamical meaning 
of the infinite term is that the expressions (2) do not represent the motion with 
sufficient accuracy (except initially) to be a first approximation. The corrections 
to these expressions are found to become infinite and if we desire a solution we 
must seek some other first approximation. 

3O4. Oscillation about steady motion. Ex. 1. The constituents of a 
multiple star describe circles about their centre of gravity with a uniform 
angular velocity n, the several bodies always keeping at the same distances from 
each other. A planet P, of insignificant mass, freely describes a circle of radius a, 
centre 0, with the same angular velocity, under the attraction of the other bodies. 
It is required to find the oscillations of P when disturbed from this state of 
motion. 

T.ot v /. n^.T\ a nt.^.ii IIP. tVifi r>r>1nr r.nnrdinatea of the nlanfit P at anv 
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at all points in the neighbourhood of the circular motion. Since that motion is 
possible only in that part of the field in which the force tends to and is equal to 
n 2 , it is clear that A = - aV and JB = 0. 

Substituting the values of r, $ in the polar equations 



_ 
dtj ~adx' r dt\ dt~rdy 

we find the linear equations 



=iO\ 
= Of 



A principal oscillation is therefore given by 

x=Loo&pt+L' sinpt, yMaoBpt + M'siapt ............... (4), 

,, 2a?npL'-BL __, -toflnpL-BL' /r . 



(ap"+C)-..B-4ny=0 .................. (6). 

The path of the particle when describing a principal oscillation relatively to 
its undisturbed path is the conic 

......... (7), 



the ratio and directions of the axes being independent of the disturbance. In the 
limiting case in which n=0 the conic reduces to two straight lines. 

When the multiple star has two constituents A, B, whose masses are M, M', the 
planet P can describe a circular orbit only when Mp~~* sva.APO=M'p'~ K smBPO t 
where p=AP, p'=BP and the law of force is the inverse *th power of the distance. 
Since is the centre of gravity of M, M' this proves that either the angle APO is 
zero or p=p', except when K= - 1. The planet P nlust therefore be either in the 
straight line AB or at the corner C of the equilateral triangle ABC, 

When the planet P is in the straight line AB at a point C such that the sum of 
the attractions of A and B on it is equal to n 3 . 0(7, the planet can describe a circle 
about with the same periodic time as A and B. This motion is unstable. 

When the planet P is at the third corner C of the equilateral triangle ABC, the 



. , ,. . , ,. , a 

circular motion is stable when - ....... :,-... ' > 3 5 - . 

MM' \B - K) 

These two results may be obtained in several ways. Putting />, p' for the 
distances of P from the two primaries, the work function is 

1 / M M' 



Expressing this in terms of r, 0, and expanding in powers of x, y, including the 
terms of the second order, the values of A, B, C in equation (1) become known. 
The periods are then given by (6). 

Instead of using the work function, we may determine the forces dUjadx and 
dUjrdy by resolving the attractions of the primaries along and perpendicular to 



Ex. 2. If in the last example the attracting primaries either coincide or are 
BO arranged that the field of force is represented by 17- U =zA. x + \Ax*; prove 
that other circular orbits in the immediate neighbourhood of the given one are 
possible paths for the particle P, Art. 291. Prove also that after disturbance the 
oscillation of P about the mean circular path is given by 

o;=J/cos (pt + a), py~-2nLsm(pt + a), 
where p 2 =3n 2 -.4/a 2 , the oscillation having only one period. 

Ex. 3. Two equal centres of force 8, S\ whose attraction is up*, rotate round 
the middle point of the line of junction with a uniform angular velocity n. 
A particle in equilibrium at is slightly disturbed, prove that the periods of the 
small oscillation are given by (p a + n 2 -y3) (jp a + n 2 -jc/3)=4w 2 jp a where j 9=2/z&*~ 1 and 
SS'=2b. Thence deduce the conditions that the equilibrium should be stable. 



Problems requiring Finite Differences. 

8O5. Ex. 1. A light elastic string of length nl and coefficient of elasticity 
E is loaded with n particles each of mass TO, ranged at intervals I along it begin- 
ning at one extremity. If it be hung up by the other extremity, prove that the 
periods of its vertical oscillations will be given by the formula 



' cosec an + 5 ' where * =0 ' lj 2 ' ' ' n ~ 1 *' [Math ' Tripos> 1871t] 

Let X K be the distance of the Kth particle from the fixed end ; T K the tension 
above, T.^ that below, the particle. We then have 

mx K "=vig + T K+1 -T K ................................. (1), 

and by Hooke's law for elastic strings 

-a; , 



The equation of motion is therefore 

^ K "-9 = ^(^ K+1 -^ K + ^_ 1 ) .............................. (3), 

where c 2 =.E/i!ni. We assume as the trial solution 

x K = h K + X K sin(pt + e) ................................. (4), 

where h and X are two functions of K which are independent of t, and p, e are 
independent of both K and t. Substituting we find 

P 2 ^ 
X _i .t SA + X * = 5- X, I 

Kt-J. K K i C * I . 



* The solution is given at greater length than is necessary for this example, in 
order to illustrate the various cases which may arise. 



To solve the first of these linear equations of differences we lonow tne usual rules. 
Taking X =Aa* as a trial solution, where A and a are two constants, we get after 
substitution and reduction 

a -2 + -= - (6), 



Let these values of a be called a and j8. Then 

X^Aaf + Bp* .................................... (8). 

We notice that when either p = or 2c the equation (6) has equal roots, viz. a=l 
or - 1. The theory of linear equations shows that the terms depending on these 
values of p take a different form, viz. 

X K =(A+B K )(1) K ................................. (9). 

The complete value of X K may be written in the form 

X K = \ + ^o + BOK + (A 2c + S 2e K) ( - 1) K sin (2ci + e 2c ) 

+ S (Afff + B p p K ) sin (pt + e p ) ...... (10) , 

where S implies summation for all existing values of p. 

We have yet to examine the conditions at the extremities of the string. The 
formula (2) does not express the tension of the highest string unless we suppose 
that a; = 0. Again the tension below the lowest particle must be zero and this 
requires that T n+1 =0. The equation (3) will therefore express the motion of every 
particle from K=l to K=n only if we make 

a:o = 0, x n+l -x n =l ................................. (11). 

Since a =0/or all values of t, it follows from (10) that 

Ji +^ =0, A 2e =Q, Aj> + B p =Q ........................ (12). 

Since x n+1 - x n = I, we see in the same way that 

'Wi-'+*o=Z, #20=0, A p ^^ + B^^=A p a n + B p ^ ......... (13). 

Eliminating the ratio A P JB P we have 



If p>-2c we see by (7) that both a and j3 are real negative quantities. The equation 
(14) has then one side positive and the other negative, since the integers n, n+ 1 
cannot be both even or both odd. Hence p must be less than 2c, let# = 2csin#, 
hence a=cos2^ + sin2^ x /-l, j3 = cos2i?-sin2^ v /- 1 ............... (15). 

The equation (14) now gives sin(2?j. + 2) = sin2n0, excluding p = we have 

p . 2i +1 TT 



where i.has any integer value. It is however only necessary to include the values 
i = Q to i=7i-l. The values of 6 indicated by ii' and 2n-i' are supplementary, 
while the values of sin indicated by i = i' and i' + 2n + 1 are equal with opposite 
signs. The value i=n is excluded because the value p = 2c has been already taken 
account of. 

The oscillations of the Kth particle are therefore given by 

x K = H K + '2Cpsm2K0sm(pt + e p ) ........................ (17), 

whprfi TT =7i +>l n -i-Rif. and (7 = 2^^./-l. 



The value of h K might be determined by solving the second equation of 
differences (5), using the rules of linear equations adapted to that equation. But 
it is evident that in the position of equilibrium of the system, when there is no 
oscillation, every <7p=0, and therefore that position is determined by x =H . 
This enables us to deduce H K from the elementary rules of Statics. 

We notice that in equilibrium, T n =mg, T n _ l= 2mg, &c., T K =(n + l- K ) mg. 
Hence by Hooke's law 



Adding these for all values of K from K=! to K=K, and remembering thatT =0 
by (12), we find 



TT 



The equation (17) shows that the motion of every particle is compounded of n 
principal or simple harmonic oscillations. The periods of these are unequal and 
are represented by 2ir/jj where p has the values given in (16). 

Suppose the system to be performing the principal oscillation defined by the 
value of 0=71727. By considering the signs of sin 2*0 in (17) we see that all the 
.particles determined by K<y are moving in the same direction as the highest 
particle, those determined by K>J but <2y are moving in the opposite direction, 
those given by K>2y but <37 are moving at any time in the same direction, and 
so on. 

Ex. 2. A smooth circular cylinder is fixed with its axis horizontal at a height 
h above the edge of a table. A light string has a series of particles attached to it 
over a part of its length, the particles being each of mass m and distant a apart. 
The portion of the string to which the particles are attached is coiled up on the 
table, and the rest is carried over the cylinder, and a mass M attached to the 
further end of it. The system is held so that the first particle is just in contact 
with the table, the free portions of the string being vertical, and is then allowed 
to move from rest; prove that 'if v be the velocity of the system immediately after 
the nth particle is dragged into motion (na < h), then 



Supposing the string of particles to be replaced by a uniform chain deduce from 
the above result the velocity of the system after a length x of the chain has been 
dragged into motion. If Z be the length of the chain and /* the mass, then, if I be 
less than h, the amount of energy that will have been dissipated by the time the 

chain leaves the table will be . [Coll. Ex. 1887.] 



If v n represent the velocity required, we deduce from vis viva and linear 
momentum at the next impact the equation 



Writing the left-hand side $ (n + 1) - </> (n), we find (n + 1) - </> (1) by summing 
from n= 1 to n. Bemembering that v a =0, this gives' n . The energy dissipated is 
found by subtracting the semi vis viva, viz. ^(M+/j.)v 2 , from the work done by 



Ex. 3. A train of an engine and n carriages running with a velocity u, is 
brought to rest by applying the brakes to the engine alone, the steam being cut off. 
There is a succession of impacts between the buffers of each carriage and the next 
following. Prove that the velocity v of the engine immediately after the rth impact 

is given by 

(M +ri) a (v - u)*=Mafr {2M+ m (r - 1) } , 

where m is the mass of any carriage, M that of the engine, a the distance between 
the successive buffers when the coupling chains are tight, / the retardation the 
brake would produce in the engine alone. [Coll. Ex.] 

Ex. 4. A heavy particle falls from rest at a given altitude h in a medium 
whose resistance varies as the square of the velocity. On arriving at the ground 
it is immediately reflected upwards with a coefficient of elasticity /3. Show that 
the whole space described from the initial position to the ground at the nth impact 



If u n be the height described just after the rath rebound, we show 

(+i- 1)=0 2 (-!) 

To solve this equation of differences we put u n = I + l/w n . The equation then takes 
a standard form with constant coefficients. The whole space described is found by 
taking the logarithm of the product tt 1 M 3 ...w n _ 1 . 

This problem was first solved by Euler in his Mechanica, vol. i. prop. 58, for 
the case in which j8=l. An extension by Dordoni, Memorie della Societa Italiana, 
1816, page 162, is mentioned in Walton's Mechanical Problems, chap. n. page 247. 



CHAPTEE VI. 

CENTRAL FORCES. 

Elementary Theorems. 

306. To find the polar equations of motion of a particle 
describing an orbit about a centre of force. 

Let the plane of the motion be the plane of reference and let 
the origin be at the centre of force. Let F be the accelerating 
force at any point measured positively towards the origin. Then 
by Art. 35, 

2 I d .d 



The latter equation gives by integration 

r*d8ldt = h ........................... (2), 

where h is an arbitrary constant whose value depends on the 
initial conditions. 

This important equation can be put into other forms of which 
much use is made. Let v be the velocity of the particle, p the 
perpendicular drawn from the origin on the tangent. Let A be 
the area described by the polar radius as it moves from some 
initial position to that which it has at the time t. Then (Art. 7) 

r"~d6 = ZdA =pds. 

Remembering that v = ds/dt, we see that the equation (2) may be 
written in either of the "forms 

h dA , , /ox 

v - -Tr = i^ ........................ (3). 

p' dt 2 v ' 

The first of these shows that the velocity at any point of the orbit 
is inversely proportional to the perpendicular drawn from the centre 
on the tangent. The second, by integration between the limits 

= L t,n t, shows thn.t, tJt.p. innlar area trar.fid nut bit the radius vector 



is proportional to the time of describing it. We also see that the 
constant h represents twice the polar area described in a unit of 
time. Both these are Newtonian theorems. 

We also infer that in a central orbit, the angular velocity dBjdt 
always keeps one sign and never vanishes at a finite distance from 
the origin. The radius vector therefore continually turns round 
the origin in the same direction. 

307. Conversely, we may show that if -a particle so move that 
the radius vector drawn from the origin describes areas propor- 
tional to the time the resultant force always tends to the origin, 
and is therefore a central force. To prove this let F and 6? be 
the components of the accelerating force along and perpendicular 
to the radius vector. Taking the transversal resolution, we have 



r dt\ dt, 

As already explained r^dd 2dA, and if the area A bear a constant 
ratio to the time, say A = at, we have at once r*d8[dt = 2a and 
therefore G = Q. 

308. If m is the mass of the particle, its linear momentum 
is mi) and this being directed along the tangent to the path, the 
moment of the momentum about the centre of force is mv . p. 
The moment of the momentum is called the angular momentum 
(Art. 79) and we see that in a central orbit the angular momentum 
about the centre of force is constant and equal to mh. When we 
are concerned only with a single particle its mass is usually taken 
to be unity, and h then represents the angular momentum. 

309. To find the polar equation of the orbit we must eliminate 
t from the equations (1). Let r = 1/w, then, as in Art. 268, 

dr _ 1 du dQ __ ,du 

J7< ~~ ~~n Jf\ ~j7 == ~ "" JQ ) 



Substituting this value of d*r/dt 2 and the value of d&/dt = 

, . dfr fd6\* , 

given by (2) in -=- r -rr = F, we have 
dt" \at J 

d-u F ... 



When the polar equation of the path is given in the form 
u =/(#) the equation (4) determines F in terms of u and 9. 
Since the attractive forces of the bodies -which form the solar 
system are in general functions of the distance only we should 
eliminate 6 by using the known polar equation of the path. We 
thus find F as a function of u only. 

Strictly this expression for F only holds for points situated on 
the given path, but if the initial conditions are arbitrary, the path 
may be varied and the law of force may be extended to hold for 
other parts of space. 

When the force F is given as a function of r or 1/u, the 

d?u 
equation (4) is a differential equation of the form -Tff z f(u). 

This differential equation has been already solved in Art. 97. 

It is evident from dynamical considerations that when the 
central force is attractive, i. e. when F is positive, the orbit must 
be concave to the centre of force, and when F is negative the 
orbit must be convex. By looking at equation (4) we immediately 
verify the theorem in the differential calculus that a curve is 

d z u 
concave or convex to the origin according as -^ + u is positive or 

negative. 

310. To apply the tangential and normal resolutions to a 
central orbit. 

Keferring to Art. 36 we have the two equations 

v -j- = F cos </>, = Fsm<f> (5), 

CLS p 

where < is the angle behind the radius vector when the particle 
moves in the direction in which s is measured. Writing drfds for 
cos <j) and integrating we have 

v* = C-2fFdr (6), 

where is a constant* whose value depends on the initial con- 
ditions. This equation is obviously the equation of vis viva, 
Art. 246. The integral has a minus sign because the central force 
is, as usual, measured positively towards the origin, while the 



If 'we substitute for v its value h/p given by (3) and differentiate 
we deduce 



..................... (7). 

dr \p z j ^ ' 

This expression for the central force F is very useful when the 
orbit is given in the form p =/(r). 

311. Considering the normal resolution (5), we have an ex- 
pression for t> which is useful when both the law of force and the 
path are known. It has the advantage of giving the velocity 
without requiring the previous determination of either of the 
constants C or A. If % is one-quarter of the chord of curvature of 
the path drawn in the direction of the centre of force we may 
write the equation in either of the forms 

v* = Fpsin<f>=2Fx .................... (8). 

This is usually read ; the velocity at any point is that due to one- 
quarter of the chord of curvature. 

When the particle describes a circle about a centre of force 
in the centre sin <f> = 1 and p is the radius r. The velocity given 
by the normal resolution, viz. v a /r = F, is often called the velocity 
in a circle at a distance r from the centre of force. 

312. The velocity acquired by a particle which travels from 
rest at an infinite distance from the centre of force to any given 
position P is called the velocity from infinity. Referring to the 
equation of vis viva (6), let 



Now v when r = oo ; hence, if n is greater than unity, we 
have (7=0. The velocity from infinity to the distance r = R is 

2it 1 
therefore given by v"~ = ~ p^j. See Art. 181. 

7Z ""~* JL JTv 

If n is less than unity the value of G is infinite. Instead 
of the velocity from infinity we use the velocity acquired by the 
particle in travelling from rest at the given point P to the origin 
under the attraction of the central force. ' In this case v = when 

2it 
r = R-, hence (since n<l) G = R l ~ n . The velocity to the 

JL T~ Us 

2u, 

o /y A^ ia fVia-n vi-imv< VITT a& " "Rl11 



When the force varies as the inverse cube of the distance, 
s. F=fjb/r 3 , we notice that the velocity in a circle and the velocity 
5m infinity are equal. When the force varies as the distance, 
i. F=fj,r, the velocity in a circle is equal to that to the origin. 
r hen the force varies inversely as the distance, i.e. F fi/r, both 
e velocity from infinity and the velocity to the origin are infinite. 

313. The constants. The two constants h and C may be 
itermined from the initial conditions when these are known, 
it the particle be projected from a point P at an initial distance 

from the origin with a velocity F, let ft be the angle the 
rection of projection makes with the initial radius vector. The 
ngent at P makes two angles with the radius vector OP, respec- 
rely- equal to ft and TT ft. When- a distinction has to be made 
is usual to take ft equal to the angle behind the radius vector 
len P travels along the curve in the positive direction (i.e. the 
rection which makes the independent variable increase). The 
igle ft is called the angle of projection. We evidently have 

= vp = VR sin ft. IfF= pfr n , we have v* = + -~y -^ . 

It follows that, if n>1 and the velocity from infinity is F 1? 
= F 2 - Fi 2 ; if n < 1, C = F 2 + F 2 where F is the velocity to the 
igin. 

We may obtain another interpretation for the constant C. 
sleeting any standard distance r = a, the potential energy at a 
stance r is 

fj, G v* 

se Art. 250. It follows that 1(7 plus ** ., =- is equal to the 

2 x n - 1 a n ~ l n 

lole energy of the motion. Hence by taking the standard position 
infinity or the origin according as n is greater or less than unity, 
? may make \ C equal to the whole energy. 

314. When a point P on the orbit is such that the radius 
ctor OP is perpendicular to the tangent, the point P is called 
; apse. 

IQ 10 orTYio+.impa 



315. Summary. As the formulae we have arrived at are 
the fundamental ones in the theory of central forces, it is useful 
to make a short summary before proceeding further. There are 
three elements to be considered : (1) the law of force, (2) the 
equations of the path, (3) the velocity and time of describing 
an arc. Any one of these elements being given, the other two 
can be deduced by dynamical considerations. There are therefore 
three sets of equations; firstly, equations (4) and (7) connect the 
force and path, so that either being known the other can be 
deduced ; secondly, equation (6) connects the force and velocity ; 
thirdly, equations (2) and (3) connect the path with the motion 
in that path. 

The equations of one of these sets are mere algebraic trans- 
formations of each other, any one being given the others can 
be found from it by reasoning which is purely mathematical. 
But an equation of one set cannot be deduced from an equation 
of another set in this manner, because each set depends on different 
dynamical facts. 

316. Dimensions. It is important to notice the dimensions 
of the various symbols used. The accelerating force F, like that 
of gravity, i.e. g, is one dimension in space and 2 in time. We 
see this by examining any formula which contains F or g, say 
s ^gt* or F cos <j) = d?sfdt z . The force F will in general vary 
as some power of the distance from the centre of force, say 
jF=^,/r n where //, is a constant which measures the strength of 
the central force. The quantity ^ = Fr n is therefore n + 1 dimen- 
sions in space and 2 in time. The velocity v = ds/dt is one 
dimension in space and 1 in time. The constant li vp is 2 
dimensions in space and 1 in time. See Art. 151. 

317. Torce given, find the orbit. Ex. I. The force being 

.F = ^ 3 (2a 2 u 2 + l), 

a particle is projected from an initial distance a, with a velocity which is to the 
velocity in a circle at the same distance as ,^2 to ,/3, the angle of projection being 
45. Find the path described. 

Putting a = l/c the differential equation of motion is, by Ar' "09, 



reduces to 



du_ 6 

dd ~ ' - 



Eeplacing u by Ijr and measuring 6 from the initial radius OA in such a direction 
that r and 6 increase together, this leads to r=a (1 + 0). 

From the equation r^dffjdt=h, we infer that the time from a distance a tor is 
(r*-a*)!3aJ(JL. 

Ex. 2. A particle moves under the action of a central force /x(u 5 - |a a u 7 ), the 

velocity of projection heing (25/t/8a 4 )*, and the angle of projection sin" 1 ^. Prove 
that the polar equation of the path is 3a 2 = (4r 2 - a 2 ) (0 + C) 2 . [Coll. Ex. 1892.] 

Ex. 3. When the central acceleration is n(u*+a?u s ) and the- velocity at the 
apsidal distance a is equal to V/*/ a > prove that the orbit is r = acn 6 (mod ^J). 

[Coll. Ex. 1897.] 

Ex. 4. The' central force heing JF=2 / ww s (l-a 2 w 2 ), the particle is projected 
from an apse at a distance a with a velocity *//*/ Prove that it will be at a 

distance r after a time -^7- -(a 2 log r+ N/(r a - a2 ) + fjp ._ a )l , [Math. Tripos.] 
A*jfJ- I . a ; 

JSa;. 5. A particle, acted on by two centres of force both situated at the origin 
respectively F=IM* and F'=fj.'uP, is projected from an initial distance a with a 
velocity equal to that from infinity, the angle of projection being tan" 1 ^2. If 
the forces are equal at the point of projection, the path is a6 = (r - a) *J2. 

Ex. 6. A particle, acted on by the central force F=u?f (9), is initially projected 
in any manner. Prove that the radius vector can be expressed as a function of 6 
if the integrals of cos 6f (6) and sin &f (8) can be found. [Use the method of 
Art. 122.] 

318. Orbit given, find the force. Ex. 1. A particle describes a given 
circle about a centre of force on the circumference. It is required to find the law of 
force and the motion. Newton's problem. 

Let be the centre of force, C the centre of the circle, P the particle at the 
time t. Let a be the radius of the circle, OP=r. If p= OT be the perpendicular 
on the tangent, we have (since the angles OPY, OAP are equal) jp = r 2 /2a. Hence 
using (7) of Art. 310, we have 



If we suppose the magnitude of the force to be given at a unit of distance from 
the centre of force we write this in the form JF= g , where /t is a known constant 

sometimes called the magnitude or strength of the force. The constant h is then 
determined by the equation 

87i 2 a 2 =/i .......................................... (2). 

The velocity at any point P is found by the normal resolution, Art. 310, 



=; ... i*.. .................. (3). 

a r 8 2a 



By Art. 312 this velocity is equal to that from infinity. 



To find the time of describing any arc AP, where A is the extremity of the 
diameter opposite to the centre of force, we use the equation A=$ht, Art. 306. 
Since the area AOP is made up of the triangle OOP and the sector AGP, we have 

J to =.4 =4 a 2 (20 + sin 20), 
where = the angle AOP. Substituting for h 



=2a3 . /-(20 + sin20) (4). 

v M 



It appears from this that the particle will arrive at the centre of force after 
a finite time obtained by writing 0=Jir. The particle arrives with an infinite 
velocity due to the infinite force at that point. 

Let the force at all points of space act towards the point and vary as the 
inverse fifth power of the distance from 0. It is required to find tJie necessary and 
sufficient condition that a particle projected from a given point P in a given direction 
FT with a given velocity V may describe a circle passing through 0. It is obvious 
from (3) that it is necessary that F 2 =^/r 4 where r=OP; we shall now prove that 
this is also sufficient. 

Describe the circle which passes through O and touches FT at P. The particle 
which describes this circle freely satisfies the given conditions at P. If then the 
given particle does not also describe the circle we should have two particles 
projected from P in the same direction, with equal velocities, acted on by the same 
forces, describing different paths ; which is impossible ; Art. 243. 

We notice that a change in the direction of projection PT affects the size of 
the circle described, but not the fact that the path is a circle. 

Ex. 2. A particle moves in a circle about a centre of force in the circum- 
ference, the force being attractive and equal to ^r". Prove that the resistance of 
the medium in which the particle moves is /u (n + 5) ? <n sin ff, where cos 0=r/2. 

Use the normal and tangential resolutions. [Coll. Ex.] 

Ex. 3. A particle of unit mass describes a circle about a given centre of force 
situated on the circumference. If the particle at any point P is acted on by an 
impulse 2i> cos <(> in a direction making an angle ir - <f> with the direction of motion 
FT, show that the new orbit is also a circle and prove that the ratio of the radii is 
cos 20 -f sin 20 cot 0, where 6 is the angle OPT. 

Ex. 4. The force being JP=/u.u 5 , a particle when projected from a p^int P with 
an initial velocity V, equal to that from infinity, describes the circle , .=2acos0; 
investigate the path when the initial velocity is F(l+7), where 7 is so small that 
its square can be neglected. 

Proceeding as in Art. 317, we find 



The conditions of the question give 



where c = l/2 and 6 = a initially. Putting it = csec0 + cr7 and neglecting the 
squares of rj and 7, we arrive at 

C08 2 dfl C08 8 0-2C080 _ -> 7 COS 4 



_ 



Each side being a perfect differential, we find 

COS 2 8 



and K is determined from the condition that 17=0 when 0=a; 

(cot a + |-a + $ sin a cos a). 



Putting it = l/r, we have r=2a cos 6 (1 - 17 cos 6), 






4 (cos0 + f 0sin0-hi sin a 0eos<?). 



It has been assumed that cos a is not small, the point P must therefore not be 
close to the centre of force. It easily follows that when 

6 = ^ TT - K + J iry sec 4 a, 

the distance of the particle from the centre of force is of the order of small 
quantities neglected above. 

Ex. 5. Any number of particles are projected in all directions from a given 
point P each with the velocity from infinity, the central force being F=ft.u 5 . Prove 
that their locus at any instant is (0 being measured from OP) 

- 2cr 



(r" + c 2 - 2cr cos 6 ) % ( . (r 2 + c 2 ) cos - 2c 
sin^ ( ~ S1U r'+j2-~2^s 



where OP=c and A is a constant depending on the time elapsed. 

319. Ex. 1. A particle describes an equiangular spiral of angle a under the 
action of a centre of force in the pole, prove that 



where t is the time of describing the arc bounded by the radii vectores 9- , r^ Con- 
versely, a particle being projected from any point in any direction will describe an 
equiangular spiral about a centre of force whose law is F= fj.fr 3 , provided the 
velocity of projection is ^//j.[r, i.e. is equal to that from infinity. 

Assuming p=-sina we follow the same line of reasoning as in Ex. 1 of 
Art. 318. 

Ex. 2. A particle acted on by a central force moves in a medium in which the 
resistance is K(vel.) 2 , and describes an equiangular spiral, the pole being the 

centre of force. Prove that the central force varies as _ e - 2 * rse< 5 a where a is the 

,.j 

angle of the spiral. [Math. Tripos, I860.] 

32O. Ex. A particle describes the curve r M = acos0-i-b sinnfl, under the 
action of a centre of force in the origin. Prove that 



We notice (1) that the exponents of r are independent of n, (2) that, when m+ 1 is 
positive, the velocity at any point is that due to infinity. Art. 312. 

Supposing the law of force and the velocity of projection to be given by these 



four constants 7i 2 , n, a, b are determined by 



joined to the conditions that the curve must pass through P and touch PT. 

"We find that n- and -~r - /.R 2 cot 2 < have the same sign, where E = OP and 

7?t *T~ JL 

<f> is the angle of projection. When the sign of n 2 thus determined becomes 
negative or zero the curve obviously changes into 



where 4a'b' = a 2 - b- and 6" is the limit of bn when b is infinite and n zero. 

It is useful to notice the following geometrical properties of the curve. If p 
be the perpendicular on the tangent, <p the angle the radius vector makes with the 
tangent 



m 
-- 

This example includes many interesting cases. Putting i=2, n=2, we see 
that the lemniscate of Bernoulli could be described about a centre of force in the 
node varying as the inverse seventh power of the distance. Putting m=n, we 
have the path when the force varies as the inverse (2m + 3)th power and the velocity 
is that from infinity. Writing ?>i = i, 11 = %, we find the path is a cardioid when 
the central force varies as the inverse fourth power and the velocity is that from 
infinity. Writing m=l, n=l, the path is a circle described about a centre of force 
on the circumference. 

321. Ex. 1. A particle describes a circle about a centre of force situated in 
its plane. It is required to 'find the lazu of force and the motion. 

Let be the centre of force, C the centre of the circle, a its radius and C0 = c. 
Taking the equations of Art. 310, we have 

h v z ^p _ /i 2 r 

v = ~, =F-, .: F = -- ;.. 
par a p j 

Since in a circle 2ap = r 2 + a 2 - c 2 , we can, by substitution, express F and v in 
terms of r alone. We have- 



where 8a z h z =fj. and J3=a 2 -c 2 . When B Q, the law of force reduces to the inverse 
fifth power, and the velocity becomes the same as that found in Art. 318. 

If this law of force be supposed to hold throughout the plane of the circle, the 
values of /j. and B are given. In order that the orbit may be a circle it is necessary 
that the velocity of projection should satisfy the above value of v, i.e. should be 
equal to the velocity from infinity. The direction of projection being also given, 
the angular momentum h (Art. 313) is also known. The values of a and c follow 
at once from the equations given above and must be real. 

Newton, when discussing this problem, supposes that the centre of force lies 
inside the circle. It follows that B is positive, and at no point of space can either 
the force or velocity be infinite. 

When the centre of force is outside the circle, one portion of the orbit is 



that the force is attractive in the first and repulsive in the other part. Writing 
B= - & 2 , we i iave j'j_ c 2_ a 2 ) an( ;i therefore b is the length of either of the tangents 
drawn from the centre of force to the circle, and the force changes sign through 
infinity when the particle passes the circle whose radius is b. 

Sylvester, in the Phil. Mag. 1865, points out that the resultant attraction of a 
circular plate, whose elements attract according to the law of the inverse fifth 

LJLT 

power, at an external point P situated in its plane, is . ,,..., where u, is the mass 

(r" - tyy ^ 

of the plate, b its radius and r the distance of P from the centre. The circle 
described by P under the attraction of this plate cuts the rim orthogonally. 

Let the particle P be constrained to move on a smooth plane under the action 
of a centre of force situated at a point C distant b' from the plane, the law of 
force being the inverse fifth power. The component of force in the plane is 

F o^,,,.., , where r is the distance of P from the projection of the centre of 
2 ' 2J 



force on the plane. Putting B = b' 2 , it appears from what precedes that, if the 
velocity of projection is equal to that from infinity, the path of the particle on the 
plane is a circle. The length of the chord bisected by the point is constant for 
all the circles and equal to 2&'. ( 

Ex. 2. A particle moves under the action of a centre of force F=/J,U B . Prove 
that all the circles which can be described either pass through a fixed point or have 
a fixed point for centre. 

322. Ex. 1. A particle moves wider the action of a centre of force whose 

attraction is F^r-^fyTo and the velocity at any point is equal to that from infinity. 
(r + JJ) 

It is required to find the path. 

The equation of vis viva (Art. 310) gives 

(1). 



Since this formula is independent of the path and it is given that v is zero when r 
is infinite we see that (7=0. Substituting for v its value hip, the equation of the 

path becomes 

?- 2 + U = z2/ 2 , i7i 2 =M ................................. (2). 

The curve required is therefore such that a linear relation exists between p z and 
r 2 . There are several species of curves which possess this property distinguished 
from each other by the values of B and i. 

One such curve is known to be an epicycloid. Supposing the radii of the fixed 
and rolling circles to be a and b, we have at the cusp r=a, p = and at the vertex 
p and ? are each equal to a + 26. We thus find 



The law of force and the conditions of projection being given both B and 7i 2 are 
known. If the force is attractive, B negative, and ^//i 2 less than unity, the path is 
an epicycloid, the values of a and b being given by (3). 

Changing the sign of b the epicycloid becomes a hypocycloid and in this case 
we learn from (3) that i and /A are negative. When therefore the force is repulsive, 



The remaining species are more easily separated by putting the equation (2) 
into the form p=ip, a result which follows at once from the identity p^rdrjdp. 
Remembering that pp + dtpld^ the differential equation becomes 



.(4). 



When i is less than unity or is negative we easily deduce the cycloidal species given 
above. If 2 = 1 - i, we find 

pL ainp^+Mcospif/. 

If the axis of x pass through the cusp, we have jp = when ^=0 and p = a + 2b 
when /3i^ = \ r. Hence L = a + 26 and M 0. 

When i is greater than unity we have the forms 

p=Lf* + Me~**, p=Lf + M ........................ (5), 

where o 2 =i-l and the second form occurs when ?' = !. Since in any curve the 
projection of the radius vector on the tangent is dpfd\p, we find by elementary 
geometry 



where <j> is the angle behind the radius vector. Since 0=^-0, -we can in this 
way express the polar coordinates r and in terms of the subsidiary angle ty. 

Substituting in (2) we find that 4a s LM =B, so that L and M have the same or 
opposite signs according as the given quantity JB is positive or negative. When 
B = 0, either L or M is zero, and since, by (6), tan< is then constant the curve is 
an equiangular spiral. 

To trace the forms of the exponential spirals it is convenient to turn the axis 





of x round the origin so that the equation (5) may assume a symmetrical form. 
We then have 

where the upper or lower sign is to be taken according as B is positive or negative. 
When B is positive there is an apse whose position is found by putting p=r in (2), 
whence (i- l)r 2 =jS. When B is negative there is a cusp at the point determined 
by p = 0, i.e. at r 2 =-.B. These spirals were first discussed by Puisseux (with a 
different object in view) in Liouville's Journal, 1844. 

By using a proposition in the theory of attraction's we may put some of the 
preceding problems in another light. It may be shown that the resultant attraction 
of u thin circular ring, whose elements attract according to the law of the inverse 

cube, at any point P in the plane of the ring is j-^ y-= t where ^ is the mass of 

(r ~c ) 



sign is to be taken according as P is without or -within the ring, (see Townsend 
in the Quarterly Journal, 1879). The path of the particle P moving under the 
attraction of the ring has now heen found provided the velocity of projection is 
equal to that from infinity. 

Again, when a particle P is constrained to move on a smooth plane under the 
action of a centre of force C situated at a distance c from the plane, the law of 

force being the inverse cube, the component of attraction in the plane is .J*' , 

(r*+c ) 

where r is the distance of P from the projection of the centre of force on the 
plane. 

Ex. 2. If s be the arc AP of any path measured from a fixed point A, show 
that s (i - l)/i differs from the projection of the radius vector OP on the tangent at 
P by a constant quantity which is zero when A is an apse. 

Ex. 3. Show that the polar area traced out by a radius vector OP is equal to 
i times the corresponding polar area of the pedal. Thence show that the time of 
describing any arc is given by ht=i$p*dif'. 

933. Parallel forces. Ex. 1. A particle describes a central conic under the 
action of a force F tending always in a fixed direction. It is required to find F. 
Let the conic be referred to conjugate diameters OA, OB; the force acting 



\ P 




parallel to BO. Let the angle AOB = ta, OA = a', OB = V. Let ON=x, PN=y be 
the coordinates of P. Then 



The first equation gives x = At, where A is the oblique component of velocity parallel 
to x. Hence A is the resultant velocity at J3. We then have 



The component of velocity at right angles to the force is constant. Bepresenting 
this component by F, and remembering that the resultant velocity at B is A, we 
find V=A sin w. 

If a, b are the semi-axes of the conic the expression for the force becomes 



. 
a' 2 sin 2 w y* ~ ~aW y 3 ' 

It follows that the force tending in a given direction by which a conic can be 
described varies inversely as the cube of the chord along which the force acts. This 
result may also be obtained without difficulty by taking the normal resolution of 
force. 

Ex. 2. If the tancent to the conic at P intersect the conjugate diameters in T 



Ex. 3. A particle describes the curve y=f(x) freely under the action of a 
force F whose direction is parallel to the axis of y; prove F=:A z d?y jdx 2 . 

Ex. 4. Show that a particle can describe a complete cycloid freely under the 
action of a force tending towards the straight line joining the cusps and varying 
inversely as the square of the distance. Prove also that the square of the velocity 
varies inversely as the distance. 

324. Ex. Two masses M, m are connected by a string which passes through 
a hole in a smooth horizontal plane, the mass m hanging vertically. Prove that 
M describes on the plane a curve whose differential equation is 

u _mg 1 



Prove also that the tension of the string is -^ - (g + Wu s ). [Coll. Exam.] 



Law of the direct distance. 

325. A particle is acted on by a centre of force situated in 
the . origin- whose acceleration is F=fj,r where r is the radius 
vector. It is required to find the possible orbits. 

Taking any Cartesian axes, we notice that the. resolved parts 
of the force in these directions are px and py. The equations of 
motion are therefore 

d 2 x/dt 2 = - pan, d*y/dt* = -py (1). 

We observe that though the axes of coordinates are arbitrary, 
the equations (1) are independent; one containing only oc, the 
other only y. We infer that the general principle enunciated for 
parabolic motion may also be applied here. The circumstances 
of the motion parallel to any fixed direction are independent of 
those in other directions and may be deduced from the corresponding 
formulas for rectilinear motion. 

Supposing that the force is attractive in the standard case, 
/j, is positive and the solutions of (1) are 

a> = A cos \/fj,t + A' sin //*, y = B cos \Jfjd + B' sin /M 

As there is nothing to prevent us from using oblique axes, let 
us take the initial radius vector as the axis of x and let the axis 
of y be parallel to the direction of initial motion. If R and F 
be the initial distance and velocity, we have when t = 0, 

Q', y = 0, dy/dt=V. 



where V=R'^/p. Eliminating t, we obviously arrive at the 
equation of a conic having its centre at the centre of force and 
R, R' for semi-conjugate diameters. 

If yu, is positive, the centre of force is attractive and the orbit 
must be at every point concave to the origin. The orbit is there- 
fore an ellipse. If ^ is negative, the central force repels, and the 
orbit, being convex to the origin, is a hyperbola. Since the centre 
of the conic is always at the centre of force the orbit can be a 
parabola only when the centre of force is infinitely distant. If the 
force at the particle is then finite, the coefficient yu, must be zero. 
The finite changes of r as the particle moves about do not affect 
the value of pr. The force on the particle is then constant in 
magnitude and fixed in direction. 

When /ju is negative, we put //, = /. The solution of the 

differential equations then becomes 

' 



where V=iR'\/p' and i = V 1. It is evident that iR' is real. 

326. Since any point of the orbit may be taken as the point 
of projection, we deduce from the equation V=\[pR', that the 
velocity v at any point P of the ellipse is given by v = \fpR' where 
R' is semi-conjugate of OP. If r be the radius vector of the 
moving particle this equation may also be written v z = /j. (a 2 + 6 2 r 2 ) 
where a and b. are the semi-axes. 

Since vp = h andjpjR'= ab, we see that the constant h is h=\//j<,ab. 

If the principal diameters are taken as the axes of coordinates, 
we have x = a cos <f>, y = b sin <, where </> is the eccentric angle of 
the particle. It immediately follows that the particle so moves 
that </> = *J/j.t. When < has increased by 2?r the particle has made 
a complete circuit and returned to its former position. The 
periodic time is therefore 2?r/\/y"-. It appears from this that the 
periodic time is independent of all the conditions of projection 
and is the same for all ellipses. It depends solely on the strength 
ILL of the central force. 

In general the time of describing any arc PP' is the difference 
of the eccentric angles at P and P' divided by \/A<" 



When the orbit is a hyperbola we have 
x = a, eP + e-+', 



where <j> is an auxiliary angle. It immediately follows that 
where // is positive and equal to /*. 



327. When the velocity F and angle @ of projection as well 
as the initial distance R are given, the semi-axes a, b of the conic 
described may be deduced from the equations 



These give real values to a 2 and 6 2 . The angle which the major 
axis makes with the initial distance is given by 

cos 2 sin 2 ^_J L 2fl _6 2 a? ~ R 2 

~^r + ~""-R*' ' taD a 2 '.E*-& 2 ' 

Since V \JfiR', it is evident that the problem of finding the 
particular conic described when R and V are given is the same 
as the geometrical problem of constructing a conic when two semi- 
conjugate diameters R, R' are given in position and magnitude, 
This useful construction is given in most books on geometrical 
conies. 

328. Eeferring to the equations (1) of Art. 325 we see that the motion in an 
ellipse about a centre of force F=/j,r is the resultant of two rectilinear harmonic. 
oscillations along two arbitrary directions Ox, Oy represented by 

X= -fix, Y= -fj.y. 

The resultant of any number of rectilinear harmonic oscillations (performed in 
equal times) along arbitrary straight lines OA, OB, &c. may be found by resolving 
the displacements of each along two arbitrary axes and compounding the sums of 
the components. The resulting motion is therefore an elliptic motion with for 
centre. 

Ex. Investigate the conditions that the resultant of two rectilinear harmonic 
oscillations, of equal periods, whose directions make an angle 6, should be (1) a 
rectilinear, (2) a circular motion. Prove that in the first case their angles or 
phases must be equal; in the second their amplitudes must be equal and their 
phases differ by tr - 0. The radius is a sin 6. 

320. Ex'. 1. If OP, OQ are conjugate diameters of an ellipse, prove that the 
time from P to Q is one-quarter of the whole periodic time. This follows at once 
from the fact that the area POQ is one-quarter of the area of the ellipse. 

Ex. 2. Prove that in a hyperbolic orbit the time from the extremity of the 
major axis to a point whose distance from that axis is equal to the minor axis is 



Ex. 3. If the circle of curvature at any point P of an ellipse cut the curve 
again in <2, and A is the extremity of the major axis nearest to P, prove that the 
time from Q to A is three times the time from A to P. 

Since <p-=*jtj.t, Art. 326, the theorems in conies which, like this one, are con- 
cerned with eccentric angles may at once be translated into dynamics. 

Ex. 4. Two tangents TP, TQ are drawn to an ellipse, prove that the velocities 
at P and Q are proportional to the lengths of the tangents. [For these tangents 
are known to he proportional to the parallel diameters.] 

33O. Point to Point. To find the directions in which a particle must be 
projected from a given point P vjith a given velocity V, so as to pass through another 
given point Q. 

Let 7-j, r z be the distances of P, Q from the centre of force 0. Let OP be 
produced to D where D is such that the velocity V of projection at P is equal to 





that acquired by a particle starting from rest at D and moving to P under the 
action of the centre of force. Let OD = k. Then since V-=n(a- + b~- j-j 2 ), the 
sum of the squares of any two semi-conjugates of the trajectory is k". 

Bisect PQ in N and let ON=x, NP=.NQ = y. From the equation of the 
ellipse, 



_ 

> ' 1 ) ! 

a- k~ - a- 



(1). 



Since x, y, k are given, this quadratic gives two values of a~, showing that 
there are two directions of projection which satisfy the given conditions. 

Let these directions of projection from P intersect ON produced in T and 2", 
then since a-=ON . OT, the quadratic gives the positions of T and T'. ' We also 
have OT . OT = k", and NT . NT' = y". 

The roots of the quadratic (1) are imaginary if x + y>k. Produce PO to P' 
where OP'=OP, the roots of the quadratic are imaginary unless Q lie within the 
ellipse whose foci are P, P' and semi-major axis a'=k. This ellipse is the boundary 
of all the positions of Q which can be reached by a particle projected from P with the 
given velocity. It is also the envelope of all the trajectories. 

Ex. I. If two circles be described having their centres at and N and their 
radii equal to k and ij respectively, prove (1) that their radical axis will intersect 
ON produced in the middle point E of TT' ; (2) that RT~ is equal to the product of 



ux. V. anow tnat tne greatest range r=j^y on any straignt line ^v maiang a 
given angle with OP=r 1 is determined by (F - r 1 2 )/r=^ - r : cos 6. 

Show also that in this case OT = fc, and NT=NP=NQ. Thence deduce that 
the common tangent at Q to the trajectory and the envelope intersects the direction 
of projection from P at right angles in a point T which lies on the circle whose 
centre is and radius k. 

The first part follows from the focal polar equation of the ellipse and the second 
from known geometrical properties of the ellipse. 

331. Examples. Ex. 1. If the sun were broken up into an indefinite 
number of fragments, uniformly filling the sphere of which the earth's orbit is a 
great circle, prove that each would revolve in a year. [Coll. Ex.] 

The attractions of a homogeneous solid sphere on the particles composing it 
are proportional to their distances from the centre. 

Ex. 2. A particle moves in a conic so that the resolved part of the velocity 
perpendicular to the focal distance is constant, prove that the force tends to the 
centre of the conic. [Math. Tripos.] 

Ex. 3. A particle describes an ellipse, the force tending to the centre; prove 
that if the circle of curvature at any point P cut the ellipse in Q, the times of 
transit from Q to P through A and P to Q through 5 are in the same ratio as the 
times of transit from A to P and P to B,. where A and J5 are the extremities of the 
major and minor axes and P lies between A and B. 

Ex. 4. A particle is attracted to a fixed point with a force /t times its distance 
from the point and moves in a medium in which the resistance is h times the 
velocity ; prove that, if the particle is projected with velocity v at a distance a 
from the fixed point, the equation of the path when referred to axes along the 
initial radius and parallel to the direction, of projection is 

7c tan" 1 2anyl(2vx - aky) + n log (.r 2 /a 2 + fj-y-jv" - Jcxyjav) = 0, 
where ?i 2 =^i-fc 2 /4. [Coll. Ex. 1887.] 

Ex. 5. Three centres of force of equal intensity are situated one at each 
corner of a triangle ABC and attract according to the direct distance. A particle 
moving under their combined influence describes an ellipse which touches the sides 
of the triangle ABC. Prove that the points of contact are the middle points of 
the sides, and that the velocities at these points are proportional to the sides. 

[Math. Tripos, 1893.] 

Ex. 6. If any number of particles be moving in an ellipse about a force in the 
centre, and the force suddenly cease to act, show that after the lapse of (l/2?r)th 
part of the period of a complete revolution all the particles will be in a similar 
concentric and similately situated ellipse. . [Math. Tripos, 1850.] 

Ex. 7. A particle moves in an ellipse under a centre of force in the centre. 
When the particle arrives at the extremity of the major axis the force ceases to 
act until the particle has moved through a distance equal to the semi-minor axis ; 
it then acts for a quarter of the periodic time in the ellipse. Prove that if it again 
ceases to act for the same time as before, the particle will have arrived at the other 
end of the maior axis. TArt. 325.1 FMath. Trinns. IfifiO.l 



Ex. 8. An elastic string passes through a smooth straight tube whose length 
the natural length of the string. It is then pulled out equally at both ends 
;il its length is increased by J2 times its original 'length. Two equal perfectly 
stic balls are attached to the extremities and projected with equal velocities at 
bt angles to the string, and so aa to impinge on each other. Prove that the 
le of impact is independent of the velocity of projection, and that after impact 
:h ball will move in a straight line, assuming that the tension of the string is 
iportional to the extension throughout the motion. [Math. Tripos, I860.] 

Ex. 9. A point is moving in an equiangular spiral, its acceleration always 
ding to the pole S ; when it arrives at a point P the law of acceleration is 
inged to that of the direct distance, the actual acceleration being unaltered*. 
>ve that the point P will now move in an ellipse whose axes make equal 
fles with ,SP and the tangent to the spiral at P, and that the ratio of these axes 
an a : 1 where a is the angle of the spiral. 

Ex. 10. A series of particles which attract one another with forces varying 
setly as the masses and distance are under the attraction of a fixed centre of 
se also varying directly as the distance; prove that if they are projected in 
allel directions from points lying on a radius vector passing through the centre 
force with velocities inversely proportional to their distances from the centre of 
je, they will at any subsequent time lie on a hyperbola. [Math. Tripos, 1888.] 
Ex. 11. A particle starting from rest at a point A moves under the action of a 
tre of force situated at S whose magnitude is equal to /j. . (distance from S). It 
ives at A after an interval T and the centre of force is then suddenly transferred 
some other point 6" without altering its magnitude. If the particle be at a point 
it the termination of a second interval T equal to the former, prove that the 
light lines SS' and AB bisect each other. If at this instant the centre of force 
suddenly transferred back to its original position S, prove that at the end of a 
rd interval T the particle will be at S'. If at that instant the centre of force 
sed to act, the particle will describe a path which passes through its original 
ition A. 

Ex. 12. If the central force is attractive and proportional to M 2 /(cw + cos 0) 3 , 
'Ve that the orbit is one of the conies given by the equation 

(cu + cos0) 2 = a + &coa2(0 + a). [Coll. Ex. 1896.] 

Putting c?t + co&0=U, the differential equation of the path becomes the same 
that for a central force varying as the distance IfU. The solution is therefore 
jwn to be the form given above. 

Ex. 13. A particle moves under a central force .F=/*M 2 (l + fc a Bin 2 0)~^. Find 
i orbit and interpret the result geometrically. [Math. Tripos.] 

Ex. 14. A smooth horizontal plane revolves with angular velocity w about a 
tical axis to a point of which is attached the end of a weightless string, 
ensible according to Hooke's law and of natural length d just sufficient to reach 
! plane. The string is stretched and after passing through a small ring at the 
int where the axis meets the plane is attached to a particle of mass m which 
ives on the plane. Show that, if the mass be initially at rest relative to the 
-ne, it will describe on the plane a hypooyoloid generated by the rolling of a 
cle of radius \ a {1 - w (mcZV- 1 )*} on a circle of radius a, where a is the initial 
ension and X the coefficient of elasticity of the strinc. 
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The accelerating tension is Xr/md=ju,r (say). The path in space is therefore 
an ellipse ha'ving a and 6 = wa/^//* for semi-axes. To find the path relative to the 
rotating plane we apply to the particle a velocity tar transverse to r backwards. If 
p' be the perpendicular from the centre on the resultant of v and wr, we have by 
taking moments about the centre 

(v z - 2vup + wV) p'- = (vp - wr 2 ) 2 . 

Substituting for r 2 and vp their values in elliptic motion we find 
6 2 (a 2 -r 2 )=2> /2 (a 2 -& 2 ). 

This is a linear relation between r 2 and p' z and the curve will be an epicycloid 
if the radii of the corresponding circles are real (Art. 322). To find the radius of 
the fixed circle, we put p' = 0; this gives the radius r= a. To find the radius 
c of the rolling circle, we put p'=r, and ra + 2c; this gives the required value 
of c. If c is negative the curve is a hypoeycloid. 



Law of the inverse square of the distance. 

332. A particle is acted on by a centre of force situated in the 
origin whose acceleration is F = /u,w 2 where u is the reciprocal of the 
radius vector. It is required to find the possible orbits. 

We have the differential equation (Art. 309) 
d*u F 



.'. u j, + A cos(0 - a), 

where A and a are the constants of integration. Comparing this 
with the equation of a conic 

Z= 1 + ecos(B-a) ..................... (2), 

where I is the semi-latus ectum, we see that the orbit is a conic 
having one focus at the centre of force. We also have h- = fd. 

Conversely, if the orbit is a conic with the centre of force in 
one focus, the law of force must be the inverse square. To prove 
this, we let (2) be the given equation of the orbit; substituting 
in the left-hand side of equation (1) we find F=fj,u 2 , where /* has 
been written for the constant h 2 jl. 

333. The velocity. The relations between the conic and 
the force are more easily deduced from the equation 





iere C is the constant of integration. The p and r equation of 
ellipse having a focus S at the origin is 



r a 



iere I = 6 2 /a is the semi-latus rectum. Comparing these equations, 
5 have the standard formulae 

(A). 



We change from the ellipse to the hyperbola by making the 
ntre C pass through infinity to the other side of the origin 8, 
j therefore put a' for a ; also 6 2 becomes 6' 2 , the semi-latus 
stum remaining positive and equal to 6' 2 /a'. We now have 



i 





-(B). 



In passing from that branch of the hyperbola which is concave 

the centre of force to the convex branch, the radius vector r 

anges sign through infinity from positive to negative. Before 

mparing the equation of the orbit with that of the hyperbola 

2 should write r' for r in the latter. Also since this branch 

convex to the origin the force is repulsive and p is negative, let 

put p i*!. Comparing the formulae 



have 



.__ , r _ 

" o 7 r ^, / "1 7 > 

p~ r p~ r a 



.(C). 



the parabola, a is infinite, and 
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All these formulae may "be included in the standard form (A) 
of the ellipse if we understand that on the concave branch of the 
hyperbola the major axis is by interpretation negative; on the 
convex branch, the radius vector being made positive, the major 
axis is positive while the semi-latus rectum I and the strength p 
are negative. 

334. Construction of the orbit. When the velocity F 
and the distance M are known at any point P of the orbit (say, 
the initial position), we may determine the curve in the following 
manner. Let the force be attractive. The orbit is now concave 
to the centre of force and ^ is positive. Comparing the formulae 
(A), (B) and (D) and remembering that the velocity V-i from 
infinity to the initial position is given by F a 2 = 2/A/jRj (Art. 312), 
we see that the orbit is an ellipse, parabola or the concave branch 
of a hyperbola according as the velocity is less than, equal to, or 
greater than that from infinity. We notice that this criterion is 
independent of the angle of projection at P. Let the force be 
repulsive. Since the path is convex to the centre of force the 
orbit is the convex branch of a hyperbola. 

335. Having ascertained the nature of the orbit we have 
next to determine the lengths of the major axis and latus rectum. 
Supposing the ellipse to be the standard case, we have by (A), 

I 2 V- 

- _ . \\r e notice that the length a is independent of the 

angle of projection. If then particles are projected from the same 
point tuith equal velocities the major axes of the orbits described are 
equal. 

If /3 be the angle of projection (Art. 313) we have p = Rsin.(3 
and h=Vp. The constant h and the semi-latus rectum I are 
therefore found from h = VR sin /3, A 2 = fd. 

336. The position in space of the major axis may be found in 
various ways. Let S be the focus occupied by the centre of force 
and A the extremity of the major axis nearest to S. 

n<^ /) ftvim fclid anal^T-fac^al ami a fa m rtf f.Via nnmro 



We may also use a geometrical construction. The focus S 
and the tangent PT at P being known, we can draw a straight 
line PJJ so that SP, PH make equal angles with PT, the direction 
of PH depending on whether the curve is an ellipse or hyperbola. 
If the point H is then determined so that SP + PH %a, where 
a has been ^already found, it is clear that H is the empty focus. 
If the curve is a hyperbola, these lengths (as already explained) 
must have their proper signs. The position of the major axis 
is then found by joining S and H, and a being known the 
eccentricity e is equal to SH/2a. 

337. Ex. 1. The initial distance of a particle from the centre of force 
being r, and the- initial radial and transverse velocities being V l and F 2 , prove 
that the latus rectum 2i and the angle 6 which the radius vector r makes 

I V 2 V V 

with the major axis are given by -^ = - 2 - , 1 



Ex. 2. Prove that there are two directions in which a particle can be projected 
from a given point P with a given velocity F, so that the line of apses may have 
a given direction Sx in space, and find a geometrical construction for these 
directions. 

Since F is given, a is known. With centre P and radius Za-r describe a 
circle cutting Sx in H, H'. The required directions bisect externally the angles 
SPH, SPH'. 

Let /3 be either of the angles the direction of projection at P makes with SP, 
Art. 313. The quadratic giving the two values of tan /3 is 

r\ r 

!-- )cot0cot/3 + --l = 0, 
a) a 

where is the angle PSx. This follows from Ex. 1 by writing F x = 
F 2 = F sin j3. The quadratic may also be written in the form 



Ex. 3. Three focal radii SP, SQ, SR of an elliptic orbit and the angles 
between them are given. Show that the ellipticity may be found from the equation 
&A=aA', where A is the area PQR, A' the area of a triangle whose sides are 
2SQ- . SR* sin QSR and two similar expressions. [Math. Tripos, 1893.] 

Let P', Q', R' be the points on the auxiliary circle which correspond to P, Q, R. 
We first find by elementary conies the length of the side Q'R' in terms of SQ, SR 
and the contained angle. The result shows that the side Q'R' is equal to the 
corresponding side of the triangle A' after multiplication by a/b. Since the areas 
of the triangles PQR, P'Q'R' are known to be in the ratio bja, the result follows 
at once. 

Ex. 4. Two particles P, Q describe the same orbit about a centre of force 0. 



Thence deduce that if a ring of meteors (not attracting each other) describe i 
closed orbit, the angular distance between consecutive meteors varies inversely an 
the square of their distance from 0. 

Ex. 5. Two particles P, Q, describe adjacent elliptic orbits of small eccentricity 
in equal times, the centre of force being in the focus and the major axes coincident 
in direction. Supposing the particles to be simultaneously at corresponding 
apses, prove that the angle ^ which PQ makes with the line of apses is given by 
cot ^= -3 cosec 2>ii -)- cot 2wt, and find when ^ is a maximum. 

338. Elements of an orbit. To fix the position in space 
of an elliptic orbit described about a focus we must know the 
values of six constants, called the elements of the orbit. 

These are (1) the angle which the radius vector from the 
given focus to the nearer extremity of the major axis makes with 
some determinate line in the plane of the orbit, the angle being 
measured in the positive direction; (2) the length of the major 
axis ; (3) the eccentricity ; (4) a constant usually called the epoch 
to fix the longitude of the particle at the time t = 0. This con- 
stant will be considered later on. 

To determine the plane of the orbit we require two more 
constants. Taking the focus as origin, let some rectangular axes 
be given in position. Let the plane of the orbit intersect the 
plane of ccy in the straight line N'SN. This line is called the 
line of nodes, and that node at which the particle passes to the 
positive side of the plane of xy is called the ascending node. We 
require (5) the angle the radius vector to the ascending node 
makes with the axis of x, and (6) the inclination of the plane of 
the orbit to the plane of xy. 

339. Point to Point. To project a, particle with a given 
velocity V from a given point P so that it shall pass through 
another given point Q. 




S 




Let r 1} ?<, be the distances SP, SQ. The velocity at P being given , 
the major axis 2a is also known from the formula V' 2 = u,(~ ] . 



With centres P and Q, describe two circles of radii 2a r-, , %a r. 2 ; 
these intersect in two points H, H'. Either of these may be the 
empty focus. The three sides of the equal triangles PQH, PQH' 
are therefore known. 

There are two directions of projection which satisfy the given 
conditions. These directions are the bisectors of the supplements 
of the angles 8PH, SPff'. Let /3, /3' be the angles of projection 
at P (measured behind the radius vector SP, see Art. 313), then 
/3 4- /3' is equal to the supplement of SPQ, and @ ft' is equal to 
the known angle HPQ. 

The range PQ on a given straight line is the greatest possible 
when H, H' coincide and lie on the straight line PQ. We then 

have 

PQ = PH + QH = 4a - r, - r,. 

This equation requires that the semi-major axis should be one- 
quarter of the perimeter of the triangle SPQ. 

Since two consecutive trajectories whose foci are in the neigh- 
bourhood of PQ intersect in Q, the locus of Q as the range PQ 
turns round P is the envelope of all trajectories from a given point 
P with a given velocity. Since PQ + QS = 4a r 2 this locus is 
another ellipse having its foci at P and S. Each trajectory touches 
the enveloping ellipse in the point where the straight line joining 
P to the empty focus of the trajectory cuts either curve. 

34O. Ex. 1. Prove that the semi-major axis a', the eccentricity e! and the 
semi-latus rectum V of the enveloping ellipse are given by 

2a' = 4.a-r 1 , e f =-Jj, Z' 2 =2o(2o-r 1 ). 

1 40.-?'! U 

Ex. 2. If the variation of gravity is taken account of and the resistance of 
the air neglected, prove that the least velocity with which a shot could be projected 
from the pole so as to meet the earth's surface at the equator is about 4 miles per 
second, and that the angle of elevation is 22^. [Coll. Ex. 1892.] 

Ex. 3. If a particle when projected from Pj passes through two other points 
P 2 , P a , prove that the semi-latus rectum I is given by either of the equalities 

l& = r 1 A i + r. i A., + r s A 3 ^= l 2r- i r.,r 3 sin a, sin a 2 siu a 3 , 

where r lt 7* 2 , r s , are the distances SP lt SP, SP 3 ; A lt A, A s are the areas of the 
triangles P 2 SP S , P 3 S-Pn P^P.,; <*i, , 0-3 the angles at the focus S and A is the 
area of the triangle P]P 2 P 3 . Prove also that the eccentricity is given by 
2 =S (A . sec a)--2S(^i,'J., seco : sec a 2 cos a 3 ). 



341. Time of describing any arc. The time of describing 



and h" = id?la, (Art. 332), we find that the periodic time= ,- a . 

It appears from this that the period is independent of the 
minor axis and depends only on the strength p of the centre of 
force and on the length of the major axis. 

If n be the mean angular velocity in the orbit, the mean being 
taken with regard to time, the period is 27r/w. It follows that 

? * 2= a 3 * 

342. To find the time of describing any arc AP of an elliptic 
orbit. 

Let 8 be the focus occupied by the centre of force, AQA' the 
auxiliary circle and QPN an ordinate. If A is the extremity of 
the major axis nearest to S, the angle ASP is called the true 
anomaly and is sometimes represented by the letter v, i.e. the 
angle ASP = v. The angle ACQ is the eccentric angle of P and 
in astronomy is called the eccentric anomaly ; it is usually repre- 
sented by u, i.e. the angle ACQ u. Thus the true anomaly n is 
measured at the centre of force, the eccentric anomaly u at the 
centre of the orbit. 

When the particle is a planet the extremities A, A' of the 
major axis are called the perihelion and aphelion ; when the particle 
is the moon the same points are called perigee and apogee. They 
are also called the apses, Art. 314. 

Kepresenting the time of describing the arc AP by t, and the 
mean angular velocity of the particle by n, the product nt is 
called the mean anomaly, and is generally represented by m, i.e. 
m nt. To represent this angle geometrically we let a second 
particle describe a circle, having its centre at S, with a uniform 
motion in the same period as the given particle describes the 
ellipse. The actual angular velocity of this particle is therefore 
n. If A and Q' are its positions at the times t = and t = t, the 
angle ASQ' = nt. 

The true and mean anomalies are the important angles in the 
theory of elliptic motion. The eccentric anomaly is introduced 
as an auxiliary angle because, by its help, very simple expressions 
can be found for the other two anomalies and for the radius vector. 



The difference between the true and the mean anomaly, or 
v m, is called the equation of the centre, and is positive from the 
nearer apse to the farther and negative from the farther to the 
nearer. 

Using the geometrical theorem that the ratio of the area ASP 
of the ellipse to the corresponding area ASQ of the circle is 
constant for all positions of P and equal to &/a, we have, if 
A area ASP, 

A = - (area ACQ - area SCQ) 

Cb 

= ~ - (a 2 ** ~ a? 6 sm u )- 
2 a X - 0'~"'SN 




Since A %ht, h 2 = fjfrja, n z = /x/<i 3 , this gives 

nt u e sin u ........................ (A). 

We may obtain this relation between u and t -without using any figure. Taking 
the focus S for origin, we have 

x'= ~ae + a cos it, y' = bsmu, 

hdt 2dA = x'dy' - y'dx'. 
Substituting for x' and if we obtain t in terms of u by an easy integration. 

343. To find the relation between the true and eccentric 
anomalies we notice that CS = ae, CN x, SP r= a ex. 



_ - , ae oo (I +e)(a x) 

.'. 1 COS V 1 + = -^ ; 

1 + COS V = 1 



a ex r 

ae x_(\ e) (a + #) 
a ex r 

Kemembering that x = a cos u, these give at once 

IT . v ,, . . u /r v ..~ x u 

A / - sm -= = v(l + 6) sin } A / ~ cos n = v (1 - ) cos rr ; 
V 2 YV y 2' ya 2 vv 7 2' 



e u 
tan 2 



Eliminating u between (A) and (B) we have 
nt = 2 tan- 1 tan l - e Vl - 



- - , . 

+ e 2j v ' 1 + & cos v 

The expression for the time in terms of the longitude may also be found by 
. . ______ . , P f f*dO , ... . .. 



is known that f~~ = Jl^i) ^^ ( V/+I ^t) ' By differentiating 
this with regard to /, the value of t follows at once. 

Ex. Prove that r -r-J(al), and r ~ = an. 
du * ^ ' dt 

344. Ex. 1. Prove that the mean distance of a planet from the sun is a 01 
a(l-f-^e 2 ) according as the mean is taken with reference to the longitude or the 
time. [These means are respectively frdffftir and frdtjT, where T is the periodic 
time.] 

Ex. 2. Prove that the mean value of r n with regard to time for a planet is 

jn+l 

" 



-Ex. 3. The earth's orbit being regarded as a circle, prove that a comet, 
describing a parabolic orbit in the same plane, cannot remain within the circum- 
ference of the earth's orbit longer than the (2/37r)th part of a year. [Coll. Ex.] 

Ex. 4. A particle is projected from the earth's surface so as to describe a 
portion of an ellipse whose major axis is 1J times the earth's radius. If 'the 
direction of projection make an angle of 30 with the vertical, prove that the time 
of flight is f (3a/#)- {tan" 1 x/6+^/f}- where a is the earth's radius. 

[Coll. Ex. 1895.] 

345. Orbits of small eccentricity. The equations (A) and (B) of Arts. 342, 
343 determine the time of describing any given angle v in an elliptic orbit of any 
eccentricity, the equation (B) giving u when v is known while the equation (A) then 
determines t. The converse problem of finding the polar coordinates r and v 
when t is given is usually called Kepler's problem. One solution by which u and v 
are expressed in terms of t by series arranged in ascending powers of e will be 
presently considered. It is enough here to notice that in a planetary orbit, where 
e is small, the value of -u when t is given can be found by successive approxima- 
tion. The value of v then follows from (B) by using the trigonometrical tables. 

346. To solve <j> (u)=u- e ainu~m=.0 by Newton's rule, when m, i.e. nt, is 
given. 

Supposing M I( Un to be two successive approximations to the value of u, that 
rule gives 

A (i ) m - m-. 

ni __ iji - _ / v I/ . _______ _ __ !____. 

21 <f>' (itj) 1 e cos ttj ' 

where 7;t 1 = w 1 -eshiM 1 . To find a first approximation we notice that u lies 
between m and ?/ie, the upper or tower sign being taken according as m is 
<TT or > . We choose some value of w, lying between these limits, which is an 
integer number of minutes so that its trigonometrical functions can be found from 
the tables without interpolation. By Fourier's addition to Newton's rule this first 
approximation should be such that < (u) and <" (u) have the same sign. 

Substituting this first approximation for -MJ , the formula gives a second approxi- 
mation. Substituting again this second approximation for it, , we obtain a third, 
and so on* When e is very small the first computed value of the denominator ia 
sometimes sufficiently accurate for all the approximations required. See Encke, 
Berliner Astronomitches Jahrbuch, 1838. Gauss, Theoria Motus &c., translated by 



Ex. Prove that if we choose u^^m + e as the first approximation, the error of 
the value of u 2 is of the order e s . 

8*7. Ex. 1. Leverrier's rule. If terms of the order e* can be neglected, 
prove 

, esinm If esmm \ 3 

i\l yn J_ ____ _ _ ________ _ _ | ^_ | ___ ___ ___ I 

1-eeosm 2\l-ecosm/ 

Glaisher remarks that if we replace the third term by - \ (e sin m) 8 (1 - e cos m)~*$~ 
the formula is correct when terms of the order e 8 are neglected. He also gives a 
series for correct up to e 8 . Monthly Notices of the Astronomical Society, 1877. 

,-, o, , ,, . , ecoseom , 

.Ea;. 2. Prove that cot w= cot m--:-. - r where 

/(u-m) 



Putting u=m+e on the right-hand side of the first equation we obtain an 
approximation for cot whose error ia of the order e 3 . This is Zenger's solution 
of Kepler's problem. He has tabulated the values of J(e) for the eight principal 
planets. Some improvements of the method have been suggested by J. C; Adams. 
-Both papers are to be found in the Monthly Notices of the Astronomical Society, 
1882, vol. XLII. p. 446, vol. XLIII. p. 47. 

Ex. 3. Prove the following graphical solution of Kepler's problem. Construct 
the curve of sines y = siax, measure a distance OM=m along the axis of x and 
draw MP making the angle PMx equal to cot" 1 e. If MP out the curve in P, the 
abscissa of P is the value of . 

This method was described by J. G. Adams at the meeting of the B. Association 
in 1849. It is also given by See in the Astronomical Notices, 1895, who also refers 
to .Klinkerfues and Dubois. Another graphical solution, using a trochoid, is given. 
by Plummer, Astronomical Notices, 1895, 1896. 

Ex. 4. The equation u-esin=m has only one real value of u when m 
is given. 

This follows from the graphical construction. If the ordinate MP could cut 
the curve in a second point Q, move the straight line PQ parallel to itself until P 
and Q coincide. We should then have a tangent to the curve making an angle 
tan -I l/e with the axis of x. But if e<l this is impossible, for in the curve of 
sines the greatest value of the angle ia 45. 

Ex. 5. By using Lagrange's theorem we may expand /(u) in a series of 
ascending powers of the eccentricity, the coefficients being functions of m. Prove 
that if the form of the function / (u) be so chosen that the coefficient of e a is zero, 

we obtain the series 

cot u = cot m - e oosec m + -J- e 3 sin m + &c. , 

which takes a very simple form, when the cubes of e can be neglected. This 
equation is due to Bob. Bryant, Astronomical Notices, 1886. 
Ex. 6. Prove that when e* can be neglected 

sin J (u - m) = e sin m+ J e 2 sin 2m + & e s sin 3m + &o. [R. Bryant.] 
Ex. 7. If 6' be the longitude of a planet seen from the empty focus and 
measured from an apse, prove that 

& nt + J e 2 sin 2* + Ac. , 
th rror bfiinc of the order e*. It follows that the angular velocity round the 



348. We may apply tne method of Art. 342 to find the time of describing 
an arc of the concave branch of the hyperbola. Taking the focus as origin the 
equation of a hyperbola may be written 



where is an auxiliary quantity and / a constant which will be immediately 
chosen to be the base of the Napierian logarithms ; 



-)- l du. 
Since fi, 3 =jt& 2 /a we have, putting /t/a 3 =n a , 

n= -u-ffisinhw .................................... (A). 

Again, as in Art. 343, we have *=C^=^ 

l 

ae-x , v 

" e08W= %-^5 ' tan 2= 
where v= ASP. If we eliminate u, we have 
. , J(e + 1) ~ 



To find a geometrical interpretation for the auxiliary quantity u, let us 
describe a rectangular hyperbola having the same major axis and produce the 
ordinate NP to cut the rectangular hyperbola in Q. Then tan Q0^'=tanh u. 

Ex. A particle describes the convex branch of the hyperbola, and j*= - /*' is 
negative. Prove 

tan = ~T tanl1 5 



where v=ASP, 

349. The time in a parabolic orbit may be more easily found 
by using the equation r*d@ = hdt. 

Putting. ljr = l + cos v where I is the semi-latus rectum, and 
A 2 = pi, we have 



This formula gives the time t of describing the true anomaly 



If c be the radius of the earth's orbit, and p the perihelion 
distance of the particle expressed as a fraction of c, we have 
I = 2pc. To eliminate //,, let T = 2?r Vc 3 //* be the length of a year. 
Then 



arithmetical work. Let the values of (tan ^v + tan s ^v} be 
calculated for values of v from to 180, with differences for 
interpolation. When p is known for any comet moving in a 
parabolic orbit, the table can be used with equal ease to find the 
time when the true anomaly is given or the true anomaly when 
the time is known. 

350. Euler's theorem. A particle describes a parabola 
under the action of a centre of force in the focus 8. It is required 
to prove that the time of describing an arc PP' is given ly 

6 \ffjit = (r + r' + ty* -(r + r'~ &)*, 

where r,r' are the focal distances of P,P f and k is the chord joining 
P, P. 

Let x, y\ x' t y' be the coordinates of P, P', then since y s = 



As we wish to make the right-hand side a perfect square, we put 
y + y' = 4<a tan 0, y y = 4a tan </> ............ (1). 

We shall suppose that in the standard case y is positive and y' 
numerically less than y ; then 6 and </> are positive, 

.*. k = 4atan0 sec0 ........................ (2). 

Also r + r' = 2a + x + x' = 2a (sec 2 + tan a </>) ; 

/. r + r' + k = 2a (sec + tan <) 2 ) 
r + r - k = 2a (sec - tan <) 3 j ' 



{(sec + tan <) 3 - (sec - tan 
) f {3 + 3 tan a + tan*<} tan <. 
Drawing the ordinates PJV^, P'N', we see that 
area PP = APN- AP'N' + SP'N' - SPN 



= fa 2 tan < {3 tan'0 + tan s < + 3}. 

Since the area PSP'= %ht = ^\f(2a(j,)t the result to be proved 
follows at once. 
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The arc PP' gradually increases as P' moves towards and past 
the apse. The quantity r + r' k decreases and vanishes when 
the chord passes through the focus. To determine whether the 
radical changes sign we notic that this can happen only when it 
vanishes. We can therefore without loss of generality so move 
the points P, P', that, when the chord crosses the jfocus, PP' is a 
double ordiriate. We then have 

6 V/4 - (2r + 2y) f - (2r - 2y) ? = {(2a + y) s -(2a - y) 3 }/(2a) . 
Comparing this with the "ordinary parabolic expression for twice 
the area ASP it is evident that the last term should change sign 
where y increases past 2a and that the double sign should be a 
minus. The second radical in JEuler's equation must be taken 
positively when the angle PSP' is greater than 180. 

361. Ex. 1. If the ordinate P'N' cut the parahola again in Q'\ prove that 
9, <j> are the acute angles made by the chords PP', PQ' with the axis of y. 

Ex. 2. Show that there are two parabolas which can pass through the given 
points P, P', and have the same focus. Show also that in using Euler's theorem 
to find the time P to P', the second radical has opposite signs in the two paths. 

To find the parabolas we describe two circles, centres P, P' and radii SP, SP'. 
These circles intersect in S and the two real common tangents are the directrices. 
These tangents intersect on PP' and make equal angles with it on opposite sides. 
The concavities of the parabolas are in opposite directions, and the angles 
described are PSP' and 360 -PSP'. If then one angle is greater than 180, the 
other must be less. 

Ex. 3. A parabolic path is described about the focus. Show that the squares 
of the times of describing arcs cut off by focal chords are proportional to the 
cubes of the chords. 

352. Lambert's Theorem*. If t is the time of describing any arc P'P of an 

ellipse, and k is the chord of the arc, then 

nt=z(<j>- sin cj>) - (<j> - sin <'), 

, . , , , /r + r' + k . , . . /r + r'-k ... 

where sm|^=^ ^ , *\n\$ = \ ^ , (A). 

Let u, u' be the eccentric anomalies of P, P', 

.-. & 2 =a 2 (cos w-cosw') 2 +a 2 (l-e 2 ) (siuu- sinw') 2 

= 4a 2 sin 2 4 (w-w'){l-e 2 cos 2 ( + ')} (1), 



=2a-oe cos u - ae cos u' 

6${tt-ti'}j ........................ (2), 



=- M' -2e cos J (+') sin (u-w') ........................ (3). 

Hence we see that if a, and therefore also n, are given, then ? + /, k, and t are 
functions of the two quantities u - u\ and e cos (u -ft*'). Let 

-'=2a, cosi(u+u')=cosj8 ........................ (4). 

.'. A=2asina sin/3 ............... . ................. (5), 

r+r'+fc=2a{l-cos(0 + aj} ........................... (6), 

r+r'-A=2a{l-cos(j3-a)} ........................... (7), 

nt=2a-2sinacosj9 ............................. (8). 

If we put /3 + a=</>, /S-a=#', the equations (6) and (7) lead to the expressions 
for sin #, sin </>' given above, while (8) when put into the form 

nt = {/3 + a - sin (/3 + a)} - { - a - sin (/3- a)} 
gives at once the required value of nt. 

363. Let us trace the values of <f>, <j>' as the point P travels round the ellipse 
in the positive direction beginning at a fixed point P. We suppose that u increases 
from ,' 



The positive sign has been given to the square root k. Since k can vanish 
only when P coincides with P', and a begins positively, we see that both a and ft 
lie between and v for all positions of P. The latter is also restricted to lie 
between cos" 1 e and v - cos" 1 e. 

We have by differentiating (4) 

d(f> =dp+da= idii{l 
d<j>'dfi-da= -<2{ 

S: ; rice 8in 2 j8=e 2 sin 2 4(u+tt') + l-<3 2 , an ^ 2 <1) it follow.s that d<j> is always 
positive and dtp' always negative. If /9 be the least value of /9 which satisfies 
cosj3 = ecosii', < continually increases from /3 to 2?r-/3 and <f>' decreases from 
A to -A- 

When </>=v, r + / + fc=4a, and the chord P'P passes through the empty 
focus H. Let it cut the ellipse in Q. It follows that <p is less or greater than tr 
according as P lies in the arc 'Q or QP'. 

When 9&' = 0, r + r'-k=0, and the chord P'P passes through the centre of 
force S. Let it cut the ellipse in R. Then <j>' is positive or negative according as 
P lies in the arc P'R or RP'. 

The values of <f>, <f>' are determined by the radicals (A). Each of these gives more 
than one value of the angle, thus <j> may be greater or less than TT and #' may be 
positive or negative. This ambiguity disappears (as explained above) when the 
position of P on the ellipse is known. Thus sin $ and sin </>' have the same sign 
when the two foci are on the same side of the chord PP' and opposite signs when 
the chord passes between the foci. 

354. Ex. 1. Prove that the time t of describing an arc P'P of a hyperbola is 
given by 



i T- <t> /r + r' + ft i_0' /r+r'-k 

where smh= */- . , smh^-= ../ -. , 

2 \^ 4a 2 \f 4a 

and & is the chord of the arc. [Adams.} 

Ex. 2. The length of the major axis being given, two ellipses can be drawn 
through the given points P, P' and having one focus at the centre of force. 
Prove that the times of describing these arcs, as given by Lambert's theorem, are- 
in general unequal. 

To find the ellipses we describe two circles with the centres at P, P' and the 
radii equal to 2a - SP, and 2a - SP'. These intersect in two points H, H', either 
of which may be the empty focus, and these lie on opposite sides of the chord PP'.- 

355. Two centres of force. Ex. 1. An ellipse is described under the 
action of two centres of force, one in each focus. If^these forces are F^fa) and 

Pa ( r ")) prove that j (r 1 a F 1 )=-~% -T(2 2 .F a ). If one force follow the Newtonian 

''i rtr i r z ar s 

law, prove that the other must do so also. 

These results follow from the normal and .tangential resolutions. 

Ex. 2. A particle describes an elliptic orbit under the influence of two equal 
forces, one directed to each focus. Show that the force varies inversely as the- 
product of the distances of the particle from the foci. [Coll. Ex.], 

Ex. S. A particle describes an ellipse under two forces tending to the foci, 
which are one to another at any point inversely as the focal distances ; prove that 
the velocity varies as the perpendicular from the centre on the tangent, and that, 
the periodic time is IT (a z + b z )jkab, ka, kl> being the velocities at the extremities of 
the axes. [Coll. Ex.] : 

Ex. 4. A particle describes an ellipse under the simultaneous action of twa 
centres of force situated in the two foci and each varying as (distance)" 2 . Prove 
that the relation between the time and the eccentric anomaly is 

~dt 



[Cayley, Math, Messenger, 1871.} 

The inverse cube and the inverse w th powers of the distance. 

356. The law of the inverse cube. A particle projected 
in any given manner describes an orbit about a centre of force whose- 
attraction varies as the inverse cube of the distance. It is required 
to find thk motion*. 

* The orbits when the force F= /j.u 3 were first completely discussed by Cotes in 
the Harmonia Mensurarum (1722) and the curves have consequently been called 
Cotes' spirals. The motion for F=/j,u n when the velocity is equal to that from 
infinity is generally given in treatises on this subject. The paths for several other 
laws of force are considered by Legendre (ThSorie des Fonctions Elliptiques, 1825), 
and by Stader (Crelle, 1852) ; see also Cayley's Report to the British Association,. 
1863. Some special paths when F=fj.u n , for integer values of n from n=4 to- 
ii = 9. are discussed bv Greenhill (Proceedinns of the. Mathematical Society. 1888L 
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Let attraction be taken as the standard case and let the 
accelerating force be F \JM?. We have 

d*u 



d? 



The solution depends on the sign of the coefficient of u. Let V 
be the velocity of the particle at any point of its path (say the 
point of projection), (3 the angle and R the distance of projection, 
then h=-VjRsm.fi; (Art. 313). Let F a be the velocity from in- 
finity, then Fj 2 = ^ijR z . It follows that h? is > or < p according 
as Fsin/3 is > or <V 1 ; i.e. the coefficient of u is positive or 
negative according as the transverse velocity at any point is 
greater or less than the velocity from infinity. If the force is 
repulsive the coefficient is always positive. 

Case 1. Let h? > p, we put 1 p[h 2 = n~, then n<1 or >1 
according as the force is attractive or repulsive. The equation of 

the path is (Art. 119) 

u = a cos n(0 a). 

The curve consists of a series of branches tending to asymptotes, 
each of which makes an angle rr/n. with the next. 

When the curve is given the motion may be deduced from the 
following relations (Art. 306), 

W-.-t-. *. (!!; + A 

1 n z \1 w 2 / 

Also by integrating d0/dt hu z , and putting a 1/6, we find that 
the time of describing the angle = a to 0, i.e. r = b to r, is given by 

hnt . , 



357. Case 2. Let /u, be positive and > 7i 2 , we put 1 fj,fh? = w 2 . 
The equation of the path is then u Ae n0 ^- Be~ n . The values 



the equation to one of the three standard forms 

u = (e^ e-^}, u = Ae"*, 

2t 

where 2raa = log( BjA), a = 2V( AB), the upper or lower signs 
heing taken according as A, B have the* same or opposite signs. 




The third case occurs when J3 = 0; the orbit is then the equi- 
angular spiral already considered in Art. 319. 

When the curve is given the motion may be deduced from the 
following relations 



where G is determined by making t vanish when r has its initial 
value and b = I/a. 

When A and B have the same sign the two branches beginning 
at the point ^ = 0, i.e. # = , wind symmetrically round the origin 
in opposite directions. When A and B have opposite signs the 
two branches 'begin at opposite ends of an asymptote, whose 
distance from the origin is y = I Jan, and then wind round the 
origin. As the particle approaches the centre of force, the convo- 
lutions of either branch become more and more nearly those of 
an equiangular spiral whose angle is given by cot <f> n, the 
upper or lower sign being taken according as = + oo . The 
particle arrives at the pole with an infinite velocity at the end 
of a finite time. 

358. Case 3. Let /* be positive and = A 2 . The orbit is 

u ~ a (6 a). 
When the path is known the motion is given by 

where t is the time from a distance r to the centre of force and 



Beginning at the opposite extremities of an asymptote the 
70 branches wind round the origin and ultimately when = + oo 
it the radius vector at right angles. If OZ is drawn perpen- 
cular to the radius vector OP to meet the tangent -at P in Z, 
3 may show that OZ is constant and equal to I/a. 

350. .Ete. The motion for a force Ff(u) being known, show how to deduce 
at for a force F=f (u) + /m 3 and give a geometrical interpretation. [Newton.] 

The differential equations are 



- h* ' dt~' 

These may be reduced to the forms used when Ff(u) by writing c0=0', 
= h', where c 2 = 1 - pjW. 

To construct the path u = <j> (c0), when u=(j> (0) is known, we make the axis of x 
Aether with the latter curve revolve round the centre of force with an angular 
locity dwjdt, where c0=0-w. The axis of a; therefore advances or regredes 
cording as c is less or greater than unity. 

36O. taw of the inverse nth. power. It is required to find the path of a 
.rticle when the central force F=tJ.u n . See Art. 320. We have 

d?u _ F _ ju 
--' 



cept when n=l, for then the right-hand side takes a logarithmic form. 

The integration of this equation can be reduced to elementary forma when 
=0; this requires that n>l for otherwise v 2 would be negative. The equation 
en shows that at every point of the orbit the velocity is equal to that from infinity, 
t. 312. 

If F be the velocity, R and @ the distance and angle of projection, we have 



2u R n ~ 3 

Bepresenting -^ ^ _ 1) = ^-^ by c- 3 , we have 

du 



lere the upper or lower sign is to be taken according as dujd6 is initially negative 
positive, i.e. according as the angle /3 is acute or obtuse. 

To integrate this put eu=x K where K is to be chosen to suit our convenience, 
iking the logarithmic differential we find dulu = Kdxjx, and the integral equation 
becomes 
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We now see that if we put K (n - 3) = - 2 the integration can be effected at once, 
but this supposition is impossible if n=3. We find 

ri-3 
/j.\ 2 ?lJ 

KCOB~ l x=:(0-a), '(') =oos 5 (0- a). 
Conversely, when the path is given, we have 

tf = _^JL V 2 = J^J_ 

n - 1 c n ~ a ' n - 1 r"- 1 

It appears that the orbit takes different forms according as n> or <3. In the 
former case the curve has a series of loops with the origin for the common node 
and rc for the maximum radius vector. In the latter case the curve has infinite 
branches, and r=c for the minimum radius vector. 

361. If the force is repulsive, we write F= - /u,V. We then have 



If (7=0, we must have <1. The velocity at every point is equal to that from 
rest at the centre of force. Proceeding as before, we have 

= cos^- l (0-a). 

362. .Ear. The law of attraction being F=fM n , show that the time t of 
describing a loop is 



where the limits are 0=0 to 7r/(-3) and 2(n-3)p=.n + l, (n- 3) q = (-!). The 
integrations can be effected when n- B= 4/i and g -|)= i where i is any integer. 

363. Examples. Ex. 1. Prove the following geometrical properties of the 
curve (r/c) 7n =cos'iK0 (Art. 320), 



where <#> is the angle the radius vector makes with the tangent, and r', 6' are the 
coordinates of a point on the pedal curve. 

(n 1\ h 2 

Since equation (1) of Art. 360 becomes p" 2 ^- ^ r 71 - 1 when (7=0, the 

2^c 

second of these geometrical results enables us to write down the equation of the 
required path and thus to avoid the integration of (3). 

Ex. 2. A perpendicular OF is drawn from the origin on the tangent at P 
to the lemniscate r 2 =a 2 cos 26. If the loous of Y be described by a particle under 



(rfC) i/ '= cos mv \ i - 

i-j-JL s+A 

(COBOT0) TO cotjng 7 /"(coBmfl) m dO 



(sinm0) ~ m ?i? / (sin m0) 2 ' 

(cos ma) m ' 
where the limits are 0=0 to a. 

i^ 

Substitute r/c = (cosm0) m -(-, in. the differential equation of the path, Art. 309,. 
and neglect the squares of . 

364. The inverse fifth power. The equation (1), Art. 360, has the form 



This can be reduced to elliptic integrals as explained in Cayley's Elliptic 
Functions, Art. 400, or Greenhill, The Elliptic Functions, Art. 70. 

The integration can be effected in two cases : (1) when velocity of projection is 
equal to that from infinity, and (2) when the initial conditions are such that 
k 4 =2/j.C. In the latter case the right-hand side of (1) is a perfect square. 

Ex. 1. Prove that the integration when h*=2/*C leads to the curves 
tanh (0/^/2) =r/c or c/r, which have a common asymptotic circle r=c where 
Prove also that the velocity F of projection is given (Art. 313) by 



where V is the velocity from rest at infinity, and the upper or lower sign is to be 
taken according as the path is outside or inside the asymptotic circle. 

Ex. 2. Prove that, if the central force F=/u,u 6 , the inverse of any path with 
regard to the origin is another possible path provided the total energy of the 
motion exceed the potential energy at infinity by a positive constant E reckoned 
per unit mass and also that for the two paths Eh'^E'h*. 

Prove that when 7t 4 >4/u>0 the path is of the .form r=asn f K -rpr p-j 

modulus k or the inverse form. [Matb. Tripos, 1894.J 

According to the notation of Art. 313, 2E = C. 

365. The inverse fourth power. The equation (1) of Art. 360 is' 

(du\ z _ 2/x, f S _JW 2 3j 
\db) ~3h z \ 2/x" ^ 

This cubic can always be written in the form 

2/j. 



and the integration can be reduced to forms similar to those in Art. 364 by writing 



The integration can be effected when the initial conditions are such that 
h 6 =B/j?C. In this case the right-hand side has the factor (u- 



Ex. Show that the integration leads to the curves w = -- r-^ = , the upper 



signs being taken together and the lower together. These curves have a common 
asymptotic circle r=,u/A 2 , one curve being within and the other outside. 
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366. Other powers. Ex. If the force F=/j.u 7 , and the initial conditions 
are such that 2ft s =3C\/M( prove that the equation (1) of Art. 360 takes the form 



where & 2 =7t/, v / J u. Thence deduce the integrals rz = 7 ^ , having a common 

COSn au := a 

asymptotic circle. The Lemniscate can also be described under this law of force, if 
the velocity is equal to that from infinity; Arts. 320, 360. 

367. Nearly circular orbits. To find the motion approxi- 
mately, when the central force F=-fiu n and the orbit is nearly 
circular. 

Beginning as in Art. 360 with the equation 



we put w = c(l-}-#) where c is' some constant to be 'presently 
chosen but subject to the condition that x is to be a small 
fraction. We thus find 



w \f III 

We see now that the right-hand side of the equation will be 
simplified if we choose c so that the constant term is zero, i.e. we 
put A 2 = /iC 7l ~ 3 . The equation thn becomes 



Tfln T w ~~~ \ 'f <w i A/ ~r~ 2 \ /tf **/ V /(/ -t// <w ~T~ \x/Q (O^/ 

As a first approximation, we assume 

os = M cos (p& + a) (4), 

where M is a small quantity. Substituting and rejecting the 
squares of M we find 

(1 -p*) MQQB (pQ + a) = (n - 2) M cos (pO + a) (5). 

The differential equation is therefore satisfied to the first order, 
if we put p 2 = 3 n. In this case we have as the equation of the 
path 

If n < 3, the equation (6) represents a real first approximate 
solution of the differential equation (1). We notice that the 
particle oscillates between the two circles u = c(l+M) and 



ild be described about the centre of force with the given 
ular momentum h. 

The positions of the apses are found by equating du/dff to 
). This gives p6 + a = i7r, the angle at the centre of force 
sveen two successive apses is therefore ir/p. 

If n > 3, the value of p is imaginary, and the trigonometrical 
ression takes a real exponential form, Art. 120. The quantity 
herefore becomes large when 6 increases, and the particle, 
,ead of remaining in the immediate neighbourhood of the 
umference of the circle, deviates widely from it on one side 
;he other. As the square of x has been neglected the expo- 
.tial form of (6) only gives the initial stage of the motion and 
ses to be correct when x has become so large ths.t its square 
not be neglected, It follows from this that the motion of a 
tide in a circle about a centre of force in the centre is unstable 



168. Ex. If the law of force is F=u z f(u), and the orbit is nearly circular, 
e that a first approximation to the path is 



Chence it follows that the apsidal angle is independent of the. mean reciprocal 
us, viz. c, only when F=/j.u n , i.e., when the law of force is seme power of the 
ince. 

569. A second approximation. The solution (6) is in any case only a 
approximation to the motion, and it may happen that, when we proceed to a 
nd or third approximation, 'the value of p is altered by terms which contain M 
factor. Besides this, we shall have x expressed in a series of several trigono- 
rical terms whose general form is NGOS (q0+f3), where N contains the square or 
s of M as a factor together with some divisor K introduced by the integration, 
i. 139, 303. 

Representing the corrected value of p by # + A, the error in pd + a, i.e. 0A, 
eases by 2?rA after each successive revolution of the particle round the centre 
orce. The expression (6) will therefore cease to be even a firyt approximation 
soon as 0A has become too lairge to be neglected. On the other hand the 
itional term to the value of u may be comparatively unimportant. The 
;nitude of the specimen term ui never greater than N and, unless K is also 
11, we can generally neglect such terms. 

[n proceeding to a higher approximation we should first seek for those terms in 
differential equation which contain cos (pO + a.) ; these being added to the terms 
he same form in equation (5) will modify the first approximate value of p. 
We should also enouire if anv term in the differential equation acquires by 



37. To obtain a second approximation we substitute the first approximation 
,(6) in the small terms of the differential equation (3). Writing (3), for brevity, 
in the form 

A1~ 

} ........................... (7), 



"where = (n- 2), -y=-i (n-2) (-4), &c., we find after rejecting the cubes.of M 

i~ 

(8), 



where p9 has been written for pff + a for the sake of brevity. This equation shows 
.(Art. 303) that the second" approximate value of x has the form 

x=zMeosp6 + M z (G+AcoB2p6) ........................... (9), 

where G and ^l are two constants whose values may be found by substitution, and 
p has the same value as before. 

To obtain a third approximation, we retain the term yx? in (7) and assume 

x=M cosp9 + M z (G+AGOB2p9)+M*JBooB3pe ............... (10). 

To find the values of p, G, A and B we substitute in (7), express all the powers' 
of the trigonometrical functions in multiple angles and' neglect all terms of the 
order M*- Equating the coefficients of cosjjtf, cos2p0, cos3p0 and the constants 
on each side, we find 

- Mp z = (n 

= n - 

= (n - 3) {M Z B + M S A$ + J M 3 



Solving these equations, and remembering that p z differs from 3 - n by terms 
of the order M*, we find 

G=-i(n-2), 4=A(-2), JB=^(n-2)(-3), 

jJ a =(3-ra){l-^(n-2)(n + l)M 2 } ..................... (11). 

The three first a::e correct when M 2 is neglected and the last when M * is neglected. 
We notice that up to and including the third order of approximation the terms 
<?, A, B in equation (10) do not contain any small denominators, so that if M be 
small enough all these terms may be neglected. The motion is then represented 
very nearly by 

(12), 

..................... (13), 

and this approximation holds until Q gets so large that M*0 cannot be neglected. 
We notice also that the additional term in the value of p vanishes only when the law 
offeree is either the inverse square or the direct distance. 

Disturbed Elliptic Motion. 

371. Impulsive disturbance. When a particle is describing 
an orbit about a centre of force it may happen that at some 
particular point of that orbit the particle receives an impulse 



major axis has been changed in position and magnitude, and in 
general to express the elements of the new orbit in terms of 
those of the undisturbed orbit. 

Let the unaccented letters a, e, I, &c. represent the elements 
of the undisturbed orbit, while the accented letters a', e', I', &c. 
represent corresponding quantities for the new. We first express 
the velocity v and the angle ft at the given point of the orbit in 
terms of the undisturbed elements. Thus v and $ are given by 

o /2 1\ n P VW /i\ 

v 2 = it - sm/3 = -= (1), 

V *i* rt I w* ofy 1 

\ / I*/ / - VI 

when the undisturbed orbit is an ellipse described about the focus. 
We next consider the circumstances of the blow. Let m be 
the mass of the particle, mB the blow. The particle, after the 
impulse is concluded, is animated with the velocity B in the 
given direction of the blow, together with the velocity v along 
the tangent to the original path. Compounding these the particle 
has a resultant velocity v' and is moving in a known direction. 
Since the position of the radius vector is not changed by the 
blow we may conveniently refer the changes of motion to that 
line. If P, Q are the components of B along and perpendicular 
to the radius vector and ft is the angle the direction of motion 
makes with the radius vector, we have 

Having now. obtained v', fi', the formulae (1), writing accented 
letters for the old elements, determine the new semi-major axis a' 
and the new serni-latus rectum I'. The position in space of the 
major axis follows from Art. 336. 

372. We may sometimes advantageously replace the second 
of the equations (1) by another formula. We notice that mh is 
the moment of the momentum of the particle about the centre 
of force. Since just after the impulse the velocity v is the 
resultant of v and B, the moment of v' is equal to that of v together 
with the moment of B. Hence 

Ji = h 4- Bq (3), 

where q is the perpendicular on 'the line of action of the blow. 
Since h*<=pl, when the law of force follows the Newtonian law, 



this equation leads to 



Thus the change in the latus rectum is very easily found. 

As a corollary, we may notice that when the blow acts along 
the radius vector, the angular momentum mh and therefore the 
latus rectum of the orbit are unchanged. We also observe that if 
the magnitude of the attracting force or its law of action were 
abruptly changed, the value of h is unaltered. 

373. Ex. 1. Two particles, describing orbits about the same centre of force, 
impinge on each other. Prove 



where m-Ji^, mji z \ m^', m^h^ are their angular momenta before and after impact. 

Ex. 2. A particle P of unit mass is describing: an ellipse about the focus 8. 
A circle is described to touch the normal to the conic at P whose radius PC 
represents the velocity at P in direction and magnitude. Prove that if the particle 
is acted on by an impulse represented in direction and magnitude by any chord MP 
of the circle, the length of the major axis is unaltered by the blow. 

Since 2?=2vcos 6, the velocity in the direction of the blow is simply reversed. 
Hence v'=v and a'=a by Art. 335. 

374. If the direction of the blow does not li in the plane of motion, the 
plane of the new orbit is also changed. For the tiake of the perspective, let the 
radius vector SP be the axis of x and let the plane of xy be the plane of the old 
orbit ; then v cos ]3, v sin /3 are the components of velocity parallel to the axes of 
x and y. Let the components of the blow be mX, mY, mZ ; then just after the 
blow is concluded the components of velocity parallel to the axes are vcosft+X, 
v sin+ r, and Z. The inclination i of the planes of the two orbits is therefore 

5j 

given by tani= : - =?. The particle begins to move in its new orbit with a 
D sin pi *r JE 

velocity v' in -a direction making an angle /3' with the radius vector SP given by 

v 1 cos ]3' = v cos j8 H- X, (v 1 sin /8') 2 = (v sin + Y ) 2 + Z*. 
The problem is now reduced to the case already considered. 

If mh' is the angular momentum in the new orbit, its components about the 
axes of x, y, z are 0, -mh' sin i, mh' cos i. Hence 

li' cos i h + Y.r, h' sin i = Zr^ 
where r=SP. 

375. Examples. Ex. 1. A particle is describing a given ellipse about a 
centre of force in the focus, and when at the farther apse A', its velocity is suddenly 
increased in the ratio 1 : n. Find the changes in the elements. 

The direction of motion is unaltered by the blow and since this direction is at 
right angles to the radius vector from the centre of force, the point A' is one of the 
apses of the new orbit. 

Let a, e; a', e' be the semi-major axes and eccentricities of the orbits. Then 
since SA' is unaltered in length 



We have here chosen as the standard figure for the new orbit an ellipse having A' 
for the further apse. A negative value of the eccentricity e' therefore means that 
A' is the nearer apse. 

Also since v'nv, we have 



-(2), 

where a' must be regarded as negative if the new orbit is a hyperbola, Art. 333. 
Prom these equations we find 



a 2-n 2 (l-e)' v '' 

The point A' is therefore the farther or nearer apse according as n 2 (l-e) 
is < or > 1 ; if equal to unity the new orbit is a circle, if equal to - 1, a parabola. 
The new orbit is an ellipse or hyperbola according as n 2 (1 - e) < or > 2. 

Ex. 2. A particle describes an ellipse under a force tending to a focus. On 
arriving at the extremity of the minor axis, the force has its law changed, so that 
it varies as the distance, the magnitude at that point remaining the same. Prove 
that the periodic time is unaltered and that the sum of the new axes is to their 
difference as the sum of the old axes to the distance between the foci. 

[Math. Tripos, I860.] 

By Art. 325 the new orbit is an ellipse having the centre of force S in the 
centre. Let the new law of force be p.'r. 
Then when r=a, the forces are equal, hence 
fjfa = jt/a 2 (1) . 

Measure a length SD parallel to the 
direction of motion at JB, such that the 
velocity v at B is Jp' . SD. Then SD is 
the semi-conjugate of SB in the new orbit. 
Equating the velocities at B in the old and 
new orbits, we have when r=a 




(2). 



The conjugates SB, SD are equal diameters, the major and minor axes are 
therefore the internal and external bisectors of the angle BSD. Representing the 
semi-axes by a', b', we have 

a'2 + 6'2=5' J B 2 + 5'D 2 =2a 2 , a f b'=SB . SDainSSD = ab (3). 

The internal bisector of the angle BSD is clearly the major axis. 

If the change in the velocity had been made at any point of the ellipse, we 
proceed in the same way. By drawing SD parallel to the direction of motion we 
arrive at the known problem in conies, given two conjugate diameters in position 
and magnitude, construct the ellipse. 

The periodic times in the two orbits are respectively 27r// v //i' and 27r, N /a s //ti. 
The equality of these follows from the equation (1). The rest of the question 
follows from (3). 

Ex. 3. A particle is describing an ellipse under a force pfr* to a foous : when 
the particle is at the extremity of the latus rectum through the focus this centre 
of force is removed and is replaced by a force p!r' at the centre of the ellipse. 
Prove that if the particle continue to describe the same ellipse fjifb* = pa. 



Ex. 4. A planet moving round the sun in an ellipse receiyes at a point of its 
orbit a sudden velocity in. the direction of the normal outwards which transforms 
the orbit into a parabola, prove that this added velocity is the same for all points 
of the orbit, and if it be added at the end of the minor axis, the axis of the 
parabola will make with the major axis of the ellipse an angle whose sine is equal 
to the eccentricity. [Coll. Exam. 1892.] 

Ex. 5. A particle describes a given ellipse about a centre of force of given 
intensity in the focns S. Supposing the particle to start from the further extremity 
of the major axis, find the time T of arriving at the extremity of the minor axis. 
At the end of this time the centre of force is transferred without altering its 
intensity from S to the other focus H, and the particle moves for a second interval 
T equal to the former under the influence of the central force in H. Find the 
position of the particle, and show that, if the centre of force were then transferred 
back to its original position, the panicle would begin to describe an ellipse whose 
eccentricity is (Se - e s )/(l + <?). [Math. Tripos, 1893.] 

Ex. 6. A body is describing an ellipse round a force in its focus S, and HZ is 
the perpendicular on the tangent to the path from the other focus H. When the 
body is at its mean distance the intensity of the force is doubled, show that SZ is 
the new line of apses. [Coll. Ex.] 

Ex. 7. A particle describes a circle of radius c about a centre of force situated 
at a point on the circumference. When P is at the distance of a quadrant from. 
0, the force without altering its instantaneous magnitude begins to vary as the 
inverse square. Prove that the semi-axes of the new orbit are %C*J2 and -J-c^/3. 

Ex. 8. Two inelastic particles of masses %, m a , describing ellipses in the 
same plane impinge on each other at a distance r from the centre of force. If 
!, Z a ; a 2 , Z 2 ; are the semi-major axes and semi-latera recta before impact, prove 
that in the ellipse described after impact 



Ex. 9. A planet, mass M, revolving in a circular orbit of radius a, is struck 
by a comet, mass m, approaching its perihelion; the directions of motion of the 
comet and planet being inclined at an angle of 60. The bodies coalesce and 

proceed to describe an ellipse whose semi-major axis is -? r-^ - . - r . Prove 

M {.flf+(4-A/2)ni} 

that the original orbit of the comet was a- parabola ; and if the ratio of m to M is 
small, show that the eccentricity of the new orbit is (7J - 4^/2)* (m/A?). 

[Coll. Ex. 1895.] 

376. Continuous forces. We may apply the method of 
Art. 371 to find the effects of continuous forces on the particle. 
Let/, g be the tangential and normal accelerating -components of 
any disturbing force, the first being taken positively when in- 
creasing the velocity and the second when acting inwards. 



the etiect ot the iorces on the elements of the ellipse at the end 
of each interval. We treat the forces, in Newton's manner, as 
small impulses generating velocities fit and gSt along the tangent 
and normal respectively. The effect of the tangential force is 
to increase the velocity at any point P from v to v + $v, where 
g.y =ft, the direction of motion not being altered. To find the 
effect of the normal force we observe that after the interval 8t 
the particle has a velocity gSt along the normal, while the velocity 
v along the tangent is not altered. The direction of motion has 
therefore been turned round through an angle B@=gSt/v. 

If the disturbing force were now to cease; to act, the particle 
would move in a conic whose elements could be deduced from 
these two facts, (1) the velocity at P is changed to v + Sv, (2) the 
angle of projection is ft +8(3. The conic which the particle would 
describe if at any instant the disturbing forces were to cease to act 
is called the instantaneous conic at that instant. 

377. To find the effect on the major axis, we use the formula 



;' 

Since v is increased to v + Bv, we see by simple differentiation 

(2). 

v ' 



a 

In differentiating the formula for v 2 we are not to suppose thaf; Sv represents 
the whole change of the velocity in the time dt. The particle moves along the 
ellipse and experiences a change of velocity dv in the time dt given by 

vdv = -- z dr ..................... . ................. (3). 

Taking dt = 8t, the change of velocity in the time dt is 8v + dv, the part 8v being 
due to the disturhing forces and the part dv to the action of the central force. 

378. To find the changes in the eccentricity and line of apses. 
We may effect this by differentiating the formulae 

Z = a(l-e 2 ), /i 2 = /iZ, - = l + ecos0 ............... (4). 

Since mh is the angular momentum, the increase of mh, viz. 
mSh, is equal to the moment of the disturbing forces about the 
origin (Art. 372). Let /3 be the angle the direction of motion at 
P makes with the radius vector, 

57 



We deduce from equations (4) 

7 

&l = (1 - e 2 ) Ba - ZaeSe, = cos Se - e sin 80, 
and the values of Se and 6$ follow at once. 

379. ?3erschel has suggested a geometrical method of finding the changes of 
the eccentricity and the line of apses in his Outlines of Astronomy*. He considers 
the effect of the disturbing forces /, g on the position of the empty focus. 

The effect of the tangential force / is to alter the velocity v and therefore to 
alter a. Since SP+FH=2a, the empty focus H is moved, during each interval 
St, along the straight line PH a distance HH'=2da, where da is given by (2). 

The effect of the normal force g is to turn the tangent at P through an angle 
5p=gStlv. Since SP, HP make equal angles with the tangent, the empty focus H 
is moved perpendicularly to Pit, a distance HH"=2PH . 5/3. 

X 




T. 

Consider first the tangential force/, we have SH= 2ae, SH' = 2 (ae + Sae). Hence 
projecting on the major axis 

25 (ae) = HH' . cos PHS = 25a 



where r f =H'P=a+ex, and x is measured from the centre ; 
, _x-e z x Sa 

.". O& - -. -" - 

/a 



xv 

T-/OC. 

' 



T 

fj. r' 

Let ST be the longitude of the apse line HS measured from some fixed line 
through S, 

= HH' sin PHS =25a, 



Consider secondly the normal force g. We have 

SH=2ae. SH"=2(ae + Sae), 5a=0; 
.-. 25(ae)=-HH"&mPHS=-2r'dp% 

HH" cos PHS 



>.= -- z-gdt, 

a v 



= 2r'5/3 
1 x + ae 



r' 
x + ae 



. 
gdt. 



* See also some remarks by the author in the Quarterly Journal, 1861, vol. iv. 
It should be noticed that Herschel measures the eccentricity by half the distance 
between the f o ci, a change from the ordinary definition which has not been followed 



38O. The expressions for Se, 5w should be put into different forms according 
to the use we intend to make of them. Let \f> be the angle the tangent at P makes 

b z v 

with the major axis, then tan ^=-^- . We easily find by elementary conies 

CL y 



. . x , a y 

Bin \b~- ,/,, COB^= r ff- 

r a *J(rr') r I *J(rr 

Also v z u.( ---]= .' It immediately follows that 
^ \ r a J ar 



2b 2b 



br . . ar x + ae 

gcoaif/St, 
J Y 
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These formulae give the changes of e and rar produced by any tangential or normal 
force. 

381. Draw two straight lines OX, OY parallel to the principal diameters 
situated as shown in the figure. Since /cos \f/, /sin ^ are the components of the 
tangential disturbing force parallel to the principal diameters, we see that when the 
force acts towards OX the. eccentricity is increased, and when towards OY the apse 
line is advanced; the contrary effects taking place when the force tends from these 
lines. 

The same rule applies to the normal disturbing force so far as the eccentricity 
is concerned. It applies also to the motion of the apse .except when the particle 
lies between the minor axis and the latus rectum through the empty focus, and the 

rule is then reversed. When the eccentricity is small, - - = _ V ery nearly 

X CL 

when the particle is near the minor axis; so that the effects of the tangential 
force in this part of the orbit may be neglected and the rule applied generally. 

382. Examples. Ex. 1. The path of a comet is within the orbit of 
Jupiter, approaching it at the aphelion. Show that each time the comet comes 
near Jupiter the apse line is advanced. This theorem is due to Callandreau, 1892. 

The comet being near the aphelion and Jupiter just beyond, both the normal 
and tangential disturbing forces act towards OY; the apse therefore advances. 

Ex. 2. A particle is describing an elliptic orbit about the focus and at a 
certain point the velocity is increased by 1/wth, n being large. Prove that, if the 
direction of the major axis be unaltered, the point must be at an apse, and the 
change in the eccentricity is 2 (1 e)/;i. [Coll. Ex. 1897.] 

Ex. 3. An ellipse of eccentricity e and latus rectum I is described freely 
about the focus by a particle of mass m, the angular momentum being mh. A 
small impulse mu is given to the particle, when at P, in the direction of its motion; 
prove that the apsidal line is turned through an angle which is proportional to the 
intercept made by the auxiliary circle of the ellipse on the tangent at P, and which 
cannot exceed lu/eh. [Math. Tripos, 1893.] 

Ex. 4. A body describes an ellipse about a centre of force S in the focus. If 
A be the nearer apse, P the body, and a small impulse which generates a velocity 



T /2 \ 

apse line is given approximately by y ( - + cos ASP ) SP sin ASP, where e is the 

fi \& J 

eccentricity of the orbit and h twice the rate of description of area about S. 

[Math. Tripos.] 

Ex. 5. A particle describes an ellipse about a centre of force in the focus <S. 
When the particle has reached any position P the centre of force is suddenly moved 
parallel to the tangent at P through a short distance x, prove that the major axis 

2C 

of the orbit is turned through the angle -=^ sin $ sin (9 - <f>) where G is the point at 

Olr 

which the normal at P meets the original major axis, & the angle SGP and <f> the 
angle the tangent makes with SP. [Coll. Ex. 1895.) 

Ex. 6. A particle describes an ellipse about a centre of force /i/r 2 and is 
besides acted on by a disturbing force icf* tending to the same point. Prove that 
as the particle moves from a distance 7 - to r, the major axis and eccentricity 
change according to the law 



Thence deduce the changes in a and e when K is very small. 

383. A resisting' medium. We may also use the formulae 
of Art. 380 to find the quantitative effect of a resisting medium 
on the motion of a particle describing an ellipse about a centre 
of force in the focus. 

The velocity of the particle being v, let the resistance be KV. 
Then g = and/= /cds/dt, and the equations of motion become 



de _ 26/c dy d _ 26/c dx 

dt ~~ V"- a dt ' dt ~~ V"-&) dt ' 



Usually f and g are so small that their squares can be neglected. 
Now the changes of the elements a, e, &c. are of the order of / 
and g, being produced by these forces. Hence in using these 
equations we may regard the elements of the ellipse, when multiplied 
by the coefficient K of resistance, as constants. 

Supposing then that we reject the squares of K, we have by 
an easy integration 

26/c 



where A, JB are two undetermined constants. Since after a com- 
plete revolution, the coordinates x, y return to their original values, 
both the eccentricity and the position of the line of, apses must 
also be the same as before. There can therefore be no permanent 



its mean value is 2/e6 2 /na 2 , while the apse oscillates about its 
mean position through an angle 2/cfr/nea, where /x, = n 2 a 8 , Art. 341. 

384. Ex. A. comet moves in a resisting medium whose resistance is 
/= - icV p (~\ where V is the velocity, r the distance from the sun and p, q are 

positive quantities. When the true anomaly 6 is taken as the independent 
variable (instead of t as in Art. 380), prove that 

1 da 1 



de 



--<r 
where 4 = K n*>- z a?- 1 , (1 - e 2 ) 2 and /i = 2 a s . 

"When the right-hand sides of these equations are expanded in series of the form 
4-f J? cos + C cos 20 + . . . 

it is obvious that the only permanent changes are derived from the non-periodical 
terms. Prove (1) that the longitude of the apse has no permanent changes, 
(2) that the eccentricity at the time t is e ~ Aent (p + q- 1), (3) the semi-major axis 
is a-2Aant.' These results are given. by Tisserand, Mec. Celeste, 1896. 

When the law of resistance is such that p + q=l, it follows that neither the 
eccentricity nor the line of apses have any, permanent change. For any values of 
p and a not satisfying this relation the eccentricity will gradually change and 
continue to change in the same direction. When the changes of any of the 
elements have become so great that their products by the coefficient K of resistance 
can no longer be neglected, the equations given above must be integrated in a 
different way. 

385. Xincke's Comet. The general effect of a resisting medium on the 
motion of a comet is to diminish its velocity and therefore also the major axis of 
its orbit, Art. 377. The ellipse which the comet describes is therefore continually 
growing smaller and the periodic time, which varies as a s/s , continually decreases. 

Bncke was the first ,who thoroughly investigated the effect of a resisting 
medium on the motion of a comet. This comet has since then been called after 
his name. After making allowance for the disturbance due to the attraction of the 
sun and the planets, he found by observation that its period, viz. 1200 days, was 
diminished by about two hours and a half in each revolution. This he ascribed to 
the presence of a medium whose resistance varied as (v[r) 2 where v is the velocity 
of the comet and r its distance from the sun. 

The importance and interest of Encke's result caused much attention to be 
given to this comet. The astronomers Von Asten of Pulkowa and afterwards 
Backlund* studied its motions at each successive appearance with the greatest 

* In the Bulletin Astronomique, 1894, page 473, there is a short account of the 
work of Backlund bv himself. He speaks of the continued decrease of the accelera- 



attention. The acceleration of the comet's mean motion appears to have been 
uniform from 1819, when Encke first took up the subject, to 1858. It then began 
to decrease and continued to decrease until the revolution of 1868 1871 when its 
magnitude was about half its former value. From 1871 to 1891 the acceleration 
was again nearly constant. 

Assuming the law of resistance to_ be represented by KV m jr n t Backlund found 
that n is essentially negative. This would make the density of the resisting 
medium increase according to a positive power of the distance from the sun; a 
result which he considered very improbable. He afterwards arrived at the 
conclusion that we must replace 1/r" by some function / (?) having maxima and 
minima at definite distances from the sun. In Laplace's nebular theory the 
planets are formed by condensations from rings of the solar nebula. In this 
formation all the substance of each ring would not be used up and some of 'it 
might travel along the orbit as a cloud of light material. It is suggested that 
Encke's comet passes through nebulous clouds of this kind and that the resistance 
they offer causes the observed acceleration. 

It is known that comets contract on approaching the sun, sometimes to a very 
great extent. Tisserand remarks that when the size of the comet decreases the 
resistance should also decrease, and that this may help us to understand how the 
resistance to any comet might vary as a positive power of the distance from the 
sun. The size of Encke's comet also is not the same at every appearance and this 
again may have an effect on the law of resistance. 

It is clear that if Encke's comet does meet with a resistance, every comet of 
short period which approaches closely to the sun must show the effect of the same 
influence. In 1880 Oppolzer thought he had discovered an acceleration in the 
motion of another comet. This was the comet Winnecke having a period of 2052 
days. Further investigation showed that this was illusory, so that at present the 
evidence for the existence of a resisting medium rests on Encke's comet alone. 

386. Does the evidence afforded by Encke's comet prove a resisting medium? 
Sir G. Stokes in a lecture* on the luminiferous medium says he asked the highest 
astronomical authority in the country this question. Prof. Adams replied that 
ihere might be attracting matter within the orbit of Mercury which would account 
for it in a different way. Sir G-. Stokes then goes on to say that the comet throws 
out a tail near the sun and that this is equivalent to a reaction on the head towards 



the eighth volume of his Calculs et Eecherches sur la comete d'Encke. In the 
Comptes Rendus, 1894, page 545, Callandreau gives a summary of the results of 
Backlund. In the Traitt de MScanique Celeste, vol. iv. 1896, Tisserand discusses 
the influence of a resisting medium. In the History of Astronomy by A. M. Clerke, 
1885, examples of the contraction of comets near the sun are given. M. Valz in 
a letter to M. Arago quoted in the Comptes Rendus, vol. vin. 1838, speaks of the 
great contraction of a comefc as it approached the sun. He remarks that as it was 
approaching the earth at that time, it should have appeared larger. See also 
Newcombe's Popular Astronomy, 1883. 

* Presidential address at the anniversary meeting of the Victoria Institute, 



the sun. There is therefore an additional force towards the sun. The effect of 
this would be to shorten the period even if there were no resisting medium. In 
the course of his lecture he discusses the question, "must the ether retard a cornet," 
and decides that we cannot with safety infer that the motion of a solid through it 
necessarily implies resistance. 



Kepler's Laws and the law of gravitation. 

387. Kepler's laws. The following theorems were dis- 
covered by the astronomer Kepler after thirty years of study. 

(1) The orbits of the planets are ellipses, the sun being in 
one focus. 

(2) As a planet moves in its orbit, the radius vector, from 
the sun describes equal areas in equal times. 

(3) The squares of the periodic times of the several planets 
are proportional to the cubes of their major axes. 

The last of these laws was published in 1619 in his Harmonice 
Mundi and the first two in 1609 in his work on the motions of 
Mars. 

388. From the second of these laws, it follows that the 
resultant force on each planet tends towards the sun; Ai't. 307. 

From the first we deduce that the accelerating force on each 
planet is equal to //,/r 2 , where r is the instantaneous distance of 
that planet from the sun, and p is a constant ; Art. 332. 

It is proved in Art. 341 that when the central force is /tw 2 , 
the periodic time in an ellipse is T = 27ra^V/*, where a is the 
semi-major axis. Now Kepler's third law asserts that for all 'the 
planets T z is proportional to a 3 ; it follows that fi is the same for 
all the planets. 

Laws corresponding to those of Kepler have been found to hold 
for the systems of planets and their, satellites. Each satellite is 
therefore acted on by a force tending to the primary and that 
force follows the law of the inverse square. 

It has been possible to trace out the paths of some of the 
comets and all these have been found to be conies having the 
sun in one focus. These bodies therefore move under the same 



389. The laws of Kepler, being founded on observations, are 
not to be regarded as strictly true. They are approximations, 
whose errors, though small, are still perceptible. We learn from 
them that the sun, planets 'and satellites are so constituted that 
the sun may be regarded as attracting the planets, and the 
planets the satellites, according to the law of the inverse square. 
We now extend this law and make the hypothesis that the 
planets and satellites also attract the sun and attract each other 
according to the same law. Let us consider how this hypothesis 
may be tested. 

Let m.!, m 2 , &c. be certain constants, called the masses of the 
bodies; such that the accelerating attraction of the first on any 
other body distant r^ is m^r-f, the attraction of the second is 
w 2 /r 2 2 , and so on. Let /A be the corresponding constant for the 
sun. 

Assuming these accelerations, we can write down the differen- 
tial equations of motion of the several bodies, regarded as particles. 
For example, the equations of motion of the particle w x may be 
obtained "by equating drx/dt^ &c., to the resolved accelerating 
attractions of the other bodies. The equations thus formed can . 
only be solved by the method of continued approximation. Kepler's 
laws give us the first approximation ; as a second approximation 
we take account of the attractions of the planets, but suppose 
that m 1} m 2 , &c. are so small that the squares of their ratio to p 
may be neglected. This problem is usually discussed in treatises 
on the Planetary theory. The solution of the problem enables 
us to calculate the positions of the planets and satellites at any 
given time and the results may be compared with their actual 
positions at that time. The comparison confirms the hypothesis 
in so extraordinary a way that we may consider its truth to be' 
established as far as the solar system is concerned. 

390. Extension to other systems. The law of gravitation 
being established for the solar system, its extension to other 
systems of stars may be only a fair inference. But we should 
notice that this extension is not founded on observation in the 
same sense that the truth of the law for the solar system is 
established*. The constituents of some double stars move round 

* "Villarceau, Gonnaissance des temps for the year 1852 published in 1849: A. 



"each other in a periodic time sufficiently short to enable us to 
trace the changes in their distance and angular position. We 
may thus, partially at least, hope to verify the law of gravitation. 
What we see, however, is not the real path of either constituent, 
but its projection on the sphere of the heavens. We can deter- 
mine if the relative path is a conic and can verify approximately 
the equable description of areas ; but since the focus of the true 
path does not in general project into the focus of the visible 
path, an element of uncertainty as to the actual position of the 
centre of force is introduced. 

We cannot therefore use Kepler's first law to deduce from 
these observations alone that the law of force is the inverse 
square. 

391. Besides this, there are two practical difficulties. First, there is the 
delicacy of the observations, because the errors of observations bear a larger ratio 
to the quantities observed than in the solar system. Secondly, a considerable 
number of observations on each double star is necessary. Five conditions are 
required to fix the position of a conic, and the mean motion and epoch of the 
particle are also unknown. Unless therefore more than seven distinct observations 
have been made, we cannot verify that the path is a conic. These difficulties are 
gradually disappearing as observations accumulate and instruments are improved. 

392. Besides the motions of the double stars we can only look to the proper 
motions of the stars in space for information on the law of gravitation. Some of 
these velocities are comparable to that of a comet in close proximity to the sun 
and yet there is no .visible object in their neighbourhood to which we could ascribe 
the necessary attracting forces. At present no deductions can be made, we nrast 
wait till future observations have made clear the causes of the motions. 

393. Other reasons. The law of gravitation is generally deduced from 
Xepler's lawe, partly for historical reasons and partly because the proof is at once 
simple and complete. It is however useful and interesting to enquire what we may 
learn about the law of gravitation by considering other observed facts. 

Ex. 1. It is given that for all initial conditions the path of a particle is a 
plane curve : deduce that the force is central. 

Consider an orbit in a plane P, then at every point of that orbit the resultant 
force must lie in the plane. Taking any point A on the orbit project particles in 
all directions in that plane with arbitrary velocities, then since the plane of motion 
of each must contain the initial tangent at A and the direction of the force at A, 
each particle moves in the plane -P. It follows that at every point of the plane P 
traversed by these orbits the resultant force lies in the plane. If these orbits do 
not cover the whole plane we take a new point B on the boundary of the area 
covered, and again project particles in all directions in that plane with arbitrary 
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force is innmte. it toiiows tuat at every point or tne plane Jr tne force Jies in 
that plane. 

Next let us pass planes through any point A of one of these orbits and the 
direction AC of the force at A, Then by the same reasoning as before the 
direction of the force at points in each plane must lie in that plane and must 
therefore intersect AC. Thus the force at every point intersects the force at 
every other point. It follows that the force is central. 

An observer placed at the sun, who noticed that all the planets described great 
circles in the heavens, would know from that one fact that the force acting' on 
each was directed to the sun. Halphen, Comptes Rendiis, vol. 84, Darboux's Notes 
to Despeyrous' Mecanique. 

Ex. 2. If all the orbits in a given plane are conies, prove that the force is 
central. 

If a particle P be projected from any point A in the direction of the force at A, 
the radius of curvature of the path is infinite at A. Since the only conic in which 
the radius of curvature is infinite is a 'straight line, the path of the particle P is a 
straight line and therefore the force at every point of this straight line acts along 
the straight line. The lines of force are therefore straight lines. 

These straight lines could not have an envelope, for (unless the force at every 
point of that curve is infinite) we could project the particles along the tangents to 
the envelope past the point of contact so as to intersect other lines of force. The 
directions of the force would not then be the same at the same point for all paths. 
Bertrand, Comptes Rendiis, vol. 84. 

Ex. 3. If the orbits of all the double stars which have been observed are 
found to be closed curves, show that the Newtonian law of attraction may be 
extended to such bodies. 

Bertrand has proved that all the orbits described about a centre of force (for 
all initial conditions within certain limits) cannot be closed unless the law of force 
is either the inverse square or the direct distance. By examining many cases of 
double stars we may include all varieties of initial conditions, and if all these 
orbits are closed the law of the inverse square may be rendered very probable. See 
Arts. 370, 426. Bertrand when giving this theorem in Comptes Eendus, vol. 77, 
1873, quotes Tchebychef. 



The Hodograph. 

394. A straight line OQ is drawn from the origin parallel 
to the instantaneous direction of motion and its length is propor- 
tional to the velocity of a particle P, say OQ kv. The locus of- 
Q has been called by Sir W. R Hamilton the hodograph of the 
path of P. Its use is to exhibit to the eye the varying velocity 
and direction of motion of the particle. See Art. 29. 

By giving k different values we have an infinite number of 
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It follows from Art. 29 that, if s' be the arc of the hodograph, 
ds'/dt represents in direction and magnitude the acceleration of P. 

395. If the force on the particle P is Central and tends to 
the origin 0, it is sometimes more convenient to draw OQ per- 
pendicularly instead of parallel to the tangent. If OF be a 
perpendicular to the tangent, the velocity v of P is h/OT', hence 
if OQ = kv, we see that the hodograph is then the polar reciprocal 
of the path with regard to the centre of ', force, _the radius of the 
auxiliary circle being *J(hk). If F be the central force at P, the 
point Q travels along the hodograph with a velocity kF. 

396. Examples. Ex. 1. The path being an ellipse described about the 
centre 0,'and OQ being drawn parallel to the tangent, prove that, the hodographs 
are similar ellipses. 

Let CQ be the semi-conjugate of CP, then v = J/j.. CQ, Art. 326. Hence if 
fc=l/ N /M, the hodograph is the ellipse itself. The point Q then travels with a 
velocity Jp . CP. 

Ex. 2. The path being an ellipse described about the focus S, prove that a 
hodograph is the auxiliary circle, the other focus H being the origin and HQ 
drawn perpendicularly to the tangent at P. 

Let SY, HZ be the two perpendiculars on the tangent, then v hjSY=:HQIk, 
also SY.HZ=V 2 , .: HQ=HZ if fc=b 2 //i. Since the locus of Z is the auxiliary 
circle the result follows at once. 

Ex. 3. The path being a parabola 'described about the near focus S, prove 
that a hodograph is the circle described on AS as diameter, where A is the vertex 
and SQ is drawn perpendicularly to the tangent. 

Ex. 4. The hodograph of the path of a projectile is a vertical straight line, 
the radius vector OQ being drawn parallel to the tangent. 

If the tangent at P make an angle ^ with the horizon, the abscissa of Q is 
kv cos \p. This is constant because the horizontal velocity of P is constant. The 
point Q travels along this straight line with a uniform velocity kg. 

Ex. 5. An equiangular spiral is described about the pole, show that a hodo- 
graph is an equiangular spiral having the same pole and a supplementary angle. 
See Art. 30. 

Ex. 6. A bead moves under the action of gravity along a smooth vertical 
circle starting from rest indefinitely near to the highest point. Show that a polar 
equation of a hodograph is r' = b sin ^6', the origin being at the centre. 

Ex. 7. The hodograph of the path of a particle P is given, show that if the< 
path of P is a central orbit, the auxiliary point Q must travel along the hodograph 
with a velocity v' = \p' z p', where p' is the perpendicular from the centre of force on 
the tangent to the hodograph and p' is the radius of curvature. Show also that 
the central force F=v']k and the angular momentum 7i=l/Xfc 3 . 

The condition that the path is a central orbit is v-jp=Fplr. Writing p ^c 2 // 



MX. a. xne noaograpn 01 me pain 01 r is a paranoia witn us locus at u, ana 
the radius vector OQ = r' rotates with an angular velocity proportional to ?'. 
Prove that the path of P is a circle passing, through 0, described about a centre 
pf force situated at 0. 

Sinde the angular velocity of OQ is nr', we find by resolving v' perpendicularly 
to OQ that v' = nr' s lp'. In a parabola Zr'=2p' 2 , and since p'=r'dr'[dp' we see that 
v' = \p' z p' where X = n/Z. The path is therefore a central orbit. But the polar 
reciprocal of ir' = 2p' 2 (obtained by writing p'c^jr, and r'=c 2 /_p) is r 2 =p (2c 2 /Z), 
and this is a circle passing through 0. 

Ex. 9. A particle describes a curve under a constant acceleration which makes 
a constant angle with the tangent to the path; the motion takes place in a medium 
resisting as the nth power of the velocity. Show that the hodograph of the curve 
described is of the form b~ n e ~ n9 cot a = ?- - <i~ n . [Coll. Ex. ] 

Ex. 10. A particle, moving freely under the action of a force whose direction 
is always parallel to a fixed plane, describes a curve which lies on a right circular 
cone and crosses the generating lines at a constant 'angle. Prove that the hodo- 
graph is a conic section. [Coll. Ex.] 

397. Elliptic velocity. Since the velocity is represented 
in direction and magnitude by the radius vector of the hodograph 
we may use the triangle of velocities to resolve the velocity into 
convenient directions. 

Thus when the path is an ellipse described about the focus 
S, the velocity is represented perpendicularly by HZjk, where 
k = b*/h and H is the other focus. If be the centre this may be 
resolved into the constant lengths HC, GZ, the former being a 
part of the major axis and the latter being parallel to the radius 
vector SP. Hence the velocity in an ellipse described about the 
focus 8 can be resolved into two constant velocities one equal to ae/k 
in a fixed direction, viz. perpendicular to the major axis, and the 
other equal to a/k in a direction perpendicular to the radius vector 
SP of the particle, where k = frfh. [Frost's Newton, 1854.] 

398. The bodograph an orbit. We have seen that when the force is central 
a hodograph of the path of P is a polar reciprocal. It follows that if the hodo- 
graph is the path of a second particle P', each curve is one hodograph of the other. 

Ex. 1. Let r, r' be the radii vectores of any two corresponding points P, Q of 
a curve and its polar reciprocal, the radius of the auxiliary circle being c. If these 
curves be described by two particles P, P' with angular momenta h, h', prove that 

the central forces at the two points P, Q are connected by FF' = g rr'. 

Ex. 2. Prove that the two particles will not continue to be at points which 
correspond geometrically in taking the polar reciprocal, unless the orbit of each is 
an ellipse described about the centre. [The necessary condition is that the velocity 
v'~ltF in the hodograph should be equal to the velocity v' = h'/p' in the orbit. 



Motion of two or more attracting Particles. 

399. Motion of two attracting particles. This is the 
problem of finding the motion of the sun and a single planet 
which mutually attract each other. To include the case of two 
suns revolving round each other, as some double stars are seen to 
do, we shall make no restriction as to the relative masses of the 
two particles. The problem can be discussed in two ways ac- 
cording as we require the relative motion of the two particles or 
the motion of each in space. 

Let M, m be the masses of the sun and the, planet, r their 
instantaneous distance. The accelerating attraction of the sun 
on the planet is M/r\ that of the planet on the sun m/r*. 

Initially the sun and the planet have definite Velocities. Let 
us apply to each an initial velocity (in addition to its own) equal 
and opposite to that of the sun ; let us also continually apply to 
each an acceleration equal and opposite to that produced in the 
sun by the planet's attraction. The sun will then be placed 
initially at rest, and will remain at rest, while the relative motion 
.of the planet will be unaltered. See Art. 39. 

The planet being now acted on by the two forces M/r* and 
m/r 2 , both tending towards the sun, the whole force is (M + rn)/r*. 
The planet therefore, as seen from the sun, moves in an ellipse 
having the sun in one focus. The period is 

2?r 



where a is the semi-major axis of the relative orbit. In the same 
way the sun, as seen from the planet, appears to describe an 
ellipse of the same size in the same time. 

400. We notice that the periodic time of a double star does 
not depend on the mass of either constituent, but on the sum of the 
masses. The time in the same orbit is the same for the same 
total mass however that mass is distributed over the two bodies. 

401. Consider next the actual motion in space of the two 
particles. We know by Art. 92 that the centre of gravity of the 



uniform velocity. It is sufficient to investigate the motion 
relatively to. the centre of gravity, for, when this is known, the 
actual motion may be constructed by imposing on each member 
of the system an additional velocity equal and parallel to that of 
the centre of gravity. 

Let & and P be the sun and planet, G the centre of gravity, 
then M.SP-(M + m)G-P. The attraction of the sun on the 
planet is 

M M 3 I __ W_ 
SP 2 



The attraction of the sun on the planet therefore tends to a 
point 6- fixed in space and follows the law of the inverse square. 
The planet therefore describes an ellipse in space with the centre 

of gravity in one focus, 'and the period is - M> a , where a is the 
semi-major axis of its actual orbit in space. 

The actual orbits described by the sun and planet in space 
are obviously similar to each other and to the relative orbit of 
each about the other. If a, a' be the semi-major axes of the 
actual orbits of the planet and sun, a that of the relative orbit, 
we have by obvious properties of the centre of gravity, 

afM = a'/m = a/(M + m). 

402. To find the mass of a planet which has a satellite. Since 
the mean accelerating attractions of the sun on the two bodies 
are nearly equal, their relative motion is also nearly the same as 
if the sun were away. Taking the relative orbit to be an ellipse, 
let a' be its semi-major axis. If m, mf are the masses of the 

4?r 2 

planet and satellite. T' the period, we have T' z = - . a' 3 . When 
^ ^ m + m 

T' and a' have been found by observation, this formula gives the 
sum of the masses. The masses in this equation are measured 
in astronomical units, i.e. they are measured by the attractions of 
the bodies on a given supposititious particle placed at a given 
distance. It is therefore necessary to discover this unit by finding 
the attraction of some known body. 

Consider the orbit described by the planet round the sun. 
WR can nesdect, the distnrbincr fl.f-,tra.r>tvirm nf tliA sn.tfllif,p 



we have, if a is the semi-major axis of the relative orbit and T 

42 

the period, T 2 = * a 8 . 
r M + m 

Dividing one of these equations by the other, we find 

_ (T_\ (a/\ s 
~(T f ) W ' 



This formula contains only a ratio of masses, a ratio of times and 
a ratio of lengths. Whatever units these quantities are respeo 
tively measured in, the equation remains unaltered. Since m is 
small compared with the mass M of the sun, and m' small com- 
pared with the mass m of the primary, we may take as a near 

wi (T \ 2 /&'\ 8 
approximation = r / (~ ' * n *^ 8 wav tne rat * ^ tne 



of any planet with a satellite to that of the sun can be found. 

403. The determination of the mass of a planet without a 
satellite is very difficult, as it must be deduced from the pertur- 
bations of the neighbouring planets. Before the discovery of the 
satellites of Mars, Leverrier had been making the perturbations 
due to that planet his study for many years. It was only after a 
laborious and intricate calculation that he arrived at a 'determina- 
tion of the mass. After Asaph Hall had discovered Deimos and 
Phobos the calculation could be shortly and effectively made. 
According to Asaph Hall the mass of Mars is 1/3,093,5.00 of the. 
sun, while Leverrier made it about one three-millionth. .This 
close agreement between two such different lines of investigation 
is very remarkable; see Art. 57. The minuteness of either satellite 
enables us to neglect the unknown ratio m'/m in A.rt. 402 and 
thus to determine the mass of Mars with great accuracy. 

4O4. Bxamplea. Ex. 1. Supposing the period of the earth round the sun 
and that of the moon round the earth to he roughly 366J and 27J days and the 
ratio of the mean distances to be 385, find the ratio of the sum of the masses of 
the earth and moon to that of the sun. The actual ratio given in the Nautical 
Almanac for 1899 is 1/328129. 

Ex. 2: The constituents of a double star describe circles about each other in a 
time T. If they were deprived of velocity and allowed to drop into each other, 
prove that they will meet after a time T/4^/2. 

Ex. 8. The relative path of two mutually attracting particles is a circle of 



Ex. 4. Two parades 01 masses m, m , wmcn attract eacn otner according to 
the Newtonian law, are describing relatively to each other elliptic orbits of major 
axis 2a and eccentricity e, and are at a distance r when one of them, viz. m, is 
suddenly fixed. Prove that the other will describe a conic of eccentricity e' 

such that 

. (2 (m+m')(l-e' n -)\ (1 1\ 

(m + m') {- TV 5T- r =m \ 

v ' [r am(l-e 2 ) j \r a) 

It is supposed that the centre of gravity had no velocity at the instant before the 
particle m became fixed. [Coll. Ex. 1895.] 

Ex. 5. Two particles move under the influence of gravity and of their mutual 
attractions: prove that their centre of gravity will describe a parabola and that 
each particle will describe relatively to that point areas proportional to the time. 

[Math. Tripos, I860.] 

Ex. 6. The, coordinates of the simultaneous positions of two equal particles 
are given by the equations 

x = ad - 2fl sin 8, y = a -a cos B\ x l = a6, y 1 =-rt + acos^. 

Prove that if they move under their mutual attractions, the law of force will be 
that of the inverse fifth power of the distance. [Math. Tripos.] 

Ex. 7. Two homogeneous imperfectly elastic smooth spheres, which attract 
one another with a force in the line of their centres inversely proportional to the 
square of the distance between their centres, move under their mutual attraction, 
and a succession of oblique impacts takes place between them; prove that the 
tangents of the halves of the angles through which the line of centres turns 
between successive impacts diminish in geometrical progression. [Math. T. 1895.] 

Consider the relative motion. The blow at each impact acts along the line 
joining the centres, hence the latera recta of all the ellipses described between 
successive impacts are equal. The normal relative velocity is multiplied by the 
coefficient of elasticity at each impact. The radius vector of the relative ellipse is 
the same at each impact, being the sum of the radii of the spheres. The result 
follows immediately from Ex. 1, Art. 337. 

4O5. Ex. 1. Herschel says that the star Algol is usually visible as a star of 
the second magnitude and continues such for the space of 2 days 13 hours. It 
then suddenly begins to diminish in splendour and in 3 hours is reduced to the 
fourth magnitude, at which it continues for about 15 minutes. It then begins to 
increase again and in 3^ hours more is restored to its usual brightness, going 
through all its changes in 2 d. 20 hr. 48 min. 54-7 sec. This is supposed to be due 
to the revolution round it of some opaque body which, when interposed between 
us and Algol, cuts off a portion of the light. Supposing the brilliancy of a star of 
the second magnitude to be to that of the fourth as 40 to 6-3 and that the relative 
orbit of the bodies is nearly circular and has the earth in its plane, prove that the 
radii of the two constituents of Algol are as 100 : 92 and that the ratios of their 
radii to that of their relative orbit are equal to -171 and -160. If the radius of 
the sun be 430000 miles and its density be 1-444, taking water as the unit, prove 
that the density of either constituent of Algol (taking them to be of equal densities) 
is one-fourth that of water. The numbers are only approximate. 

rMaicwp.11 PTflll. n/iRfliiin./.oni. 1RRA 1 



Ex. 2. -The brightness of a variable star undergoes a periodic series of changes 
in a period of T years. The brightness remains constant for mT years, then 
gradually diminishes to a minimum value, equal to 1 - & 2 of the maximum, at 
which minimum it remains constant for nT years and then gradually rises to the 
original maximum. Show that these changes can be explained on the hypothesis 
that a dark satellite revolves round the star. Prove also that, if the relative orbit 
is circular, and the two stars are spherical, the ratio of the mean density of the 
double star to that of the sun is 

sin 3 |P r(l + fe) 2 cos 2 nv - (1 - fc) 2 cos 8 mir~$ 
T 2 (1 + A s ) L cos 2 n7r-cos 2 m7T J ' 

where D is the apparent diameter of the sun at its mean distance. [Math. T. 1893.] 

406. Three attracting Particles. The problem of deter- 
mining the relative motions of three or more attracting particles 
has not been generally solved. The various solutions in series 
which have as yet been obtained usually form the subjects of 
separate treatises, and are called the Lunar and Planetary theories. 
Laplace has however shown that there are some cases in which 
the problem can be accurately solved in finite terms*. 

407. Let the several particles be so arranged in a plane that 
the resultant accelerating force on each passes through the com- 
mon centre of gravity of the system and that each resultant is 
proportional to the distance of the particle from that centre. It is 
then evident that if the proper common angular velocity be given 
to the system about 0, the centrifugal force on each particle may 
be made to balance the attraction on that particle. The particles 
of the system will then move in circles round with equal angular 
velocities, the lines joining them forming a figure always equal 
and similar to itself. Each particle also will describe a circle 
relatively to any other particle. 

Let us next enquire what conditions are necessary that the 
particles may so move that the figure formed by them is always 
similar to its original shape, but of varying size. Let the distances 

* Laplace's discussion may be found in the sixth chapter of the tenth book of 
the Mteanique Celeste. The proposition that the motion- when the particles are in 
a straight line is unstable was first established by Liouville, Academic des Sciences, 
1842, and Connaissance des Temps for 1845 published in 1842. His proof is 
different from that given in the text. The motion when the particles are at the 
corners of an equilateral triangle is discussed in the Proceedings of the London 
Mathematical Society, Feb. 1875. See also the author's Rigid Dynamics, vol. i. 
Art. 286. and vol. n. Art. 108. There is also a paper by A. G. Wythoff, 0?t the 



of the particles from the centre of gravity be r 15 ?* 3 ;&c. We 
then have for each particle the equations 



dt* \dtj.~ ' rdt\ dt. 

Since the figure is always similar, these equations are to be satisfied 
when ddjdt is the same for every particle, and r l} r Z) &c. have the 
ratios a l5 a 2 , &c., where a 1} 2 > &c., are some positive finite constant 
quantities. It immediately follows that the arrangement must be 
such that the F's are in the same positive ratios and also the G's. 

Since the mutual attractions of the particles form a system 
of forces in equilibrium, the equivalent system m^, m z F^, &c. 
and miG-i, m 2 G 2 , &c. is also in equilibrium. The sum of the mo- 
ments, of the 6r's about must therefore be zero, which (since 
they are in the ratios a 1; &c.) is impossible unless each G is zero. 

If also the initial conditions are such that both the radial 
velocities dr^dt, &c. and the transverse velocities rffl/dt, &c., 
have the ratios a ls &c., all the equations will be satisfied by 
assuming r 1} r 2 , &c. to have the constant ratios OL I , 2 , &c. The 
motion of some one particle, say m l5 is determined by the two polar 
equations of that particle. 

The result is, that if the particles, move so as to be always 
at the corners of a similar figure, that figure must be such that 
the resultant accelerating forces on the particles act towards the 
common centre of gravity and are proportional to the distances 
from 0. This being true initially, the particles must be projected 
in directions making equal angles in the same sense with their 
distances from 0, with velocities proportional to those distances. 

408. The two arrangements. To determine how three 
particles must be arranged so that the fores on any one may pass 
through the common centre of gravity ; the law of force being the 
inverse icth power of the distance. 

It is evident that tjie condition is satisfied when the three 
particles are arranged in a straight line. We have now to 
enquire if any other arrangement is possible. 

It is a known theorem in attraction that if two given particles 
of masses M, m attract a third ra', placed at distances p, r from 
them, with accp,leratincr forces Mo. m.r. the resultant m,asp,s thrrm-crl-i 



three. In order that the resultant of MJp K and m/r* may also 
pass through the centre of gravity of M, m, it is evident that 
the ratio of M/p" to m/r* must be equal to the ratio Mp to mr. 
It immediately follows (except /e= l) that pr. The three 
particles must therefore be at equal distances ; see also Art. 304. 

The result is that for three attracting particles there are 
only two possible arrangements; (1) that in which the particles, 
however unequal their masses may be, are at the corners of an 
equilateral triangle, (2) that in which they are in the same straight 
line. 

It may also be shown that when the law of attraction is the 
inverse /cth, the arrangement at the Corners of an equilateral 

7-^77 i (2m) 2 
triangle is stable when ^ > 3 



miti \3 K) 

' 409. The line arrangement. Three mutually attracting 
particles whose masses are M, m', m are placed in a straight line. 
It is required to determine the conditions that throughout their sub- 
sequent motion they may remain in a straight line. 

Let the law of attraction be the inverse th power of the 
distance. Let M, m, be the two extreme particles, m' being 
between the other two. Let a, b, c be the distances Mm, Mm', 
m'm ; then a = 6 + c. 

A necessary condition is that the resultant accelerating forces 
on the. particles must be proportional to their distances from the 
centre of gravity (Art. 407). We therefore have 
M /a" + m'/c K _ M/b* ra/c" _ m/a* + m'fb* 
Ma-+m'c Mb me ma+m'b ......... 

where the numerators express the accelerating forces on the 
particles and the denominators are proportional to the distances 
from 0. 

The equalities (1) are equivalent to only one equation, for if 
we multiply the numerators and denominators of the three frac- 
tions by m, m', M respectively, the sum of the numerators and 
also that of the denominators are zero. Putting a = b(l-\-p}, 
c = bp, we arrive at 



The left-hand side is negative when = and positive when p is 



infinitely large, the equation therefore has one real positive root, 
whatever positive values M, in', in may have. Putting p 1, the 
left side becomes (M TO)(2 K+1 1); since we may take M as the 
greater of the two extreme particles we see that the real positive 
value of p is less than unity, provided K + \ is positive. If K + 1 
were negative the root would be greater than unity. 

Whatever the masses of the particles may be it follows that 
if they are so placed that their distances have the ratios given by 
this value of p, and their parallel velocities are proportional to 
their distances from 0, they will throughout their subsequent 
motion remain in a straight line. 

When the attraction follows the Newtonian law, the equation 
(2) becomes the quintic 

(M+m^p* + (3if + 2m') p* + (3M+m')p 3 - (m' + 3m)p- 

- (2m' + %m)p - (m + m') = 0. . .(3). 

The terms of this equation exhibit but one variation of sign, and 
there is therefore but one positive root. 

It may be shown in exactly the same way that in the general 
case, when K has any positive integral value, the equation (2) has 
only one positive root; all the terms from p- K+l to p K+l being 
positive, while those from p K to p are negative. 

410. When the positions of two of the masses are given, 
thei'e are three possible cases ; according as the third is between 
the other two or on either side. Since the analytical expression 
for the law of the inverse square does not represent the attraction 
when the attracted particle passes through the centre of force, 
Art. 135 ; these three cases cannot be included in the same 
equation. We thus have three equations of the form (3), one 
for each arrangement. 

411. In the case of the sun, earth, and moon, M is very much 
greater than either m or 111. Since p vanishes when in and in' 
are zero, we infer that p is very small when m/M and m'jM are 
small. The equation (3) therefore gives Sp 3 = (in + m')/M, or, 
using the numerical values of in, in' and _/)/, p 1/100 nearly. 

If the moon were therefore placed at a distance from the 
earth one hundredth part of that of the sun, the three bodies 
be nroiected so that thev would al \vavs remain in a st,ra,ifrhl-. 
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line. The moon wouldHhen be always full, but at that distance 
its light would be much diminished. This configuration of the 
sun, earth and moon however could not occur in nature because 
this state of steady motion is unstable. On the slightest dis- 
turbance the whole system would change and the particles would 
widely deviate from their former paths. 

412. Three mutually attracting particles whose masses are M, m 1 , m describe 
circles round their common centre of gravity and are always in a straight line. 
Prove that if the force vary as any inverse power of the distance this state of motion 
is unstable. 

Reducing the particle M to rest we take that point as the origin of coordinates. 
Let (r, 8) be the coordinates of m, (r 1 , 6') those of m'. The particle m is acted on 
by (M+m)lr* along the straight line mM, and m'/r'* in a direction parallel to m'M. 
The polar equations of the motion of m are 

M+m m' m' 

COS U COS i 



1 d ( d0\ m' . 

- :r, ( r JT ) = -- sin w + 

r dt \ dtj ,.'" 



m' r' sin w 



where w, <f> are the angles at If, m of the triangle formed by joining the particles 
and E is the side mm'. In the same way the polar equations of the motion 

of TO' are 

d?r' . /d0'\ 2 M+m' m m \ 

_ r ' I _ \ ---- cos w -) -- cos $' 
dt* \dt J r 'K- i* /j* ^ 

(2), 



Id/ ,,dj9'\ m . m . ., 
- I r 'a JL. \ sin u -- sin <*' 
r' dt\ it) ,. jR* r 



where </>' is the external angle of the triangle at m'. In forming these equations 
the standard case is that in which 0'> 6 and r*<r. 

We shall now substitute in these equations r=a (1 + a;), 6=nt+y; r' = b (1 + y), 
^' = nt + ij, and reject all powers beyond the first of the small quantities x, y, , 17. 
Remembering that sin #/?'= sin <f>'lr=sm w/JR we find after some reduction 
( 32 _ n z _ K E) x - 2n5?/ + m'*B? + . 17 = 0, 
ZnSx + (S 2 + m'B) y + Q. t - m'B-n = 0, 
micAx + . y + (5 a - n 2 - *F) f - 2ndt) = 0, 
. x - mAy + 2n5? + (S 2 + mA ) ij = 0, 
where for brevity we have written 8 for djdt, and c = a - b, 






M+m m' 3/+m' m, 

~" + ' 



we nonce mat me constants jx, js are positive, wnen K + i is positive, it nas 
been shown in Art. 409 that a> b> c, and therefore A, B and E + F- 2?i 2 are positive. 
Lastly whatever K may be E + F~n* is positive 

To solve the four equations, we put x = Ge M , y = He^, =7iTe Ai , y=Le M . Sub- 
stituting and eliminating the ratios G, H, K, L we obtain a determinantal equation 
whose constituents are the coefficients of x, y, , 17, with X written for 5. This 
determinant is of the eighth degree in X. To find its factors we must before 
expansion make some necessary simplifications which we can only indicate here. 
"Wie first add the column to the x column and the i\ column to the y column. 
The second column may now be divided by X. Multiplying the second column by 
2n and subtracting from the first, we see that X' 2 - (K - 3) n 2 is another factor which 
we divide out. Subtracting the first row from the third and the second from the 
fourth, the first column acquires three zeros and the second column two. The 
determinant is now easily expanded and we have 

X 2 {X 2 - (K - 3) n- } { (X 2 + .C} (X 2 - CK - (K + 1) n 2 ) + 4?i 2 X 2 } = 0, 

where C=E+'F~2n-. If /c>3, this equation gives a real positive value of X and 
the motion is therefore unstable. If K have any positive value C is positive, and 
the third factor has the product of its roots negative ; one value of X 8 is real and 
positive and the other real and negative. The 'motion is therefore unstable for all 
positive values of K. 

413. Ex. 1. Three mutually attracting particles are placed at rest in a 
straight line. Show that they will simultaneously impinge on each other if the 
initial distances apart are given by the value of p in the equation of the (2/c + l)th 
degree of Art. 409. [This equation expresses the condition that the distances 
between the particles are always in a constant ratio.] 

Err. 2. Three unequal mutually attracting particles are placed at rest at the 
corners of an equilateral triangle and attract each other according to the inverse 
*th power of the distances. Prove that they will arrive simultaneously at the 
common centre of gravity. If the law of attraction is the inverse square, the time 
of transit is IT (a 3 /2fj.)^ where /j. is the sum of the masses and a the side of the 
initial triangle, Art. 131. 

414. A swarm of particles. Let us suppose that a comet 
is an aggregation of particles whose centre of gravity describes an 
elliptic orbit round the gun. The question arises, what are the 
conditions that such 'a swarm could keep together*? Similar 
conditions must be satisfied in the case of a swarm consolidating 

* The disintegration of comets was first suggested by Schiaparelli who proved 
that the disturbing force of the sun on a particle might be greater than the 
attraction of the comet. He thus obtained as a necessary condition of stability 
m/^ 3 >2]U/a 3 . The subject was dynamically treated by Charlier and Luc Picart on 
the supposition of a circular trajectory. They arrived at the condition mjlft > 3A//a 3 ; 
Bulletin de VAcademie de S. Petersbourg, Annales de VObservatoire de Bordeaux, 
Tisserand, Mec. Celeste, iv. The condition of stability was extended to the case of 
an elliptic trajectory by M. 0. Callandreau in the Bulletin Astronomique, 189G. The 
brief solutions here given of these problems are simplifications of their methods. 



ito a planet in obedience to the Nebular theory. The following 
sample will illustrate the method of proceeding. 

We shall suppose the sun A to he fixed in space, Art. 399. 
et B be the centre of the swarm, G any particle. Let r, d be 
le polar coordinates of B referred to A, and 77 the coordinates 
:" C referred to B as origin, the axis of being the prolongation 
AB. Let M be the mass of the sun. Supposing, as a first 
Dproximation, that the swarm is homogeneous and spherical, its 
fraction at an internal point G is pp, where p BG. If m be 
le mass and b the radius of the swarm, /j,b = m/b". 

The equations of motion are, by Art. 227, 

2 _i^L a ^_ - _ 

dt ) v dt (1 dt ) ~ (r + ) 2 
dO\ 1 d (, . V ,d0) -My 



hese equations also apply to the motion of 'the particle at B, 
here =0, 77 = 0. Hence when we expand in powers of , ??, 
1 the terms independent of f, 77 must cancel out. We thus have 



dt dt dP dt 

/d6* 



If the centre of gravity of the swarm describe a circle about 
sun, we write r = a, dd/dt = n. The equations then become 



-o 

utting ^ = A cos (pt + a), 77 = B sin (pt + a), we immediately ob- 
in the determinantal equation 

(p- - /A + 3ra 2 ) (p 2 - /*) - 4>p 2 n" = ............... (4). 

he condition that the particles of the swarm should keep together 
the same as the condition that the roots of this quadratic should 
5 real and positive. The left-hand side is positive when jD 2 = + oo , 



is therefore //, > 3w 2 , Art. 288. The condition that the swarm is 

. T7 . ,, j. . m ~M 
stable is therefore yr > 3 . 

J b 3 a 3 

Unless therefore the density of the swarm exceed a certain 
quantity the swarm cannot be stable. If the mass of the sun were 
distributed throughout the sphere whose radius is such that the 
swarm is on the surface, the density of the swarm must be at 
least three times that of the sphere. 

The path of the particle G when describing either principal oscillation is 
(relatively to the axes B%, By) an ellipse -with its centre at B. Substituting the 
values of , i) in the equations of motion and using the quadratic, we find 

A _p 2 -n ^_-i 3ff 3 -/* ^M?__ / M 
B~-2np' B* ~4 p 2 ' -BjBo" VM-3M 2 ' 

Since /* lies between the values of p z , the first equation shows that A 1 jB 1 and 
A 2 jB 2 have opposite signs, and accordingly the radical is negative. 

It follows that the oscillation which corresponds to the smaller value of p has 
the major axis directed along J3|, while in the other that axis is along By. The 
particle also describes, the ellipses in opposite directions, in the former case the 
direction is the same as that of the swarm round the sun, in the latter, the 
opposite. 

If the centre of gravity of the swarm describe an ellipse of small eccentricity, 
we may obtain an approximate solution of the equations of motion. Assuming 
the expansions 0= nt + 2e sin nt + % 

~ = l -~- ) 

" 



it is evident that all the coefficients of the differential equations (2) can be at once 
expressed in terms of t, including all terms which contain e 2 . It is however 
unnecessary for our present purpose to write these at length. It is easy to see 
that the equations become 



eX= 4e?i cos nt ~ - 2e,n- sin nt i) + 10i 2 cos nt + &c., 

e Y= - 4en cos nt -- + 1eri z sin nt % + e?i 2 cos nt 77 + &c. 
at 

As a first approximation we neglect eX, eY. Comparing the equations (5) and 
(3) we s^ee at once that we shall have the quadratic 

}-^> a n s = .................. (6). 



The condition that the swarm is stable is then a>w 2 (3 + 5e 2 ); /. , > (3-i-5e 2 ). 

' Zr a j 

It appears therefore that the gradual dissipation of a comet is more probable when 
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the expressions Z and Y. By Art. 303 the only important terms are those which 
become magnified by the process of solution. These terms are of the form 
Poo8(\t + L) where \=pn or p2n. Unless therefore the roots p, p' of the 
quadratic (6) or (4) are such that pp' ia nearly equal to n or 2n, the terms 
ierived from X, Y remain respectively of the order e or e 2 . This relation between 
the roots cannot occur when e is small. 

415. Tisserand's criterion*. When a comet describing a 
conic round the sun passes very near to a planet, such as Jupiter, 
its course is much disturbed. When it emerges from the sphere 
of perceptible influence of the planet, it may again be supposed' 
to describe a conic round the sun, but the elements of the new 
path may be very different from those of the old. 

Since Jacobi's integral (Art. 255) holds throughout the motion, 
the elements of both the conies must satisfy that equation. 

Let (a , Z ), (<?! , Zj) be the semi- major axis and semi-latus rectum 
before and after passing through the sphere of influence of the 
planet. Let i a , ^ be the inclinations of the planes of the comet's 
orbit to the plane of the planet's motion. 

Let the sun be taken as the origin of coordinates, and let 
the axis of pass through the planet P. Let r, p be the distances 
of the comet Q from and P respectively and c = OP. Let M, 
m be the masses of the sun and planet, then, reducing the sun. 
to rest (Art. 399), we regard the comet as acted on by the resultant 
attraction of the sun and planet together with a force ??i/c 2 acting 
parallel to PO. The field of force is therefore defined by 

JT _ M in m% 
U H ---- - . 
r p c- 

We suppose that the planet P describes a circular orbit relatively 
to with a constant angular velocity n, where n 3 = (Af + m)/c a . 
The Jacobian integral takes the form 



* Tisserand's criterion may be found in his Note sur 1'integrale de Jacobi, et 
sur son application a la theorie des cometes, Bulletin Astronomique, Tome vi. 
1889, also in his Mecanique Create, Tome iv. 1896. M. 0. Callandreau's addition 
is given in the second chapter of his Etude sur la theorie des cometes p6riodiques, 
Annales de VObtervatoire de Paris, Memo ires, 1802, Tome xx. There are also some 
investigations by H. A. Newton on the capture of comets by planets, especially 
Jupiter, American Journal of Science, vol. xm. pages 183 and 482, 1891. 



wnere v is me space veiouiuy 01 uue comeu auu st ios 
momentum referred to a unit of mass. Since (Art. 333) 



T a 
the integral becomes 



where ,p ; i,pi, are the values of , p when the comet is respec- 
tively entering and leaving the sphere of influence of the planet. 
We obviously have p = pi, and since the comet does not stay long 
within the sphere, we may neglect when multiplied by the 
very small quantity mJM. Writing then n 2 = M/c 3 as a close 
approximation, Art. 341, we obtain the criterion 



4_ 1 
c^c 2a x A 

416. Tisserand uses this criterion to determine whether two 
comets both of which are known to have passed near Jupiter 
could be the same body. If the criterion is not satisfied by the 
known elements of the two comets, they cannot be the same body. 
If it is satisfied it is then worth while to examine' more thoroughly 
how much the elements of either body have been altered by the 
attraction of Jupiter. This must be done by using the method 
of the planetary theory and is generally a laborious process. 

In Tisserand's criterion the orbit of Jupiter is considered to be circular, which 
is not strictly correct. This defect has been corrected by M. 0. Callandreau. 
Taking account only of the first power of the eccentricity he adds a small term 
containing that eccentricity as a factor. This term, unlike those in Tisserand's 
criterion, depends on the manner in which the comet approaches Jupiter. 

417. Stability deduced from Via Viva. The Jacobian integral has been 
used by G. W. Hill* to determine whether the moon could be indefinitely pulled 
away from the earth by the disturbing attraction of the sun. In such a problem 
as this, it is convenient to take the origin at the earth P and the moving axis of 
directed towards the sun 0. Reducing the earth to rest, the moon Q is acted on by 
(?tt+m')//> 2 along QP and Mjc 2 parallel to OP. The Jacobian equation for relative 
motion, Art. 255 (3), takes the form 



* Ox. W. Hill's researches in the Lunar theory may be found in the American 
Journal of Mathematics, vol. i. 1878. 



where p=PQ, r=OQ, c = OP and p. is the sum of the masses m, m' of the earth 
and moon. We treat the sun's orbit as circular and put as a near approximation 
_j/y c s = u 2. Since p 2 = 2 + -) 2 , this equation becomes 



Since the left-hand side is essentially positive it is clear that tlie moving particle Q 
can never cross the surface defined by equating the right-hand side to zero, and can 
only move in those parts of space in which the right-hand side is positive. Art. 299. 

If the initial circumstances of the motion make C" negative, the right-hand 
side is always positive and the equation supplies no limits to the position of Q. 

The form of the surface when 6" is positive has been discussed by Hill. When 
C" exceeds a certain quantity the surface has in general three separate sheets. 
The inner of these is smaller than the other two and surrounds the earth. The 
second is also closed but surrounds the sun, the third is not closed. When the 
constants are adapted to the case of the moon, that satellite is found to be within 
the first sheet. It must therefore always remain there, and its distance from the 
earth can never exceed 110 equatorial radii. Thus the eccentricity of the earth's 
orbit being neglected, we have a rigorous demonstration of a superior limit to the 
radius vector of the moon. 

418. Ex. 1. If the moon Q move in the plane of motion of the earth P and 

c :J / -\ 

if also the sun is so remote that we may put + r s =f c 2 ( l + ^l when the left- 

hand side is expanded in powers of f/c and ij/c, the bounding surface degenerates 

into the curve -+2?i 2 a =C". It is required to trace the forms of this curve for 

P 
different positive values of C". 

The curve has two infinite branches tending to the asymptotes fn a 2=(?". If 
C" is greater than the minimum value of plZ + yri-g* there is also an oval round 
the body S. If the particle Q is within the oval, it cannot escape thence and its 
radius vector will have a superior limit. If the particle is beyond either of the 
infinite branches, it cannot cross them and the radius vector will have an inferior 
limit. The velocity at any point of the space between the oval and the infinite 
branches is imaginary. [Hill.] 

Ex. 2. A double star is formed by two equal constituents S, P whose orbits 
are circles. A third particle Q whose mass is infinitely small moves in the same 
plane and initially is at a distance from P on SP produced equal to half SP, 
starting with such velocity that it would have described a circular orbit about P if 
S had been absent. Show that the curve of no relative velocity is closed, and that 
the particle being initially within that curve cannot recede indefinitely from the 
attracting bodies S and P. 

This example is discussed by Coculesco in the Comptes Eendus, 1892. He also 
refers to a memoir of M. de Haerdtl, 1890, where the revolution of Q round P is 
traced during two revolutions and it is shown that at the end of the third the 
particle is receding from A *. 



Since writincr the above the author lias received Darwin's memoir on Periodic 



Theory of Apses. 

419. When the law of force is a one-valued function of the 
distance, every apsidal radius vector must divide the orbit sym- 
metrically. 

Let be the centre of force, A an apse (Art. 314). The 
argument rests on two propositions. 

(1) If two particles are projected from A with equal velocities, 
both perpendicularly to OA but in opposite directions, it is clear 
that (the force being always the same at the same distance from 0) 
the paths described must be symmetrical about OA. 

(2) If at any point of its path, the velocity of the particle 
were reversed in direction (without changing its magnitude), the 
particle would describe the same path but in a reverse direction. 

If then a particle describing an orbit arrive at an apse A, its 
subsequent path when reversed must be the same as its previous 
path. Hence OA divides the whole orbit symmetrically. 

We may notice that if the law of force were not one-valued, 
say F = fj,{u V(w 2 a-}}, where the apsidal distance OA = a, the 
first proposition is not true, unless it is also given that the radical 
keeps one sign. 

420. There can be only two apsidal distances though there 
may be any number of apses. 

Let the particle after passing an apse A arrive at another 
apse B. Then since OB divides the orbit symmetrically, there 
must be a third apse G beyond B such that the angles AOB, 
BOC are equal and 00 = OA. Since OG divides the orbit sym- 
metrically, there is a fourth apse at D, where OD = OB and the 
angles BOO, OOD are equal. The apsidal distances are therefore 
alternately equal, and the angle contained at by any two con- 
secutive apsidal distances is always the same. 

has been more thoroughly studied. Taking a variety of initial conditions he has 
traced the subsequent paths of a particle of insignificant mass. Some of the 
paths thus presented to the eye have such unexpected and remarkable forms that 




centre of force whose attraction is a 
one-valued function of the distance 
unless that centre is situated on a 
principal diameter and is outside the 
evolute. 

By drawing all the tangents to one 
arc EF of the evolute we see that they 
cover the whole area of the quadrant 
AGB of the ellipse. It follows that a 
normal to the ellipse can be drawn 
through any point P situated in this 
quadrant, and this normal does not divide the fllipse symmetrically, unless P lies 
between E and A or between F' and B. 

Ex. 2. If the path is an equiangular spiral and the central force a one-valued 
function of the distance, prove that the centre of force must be situated in 
the pole. 

Ex. 3. If a particle of mass m be attached to a fine elastic string of natural 
length a and modulus \, and lie with the string unstretched and one extremity 
fixed on a smooth horizontal plane ; prove that, if projected at right angles to the 
string with velocity v, the string will just be doubled in length at its greatest 
extension if 3mt> 2 =4aX. [Coll. Ex.] 

Ex. 4. A particle is projected from an apse with a velocity v, prove that the 
apse will be an apocentre or a pericentre according as the velocity v is less or 
greater than that in a circle at the same distance. 



To find the apsidal distances 
G Z/Fdr, gives 



422. The apsidal distances. 

when F=ijLU n , and n is an integer. 
The equation of vis viva, viz. v"~ = 
7 f /du\~ 

' v ' =h '\(de) 

Let V be the velocity at the initial distance R, @ the angle of 
projection, then 

9.11 / 1 \K 1 

n/3 (2). 



.(i). 



Thus both h and C are known quantities, at an apse u is a inax- 
min, and therefore du/dd = 0. The apsidal distances are therefore 
given by 

- 2 ~ - - + c = 



IT = 

dtj 



, 

n-l 



If an equation is arranged in descending powers of the unknown 
quantity, we know by Descartes' theorem that there cannot be 
more positive roots than variations of sign. The arrangement of 
the terms of equation (A) will depend on whether n 1 is greater 



or less than 2 ; but, since there are only three terms, it is clear 
that in whatever order they are placed there cannot be more than 
two variations of sign. The equation cannot therefore have more 
than two positive roots. This is an analytical proof that there 
cannot be more than two real apsidal distances. 

423. If n is a fraction, say n=p/q in its lowest terms, we write u=wi; the 
indices of w are then integers and w and therefore u can have only two positive 
values. It is assumed that if q is an even integer the sign of F is given by some 
other considerations, for otherwise F would not be a one- valued function of u. 

424. The propositions proved in Arts. 420 and 422 are not 
altogether the same. The complete curve found by integrating 
(A) may have several branches separated from each other so that 
the particle cannot pass from one to the other. In 420 it is 
proved that the actual branch described cannot have more than 
two unequal apsidal distances. In 422 it is proved that when 
FjMt?' all the branches together cannot have more than two 
unequal apsidal distances. 

If the force be some other one-valued function of the distance 
the complete curve may have more than two unequal apsidal 
distances. 

(du\ 2 
-r^ ) = A (u - a) (u - b) (u - c) be the differential equation of 
aoj 

an orbit, prove that the central force. is a one-valued function of the distance. 
Prove also that the curve has two branches and three unequal apsidal distances, 
and that either branch may be described if the initial conditions are suitable. See 
Arts. 309, 441. 

Ex, 2. If the central force is F=fm n , where n>3 and the velocity is greater 
than that from infinity, prove that the apsidal distances lie between y and q, where 
2/z=/i 2 (n-l)p n - 8 and h*~Cq*. [This follows from a theorem in the theory of 
equations applied to equation (A) of Art. 422.] 

426. The apsidal angle. To find the apsidal angle when 
]?= i*.u n , where n< '3, and the orbit is nearly circular. 

The equation of the path with these conditions has been found 
by continued approximation in Arts. 367 to 370. 

Taking the first approocimation, we see by referring to the 
equation (6) of those articles that dujdd is zero only when 
pB + a. iiT, where i is any integer. These values of therefore 
determine the apses and the reciprocals of the two corresponding 
apsidal distances are c (1 M). The apsidal angle described 
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Taking the higher approximations, we use the equations (12) 
and (13) in the same way. The apsidal angle is therefore TT/JD, where 

p = ^/(3 n) (1 -fa (n 2) (n + 1) Jf 8 }. 
The reciprocals of the apsidal distances are very nearly c (1 + M ). 

427. There is another method of finding the apsidal angle which is founded 
on a direct integration of the equations of motion*. Beginning with 

cPu fM n ~^ 

we have, as in Art. 422, 



let ua, u b be the reciprocals of the inner and outer apsidal distances. Since 
the right-hand side of the equation must vanish for each of these values of , we have 



n-1 
Eliminating ft 2 and C we find 



=0, -= 6"- 1 - h*b*+ (7=0 



A= 



w"- 1 , u 2 , 1 
a"- 1 , a 2 , 1 



To find the apsidal angle we have to integrate the value of dS from ub to t. 

To simplify the Emits we put a = c (1+JIf), 6=c (1-M) and =c (l+jjfa;); the 
limits of integration are then x ~ 1 to + 1. Also since the orbit is nearly circular, 
we suppose M to be a small quantity. 

It now Becomes necessary to expand A in powers of M. This may be effected 
by using some simple properties of determinants. If we subtract the upper row 
from each of the other two, the determinant is practically reduced to a determinant 
of two rows. Noticing that 



where (7=4(7i-2), Z> = fc(n-2) (n-3), &=& (n-2) (n-3)(n-4), we see that the 
new determinant is 

l + CM(x- 



Subtracting one row from the other and performing some evident simplifications, 
we find 



where JE 2 = 2c n+1 M 3 (n - 1) (n - 3). We thence deduce 
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In the same -way we find after some reductions 



(-2) (n-3) Jf 2 }. 
Bemembering that du=cMdx, these give 

d9 1 If, n-2_, -2 



The integrations can he effected at sight hy putting a;=sin0. Taking the 
limits to be cf>= JT to make the apses adjacent, we find that the apsidal angle is 
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428. Closed orbits. An orbit is described about a centre 
of force whose attraction is a one-valued function of the distance. 
Prove that if the orbit is closed, for all initial conditions within 
certain defined limits, the law of force must be the inverse square 
or the direct distance. [Bertrand, Gomptes Rendus, vol. 77, 1873.] 

If the path is closed and re-entering it must admit of both 
a maximum and a minimum radius vector. The orbit therefore 
has two apsidal distances and must lie between the two circles 
which have these for radii and their centres at the centre of 
force. By varying the initial conditions we may widen or diminish 
the space between the circles, yet by the question the orbit is 
always to be closed so long as the radii of the circles remain 
finite. 

Representing the first approximation to the reciprocals of the 
radii by c (1 M) the apsidal angle will be ir/p, where p can be 
expressed in some series of ascending powers of M. The orbit 
cannot be closed unless the apsidal angle is such that, after some 
multiple of it has been described, the particle is again at the 
same point of space and moving in the same way. Hence p must 
be a rational fraction for all values of M whether rational or not. 
The coefficients of all the powers of M must therefore be zero, 
while the term independent of M must be a rational fraction, 

When F=/j,u n the series for p is (Art. 426) 

p = V(3 - n) {1 - fa (n - 2) (n + 1) M 2 + &c.|. 
Since the coefficient of M- must be zero we see that n = 2 or 1, 
i.e. the law of force must be the inverse square or the direct 
distance. In either case the condition that V(3 n) should be a 

T-af.innn.1 frfl.ri,irm is satisfied. 



ries for p is, in general, a function of c, i.e. of the reciprocal of 
e mean radius. Since this can be varied arbitrarily the apsidal 
gle cannot be commensurable with TT unless this first term, 
i. c/'(c)//(c), is independent of c. Putting this equal to a 
astant m we find by an easy integration that/(c) = pc m . Hence 
= /iw, m+2 . The general case is therefore reduced to the special 
se already considered. 

429. Classification of orbits. The force being F=/M n it is required to 
ssify the various forms of the orbit according to the number of the apsidal 
tances *. We suppose /j. to be positive and h not to be zero. 

Arranging the apsidal equation (A) (Art. 422) in descending powers of u, it 
ces one or other of the three following forms 



~ JL 



sording as n>3, n lies between 3 and 1, and n<l. 

The two constants %C and h determine the energy and angular momentum of the 
rticle, Art. 313. When these are given, we arrive, by integrating (A), at an 
uation of the form + a=/(). By varying the constant a we turn the curve 
and the origin without altering its form. It follows that when C and h are 
own, the orbit is determined in form but not in position. The curve thus found 
ay have several branches which are not connected with each other. One point 
, the orbit must therefore also be given to determine the value of a, and to distinguish 
e branch actually described by the particle. 

Any point on the curve being taken as the point of projection, we may regard v 

the initial velocity. We thus have C=v~ V-f or (7= 2 +F 2 , where V 1 is the 

locity from infinity, and F the velocity to the origin. The first equation is to 

i used when Fj is finite, i.e. when >1; the second when F is finite, i.e. when 

cl. See Art. 313. 

43O. Case I. Let the curve have but one apsidal distance. The right-hand 
3e of the apsidal equation (A) must change sign once as u varies from zero to 
.finity. Hence, when n>3, G is negative or zero, i.e. the velocity v is less than 
equal to that from infinity; when 71 lies between 3 and 1, C must be positive or 
sro, i.e. the velocity v is greater than or equal to that from infinity. Lastly we 
:e from the third form of the equation (A) that when n < 1 the curve cannot have 
ily one apsidal distance. 

* Korteweg, Sur les trajectoires decrites sous I'influence d'une force centrale, 
rchives NSerlandaises, vol. xix. 1884, discusses the forms of the orbits, the con- 
itions of stability and the asymptotic circles. Greenhill, On the stability of 
bits, Proc. Land. Math. Soc. vol. xxn. 1888, treats of the asymptotic circles which 



These conditions being satisfied, let u=a be the reciprocal of the apsidal 
distance, found by solving the equation (A). We then have 



where $ (u) cannot change sign as u varies from to oo . Since <j> (u) must have 
the same sign as the highest power of u, its sign is positive or negative according 
as w> or <3. 

We notice that if n is a fraction, say n=plq, we replace the factor u -'a by w - b 
where u=w g , a=bi; Art. 423. As in most cases the force F varies as some 
integral power of the distance, it will bo more convenient. to retain the form given 
above. 

Since the left-hand side of (2) is necessarily positive, the whole of the curve 
must lie inside the circle u=a if >3, and must lie outside that circle if n<3. 
Suppose the particle, as it moves round the centre of force, to have arrived at the 
apse. It will then begin to recede from the circle and must always continue to 
recede because dujdd is not again zero. The orbit has therefore two branches 
extending from the apse to the centre of force or to infinity according as n> or < 3. 
The apse is an apocentre in the first case and a pericentre (as in a hyperbola 
described about the inner focus) in the second case. 

The motion in the neighbourhood of the apse may be found by writing u=a+x 
and retaining only the lowest powers of x. We then have 



where Ah z =<f> (a). The path is therefore such that the particle describes a Unite 
angle 6 while it moves from u=u to u=a. Since dBldthu^ is finite, the. time of 
describing this finite angle is also finite. 

481. Caoes u. and III. To find the conditions that there may be either two 
apsidal distances or none. The apsidal equation must have two positive roots or 
none. The condition for this is that the right-hand side of (A) must have the 
same sign when w=0 and M=OO . 

First. Let n>3, this condition requires that C should be positive and not 
zero. The velocity at every point must therefore be greater than that from infinity. 

To distinguish the cases we find the max-min value M of the right-hand side 
by equating to zero its differential coefficient. We thus find 

_n-l 
'~n-S' 

TaMng the second differential coefficient we find that M is a minimum when n>3 
and a maximum when n<3. 

We notice that when >3, the two terms of M have opposite signs and that 
we can make either predominate by giving h or C small values. Thus M. may 
have any sign if the initial conditions are suitably chosen. The path may there- 
fore have either two apsidal distances or none; there will be two if M is negative 
and none if M is positive. If M=0 the apsidal distances are equal. 

Secondly, let 3>w>l. The right-hand side of (A) cannot have the same sign 
when u=Q and w=co unless C is negative. The velocity at e.vp.m nnint m.ust. <)W/>- 



= -T(~) +0, 



Writing as before 



3-n' 

we shall prove that M is necessarily positive and .has zero for its least value. Then 
since the right-hand side of (A) is negative when =0 and w=o> and is equal to 
the positive quantity M for some intermediate value, there must be two apsidal 
distances which can be equal only when M =0. 

To prove that M is positive, we notice that M is least when h is greatest. 
Since A=vrsin/J (Art. 313) this occurs when h=vr, i.e. when the particle is 
projected perpendicularly to the radius vector. Substituting this value of h and 
remembering that' C'= 2 -F 1 2 , we can see by a simple differentiation that M is 
again least when w 2 =/x/r n - 1 , that is, when the velocity is equal to that in a circle. 
This value of v is less than the velocity from infinity (n being <3), and is there- 
fore admissible here. Substituting this value of v we find that the minimum 
value of M is zero. The value of M is therefore positive and is zero only when 
the path is a circle. 

We ( may also prove that the orbit has two apsidal distances by observing that 
since the velocity is insufficient to carry the particle to infinity, the orbit must 
have either an apocentre or must approach an asymptotic circle. In either case 
the apsidal equation has one positive root and therefore has another. 

Thirdly, let l>n. Since C=v 2 + V S we notice that C must be positive. We 
now have 



we may prove in the same way as before that M is least when h=vr and w 2 =/*/r n ~ l 

and that then M= -r-^- r 1 - n +F 2 =0 by Art. 312. Thus M is always positive 
J. n 

and the curve has two apsidal distances which can be equal only in a circle. 

We verify this result by noticing that since an infinite velocity is required to 
carry the particle to infinity (n being <1, Art. 312), the orbit must have an 
apocentre or approach an asymptotic circle. The apsidal equation must therefore 
have two positive roots. 

432. It follows from what precedes that the curve defined by tne apsidal 
equation (A) can be without an apse only when >3. In that case the orbit 
extends from the centre of force to infinity. 

We arrive at the same result by noticing that if there is no apse, the velocity 
must be sufficient to carry the particle to infinity. If 1 > n this condition cannot be 
satisfied (Art. 312). If n>l this condition requires C to be positive and it is 
evident that the second form of the apsidal equation has then a positive root. 

It also follows that there can be an asymptotic circle only when n>8. For if 
the orbit be ultimately circular the constant M must be zero, and this cannot 
happen when^<3 unless the orbit is circular throughout. See also Art. 447. 

433. To find the motion when the orbit has two apsidal distances. If a, & be 
the reciprocals of these distances, the apsidal equation (A) takes the form 



where <f>(u) is positive or negative according as n> or <3. Since the left-hand 
side is necessarily positive we see that u cannot lie between the limits a and b if 
< (u) is positive but must lie between them if (u) is negative. The whole curve 
must therefore lie outside the annulus defined by the circles u=a, = b if >3, and 
must lie within that annulus if n<3. 

It appears that when n>3 the full curve defined by the differential equation (A) 
contains two distinct branches, either of which can be described by the particle 
with the given energy C and the given angular momentum h. These, being 
separated by the empty annulus, do not intersect, so that when the point of pro- 
jection is given the particular branch described by the particle is determined. We 
notice also that this branch has only one apsidal distance though the complete 
curve has two. 

When n<3 the path of the particle undulates between the two circles u=a, 
u=b, touching each alternately and being always concave to the centre of force. 

434. Case IV. To find the motion when the apsidal distances are equal. 
The apsidal equation now takes the form 

h z (duld8) z =(u-a)*<t>(u). 

The motion as the particle approaches the circle ua may be found by putting 
ua + x and retaining only the lowest powers of x. We then have 



where m 2 =0(a)/ft 2 . The particle therefore approaches the limiting circle in an 
asymptotic path and arrives at the circle only when = oo. Since dO[dt (being 
ultimately equal to ha z ) is finite, the time of describing an infinite number of revo- 
lutions round the centre of force is infinite. 

The conditions that the right-hand side of the apsidal equation (A) may have 
a square factor and be positive are (1) the coefficients of the highest and lowest 
powers must be positive, and (2) we must have Jf=0, Art. 431. If n>3, C must 
be positive, i.e. the velocity at every point must be greater than that from infinity. 
If n<3'the coefficient of the highest power of u is negative, and there can be no 
asymptotic circle. (See also Art. 432.) 

43s. When n>3 and it is known that the path has an apse, we may prove 
that that apse is a pericentre or apocentre according as the velocity of projection is 
greater or less than the velocity in a circle at the same distance. Let v be the 
velocity of the particle, F 2 the velocity in a circle at the same distance r, Fj the 
velocity from infinity; then (Art. 313) 

F 2 "* p-2 ft ,.2 _ TT 3 _|_ f f\\ 

l ~n-lr n -^ K 2-^> tf-^+c .................. (l), 

.-. v 2-F 2 2 =- ( B -8)Fi s + C .............................. (2). 

If r=r : represent any apsidal distance, we have at that apse v"lpF>, F 2 2 /r 1 =.F. 
At a pericentre the orbit lies outside the circle of radius r lt hence p>r t and 
.-. t> 2 > F 2 2 . At an apocentre the orbit lies inside the circle and v 8 < F a 2 . 

It follows by inspection of (2) that at a pericentre both sides of that equation 
are positive, and, since V l decreases when r increases, both sides must continue to 
be positive as the particle recedes from the origin. The particle also cannot arrive 
at a second apse, for this requires the left side to become negative. In the same 
way at an apocentre the two sides of (2) are negative and must continue to be 



at any point is greater or less than that in a circle at the same distance according as 
the path has a pericentre or apocentre. 

It follows also that the path described cannot have both a pericentre and an 
apocentre. 

438. The following table sums up the possible orbits when F=t(M n . 
n>3, V^F {one apsidal distance, path inside the circle. 

v > Fj (two apsidal distances, path inside or outside both circles 
M negative \ according as v is < or > F 2 . 

v > F! (no apsidal distance, the path extends from the centre of force 
M positive ( to infinity. 

v> FI (an asymptotic circle, approached from within or from without 
Jf=0 ( according as v is < or >F 2 . 

3>>-l, V^F! {one apsidal distance, path outside the circle. 

<Fj {two apsidal distances, path between the circles. 
!>, v<Fj {two apsidal distances, path between the circles. 
Here F 2 is the velocity in a circle at the distance of the point of projection. 

Ex. When the force F=^iM n is repulsive show that the path, if not rectilinear, 
has a pericentre with branches stretching to infinity. 

437. The motion in the neighbourhood of the origin is found by retaining the 
highest powers only of u. We thus have by (A), Art. 429, 

^y=^(;Sy==- B2 " n ~ i r - 7i2 v 



according as w>3 or <3, where (n-l)B 2 =2jtt. The first alternative gives after 
integration, supposing the particle to be approaching the origin, 



where ^=J(n-3), ? = J(w + l); showing that the particle (except when n=3) 
describes a finite angle in a finite time when the radial distance decreases from 
r=r to zero. 

The negative sign in the second alternative shows that, when n < 3, the particle 
cannot reach the origin unless /i=0, i.e. unless the path is a radius vector. 

438. The motion at an infinite distance from the origin is found by retaining 
the lowest powers only of u. We then have 



J* / - \ la I C r - i ' 

dt I \dO I l-n 



according as w> or <1. The negative sign in the second alternative shows that 
when <1 the curve can have no branches which extend to infinity. 

When C is positive, i.e. when the velocity v of projection is greater than that 
from infinity, the first alternative leads to 



showing that when the particle travels from r=r to infinity it describes a finite 
angle & round the origin, and that the time is infinite. The path therefore tends 
to a rectilinear asymptote whose distance from the origin is -d(>ldu = hl*JC. 

If however C Q, i.e. the velocity v of projection is equal to that from infinity, 



according as n>3 or <3 but >1. The first alternative shows that (except when 
h~Q) there are no branches leading to infinity. The second alternative, i.e. 
gives, supposing the particle to recede from the origin, 



where (n-l).B 2 =2/t, p= - J (3-n), q=%(n+l). These equations show that as 
the particle proceeds from r=r to infinity it describes a finite angle in an infinite 
time. The path tends to a rectilinear asymptote at an infinite distance from the 
origin. 

439. Stability of the orbits. Keferring to Art. 436 -we see that when n>3 
the orbit extends to the origin or to infinity except when the particle is approaching 
an asymptotic circle. The existence of such a circle depends on the equality of the 
factors of the right-hand side of the apsidal equation, and a slight change in the 
constants C, h may render the factors .unequal or imaginary. In either case the 
new path will lead the particle either to the centre of force or to infinity. Such 
orbits may be called unstable. 

When n<3 and the velocity of projection less than that from infinity, the path 
is restricted to lie between the two circles u = a, u=b, and the values of a and b 
depend on the constants C and ft. Any slight disturbance will alter the values of 
these constants, but the orbit will still be restricted to lie between two circles 
though the radii will not be exactly the same as before. Such orbits may be called 
stable. 

440. Ex. Prove that any small decrease of the angular momentum h or 
increase of the energy JC will widen the annulus within which the particle 
moves; that is, will increase the oscillation of the particle on each side of the 
central line. 

441. Apsidal boundaries when Ff(u). When the law of force contains 
several terms the argument becomes more complicated. Let F=2A n u n > then 



\\dej -"{-"- 2S 

Transposing the terms, the apsidal equat&n is 



^i-a-j) (u- a 2 ) ... (u-a K ) $ (u), 

where a ls a.,, ... are positive quantities arranged in descending order, and (?i) 
contains all the factors which do not vanish between n=0 and u=oo . The factor 
<p (u) keeps one sign, viz. that of the highest power of u, 

Let us divide the plane of motion into annular portions by circles whose 
common centre is at the centre of force and whose radii are the reciprocals of a lt 
a 2 , &G. Then" since (dujd6) z changes sign when u passes any one of these 
boundaries, it is clear that the curve defined by the differential equation (B) can 
have branches only in the alternate annuli, the intervening ones being vacant. The 
space between 1*=^ and u=<x> being occupied or vacant according as </> (u) is 
noartiva or neffativfl. 



If the initial position of the particle lie between any two contiguous circles, 
subsequent path is restricted to lie between these circles and touches each 
alternately. If the initial position lie outside the greatest circle or inside the 
least, the subsequent path must also lie outside or inside these circles and must 
therefore extend to infinity or to the centre of force. 

442. Next, let some of the factors of the apsidal equation be equal, say 



-vvbere / (u) has been written for the remaining factors. To determine the motion 
jxa the neighbourhood of the circle u=a, we write ua + x and retain only, the 
of x. We then have, supposing w>2, 



x 

where IP=f(a) <p (a), and K%(m-2). The case in which m=2 is discussed in 
Art. 434:. We see that the circle u=a is asymptotic. The particle arrives at the 
circle after describing an infinite number of revolutions round the centre of force 
and at the end of ah infinite time. 

443. Let us trace the surface of revolution whose abscissa is r and ordinate 
^:=Fr' J , and let the ordinate z be perpendicular to the plane of motion of the 
particle. We notice that this surface is independent of the initial conditions and 
that its form depends solely on the law of force. 

It is easy to see that the ordinate z corresponding to any value of r represents 
tb.e square of the angular momentum in a circular orbit described with radius r. 
It "will therefore be useful also to trace the plane whose ordinate is z=/i 2 , where h is 
tlae angular momentum of the path described. 

By describing circles whose radii are the abscissas of the maximum and 
minimum ordinates of the surface, we may divide the plane of motion into 
annular portions in which the function z = Fr 3 is alternately increasing or decreas- 
ing outwards from the centre of force. These we may call the ascending or de~ 
scending portions of the surface. 

444. If r represent any apsidal distance, we have at the corresponding apse 
ij*jp=:F and v = h/r; hence h* = Fpr*. At a pericentre the orbit lies outside the 
circle of radius r, hence p>r, and the angular momentum h of the path must be 
greater than that in a circle of radius r. In the same way, at an apocentre the 
orbit lies inside the circle, and the angular momentum h is less than that in a 
circle of radius r. 

Deferring to the surface z=Fi 3 , we see that a pericentral distance rOA must 
fiave an ordinate A A' less than that of the plane z=7i 2 , and an apocentral distance 
OJB must have an ordinate BB' greater than that of the plane. It immediately 
follows that if A, J? are the pericentre and apocentre of the same path, both the 
^points A', J5', cannot lie on the same descending portion of the surface. This con- 
clusion does not apply if A, B are the pericentre and apocentre of different branches 
of the complete curve ; (Art. 441). 

We infer from this result that an annular space on the plane of motion (Art. 
443) in which Fr 3 decreases outwards has this element of instability, viz. that a 
7>ath having both a pericentre and an apocentre cannot be described within the space. 



if an apoceutre it will move out of the space on its inner boundary. We see also 
that when the particle has left the annular space it must proceed to infinity or to 
the centre of force, unless it come into some other external annular space in which 
Pi 3 has increased sufficiently to exceed the h 2 of its own path or into some internal 
space in which Fr 9 has become less than 7i 2 . 

445. We may also deduce this result very simply from the radial resolution. 

We.have 



As the particle approaches and passes an apocentre r increases to a maximum and 
decreases, hence drjdt .changes sign from positive to negative and dV/dt 2 is 
negative. In the same way, when the particle passes a pericentre, d^r/dt 2 is 
positive. It immediately follows that at an apocentre Fi*>-h? and at a pericentre 



449. If the orbit have an asymptotic circle ra, the angular momentum li 
must be equal to that in a circle of that radius. Hence the asymptotic circle must 
be the projection of some one of the intersections of the surface z = Fr 3 with the plane 
z=W; (Art. 443). 

As the asymptotic circle is itself an apoeentre or pericentre, it follows, as in 
Art. 445, that when the particle is approaching the circle from within ft 2 - JFV 3 is 
negative and ultimately zero. Hence Fr* is decreasing outwards. When the 
particle is approaching the circle from without 7i 2 - Fr 3 is positive and ultimately 
zero, hence Fr 3 is increasing inwards. In either case it follows that only those 
intersections io7iich lie on a descending portion of the surface z=Fr 3 can correspond 
to asymptotic circles. 

As each descending portion of the surface can have only one intersection with 
the plane z=h 2 , there cannot be more asymptotic circles than descending branches. 

There may be fewer asymptotic circles than descending branches because two 
conditions are necessary that an asymptotic circle of given radius r=a should 
exist ; (1) the angular momentum must be equal to that in the circle, and (2) the 
constant C must be such that the velocity at a distance ra is equal to that in the 
circle, i.e. v z ja=F. 

447. As an example, consider the force F=fj.u n . If n:>3, the surface z=Ft* 
has only a descending portion, there can therefore be one and only one asymptotic 
circle. Also the path described cannot have both an apocentre a-nd a pericentre, 
though different branches of the same curve may have one an apocentre and another 
a pericentre. See Arts. 444, 446, 436. If n<3, the surface z=Fr 3 has only an 
ascending portion. Hence there cannot be an asymptotic circle, but the path can 
have both an apocentre and a pericentre. 

448. JEx. Discuss the properties of the surface Z=Fr-v 2 , -where the 
velocity v is a known function of r given in Art. 441. Prove that (1) the abscissas 
of its max- rain ordinates are the same as those of the surface z=Fr s , so that the 
ascending and descending portions of each correspond (Art. 443) ; (2) each 
asymptotic circle must be one of the intersections of the surface with the plane of 
motion; (3) conversely, if at any intersection we also have z=7t 2 , that intersection 
is an asymptotic circle. 

The first result follows from = . To Drove the second and third w& 



projection that the path may be described. 

Referring to Art. 441 we see that the right-hand side of the armidal equation (B) 
must be /A (u - a) 2 (u - 6) 2 . We then find 

F= /m 2 (u -a)(u- b) (2u - a - ft + /x'u 3 , 
and the angular momentum at projection must be *J(j!. 

Ex. 2. Let JF=/m 2 {(it-a) (3u-a-b) + cu}, where F is the central force. If 
the conditions of projection are such that 7i 2 =/uc and the velocity v when u=a is 

a~b 
r 2 =/xea 2 , show that the path is - = (tanh0) 2 , where c/c 2 =2 (a -I). Show also 

U "~ 

that the curve has two infinite branches tending to the same asymptotic circle 
==a, with an apse at a distance 1/b. 

Ex. 3. A particle arrives at an apse distant r from the centre of force with a 
velocity v equal to that in a circle at the distance r. If the velocity be reversed in 
direction, will the particle describe the same path in a reverse order or will it 
travel along the circle? See Art. 419. 

At such an apse the radius of curvature p of the path must be equal to ?. But 

since -=M + -J-S at any apse this requires that d a u/d^ 2 =0. The apsidal equation 
p do* 

(B) of Art. 441 must therefore have equal roots, and the apse is- at the extremity of 
a path with an asymptotic circle. The particle therefore can never arrive at such 
an apse in any finite time (Art. 442). 

If the particle be projected from a point on the asymptotic circle with the 
given values of v and h it may be said to describe either orbit, for the deviation of 
one from the other is indefinitely small at the end of any finite time. 

Boussinesq, Comptes Eendus, vol. 84, 1877, considers the circular motion to be a 
singular integral of the differential equation. Korteweg and Greenhill have also 
discussed this problem. 



On the law of force by which a conic is described. 

450. Newton's theorem*. An orbit is described by a 
particle about a centre of force C whose law is known : it is 
required to find the law of force by which the same orbit can be 
described about another centre of force 0. 

* Newton's theorem is given in Prop. vn. Cor. 3 of the second section of the 
first book of the Principia. The application to the motion of a particle in a circle 
acted on by a force parallel to a fixed direction follows in the next proposition. 
Sir W. R. Hamilton's paper, giving the law F=/j.rjp 3 , is in the third volume of the 
Proceedings of the Irish Academy, 1846. Villarceau in the Gonnaissancq des Temps 



Let t, Jf be the forces or attraction tending respectively 
to G and 0. Let OF, OZ be the 
perpendiculars on the tangents z 

at any point P ; GP = r, OP = r'. ^ I ^~^^-~^ 

Then since sinCPY^CY/r, we 
have 

tf r,CY h 



Similarly 



L p.CY* 

ET/ " ^ 

J* == 7T7- 




' _ h'* r' (GY\* 
~ 



If we draw CO parallel to OP, the triangles OPZ and C<?F 
are similar, and 

qz _CY . ^ = ^!tf? 

OP~~CG' '' P A 2 r-V 

If then P is given as a function of r, the law of force F' tending 
to any assumed point (J is also known, when we have deduced 
CQ as a function of r and r' from the geometrical properties of 
the curve. 

Remembering that the area A = ^ht, we see that the periodic 
times in which the whole curve is described about G and 
respectively are inversely as the arbitrary constants h and h'. 
By choosing these properly we can make the ratio of the periodic 
times have any ratio we please. 

We also notice that if the time of describing any arc PQ is ' 
known when the central force tends to G, the area PCQ is 
known. Now the area POQ differs from this by a rectilinear 

for 1852, using Cartesian coordinates, arrived at two possible laws of force. 
Afterwards Darboux and Halphen investigated two laws equivalent to these, and 
proved that there is no other law in which the central force is a function only of 
the coordinates of its point of application. Their results may be found in vol. 84 
of the Comptes Rendus, 1877. The investigations of Darboux were reproduced by 
him at somewhat greater length in his notes to the Cours de Mticanique by 
Despeyrous, 1884. There is a third paper by Glaisher in vol. 39 of the Monthly 
Notices of the Astronomical Society, 1878, who also gives the expression (2^^) or* 
for the periodic time. Darboux uses chiefly polar coordinates, while Halphen 
employs f .-tesian, beginning, with the general differential equation of all conies: 
Glaisher simplifies the arguments by frequently using geometrical methods. 
There is also a paper by S. Hirayama of Tokyo in Gould's Astronomical Journal, 
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figure whose area can therefore be found. Hence the area POQ 
and therefore the time of describing the same arc PQ when the 
central force tends to can be found. 

451. Suppose the orbit is a conic, then the force tending to 
the centre G is F=jj,r, and h = ^p.ab. It immediately follows 

* 



that the force tending to any point is F' = . y - . If for 

example, is a focus, it is a known geometrical property of a 
conic that G lies on the auxiliary circle and that therefore GG = a. 
We then have F' == /i/// 2 , where A' 2 = fjfb^fa. 

452. Parallel forces. To find the force parallel to a given 
straight line by which a conic can be described. See Art. 323. 

Let the point be at an infinite distance, then in Newton's 
formula PO and GG remain parallel to the given straight line 
throughout the motion. Also the length r' = OP is constant. 
The required law of force is therefore F f = /n.GG 3 , where //, is 
some constant. 

If the direction PO of the force at P cut the diameter con- 
jugate to GG in N, we have GG.PN = b' 2 , where V is the semi- 
diameter parallel to CG. The law of force may therefore also be 
written F' = A}PN*, where A = //,&'. 

To find the constant //,, we notice that in any central orbit, 
the velocity being v = hfp, the component of the velocity per- 
pendicular to the radius vector r' is hjr'. In our case when the 
force acts parallel to a given straight line this component is con- 
stant. Representing this transverse velocity by F, the Newtonian 

F 2 
formula of Art. 451 becomes F' --- }2 CG S . 

453. Hamilton's formula. A particle describes a conic 
about a centre of force situated at any point 0. It is required to 
find the law of force. Taking the same notation as in Newton's 
theorem, we let F, F' be the forces tending respectively to the 
centre G and the point 0. Then (Art. 450) 

F' _h* OP (C7\* ,, ' np . 

"Ef 77 /Tri r\ ' rr j Jf = IJb . (jJT, II = V Li . CtO. 



O f Q P = ?!? . It follows that the law of force tending to is 

or G X 

W'= ( Yr' where p and r' vary from point to point of the 

a 2 b*\pJ ' 
curve and h', a, b and -CT are constant. 

If we write the Hamiltonian expression for the force in the form 
j'as^V/p?, we see that the angular momentum h'= \ffjif.ab /in*, where 
as before r is the perpendicular from the centre on the polar line. 

From this we easily deduce the periodic time in an elliptic 
orbit. Remembering that the whole area is irab, the formula 
A = \h't gives as the time of describing a complete ellipse 



454. To find the time of describing any portion of the ellipse 
with Hamilton's law of force. The coordinates of any point P 
referred to an origin at the centre of force with axes parallel 
to the principal diameters are 



where $ is the eccentric angle of P and f, g the coordinates of 
the centre of force referred to the centre of the curve. Then, if 
h be the angular momentum, 

hdt = xdy ydx (ab fb cos <j> ga sin <f>) d(f>, 

.'. lit = ab<j> fb sin $ + ga cos (j> ga, 

where the time is measured from the passage through the apse 
from which <j> is measured. This, if required, can be expressed 
in terms of # and y, 

ht = ab$ fy -\-gos ga. 

This result can be deduced at once from the formula A = \ht, by 
equating A to the excess of the area of the sector A CP (viz. 
over the sum of the triangles AGO, OOP. 



* The following is a short analytical proof: Let the conic be Ax 2 + By*=l and 
let /, g be the coordinates of 0. The polar line of and the tangent at P are 
respectively Af+Bgri = l, Ax+Byrj = I. 

The perpendiculars from P and 0, v\z.p and OZ, are therefore 



1-Afx-Sgy l-Afx-Bgy 

~ 2 ' 22 ' 



The time of describing an arc of a hyperbola or parabola may 
be found by proceeding as in Arts. 348, 349. 



Exampiea. Ex. 1. Deduce from Hamilton's expression n\ the 
central force to the focus of a conic, and (2) that to the centre. [In the latter 
case iff and p are both infinite but their ratio is unity.] 

Ex. 2. A particle describes an ellipse whose centre is C under the action of a 
centre of force F situated at a point R in the major axis. If the tangent at P cut 
the major axis in T t prove that the force F varies as EP . (CTJRT)\ 

456. The Hamiltonian expression for the force may be put 
into two different forms. 

first, we have the form F=fir/p* (Art. 453). 

Secondly. Let OA, OB be two tangents drawn to the conic 
from the centre of force 0, and let PL = a, PM=0, PN=y i 
these being the three perpendiculars drawn from any point P on 
the sides of the triangle OAB. By a property of conies we have 
aft = /c<f, where AC is a constant for the same conic. The central 
force may therefore be expressed in either of the forms 

OP ' OP 



Each of these expressions is a one-valued function of the 
position of P though their values are not necessarily equal except 
at points on the orbit. 

We may suppose either of these laws to be extended to all 
points of the plane of motion and enquire what would be the 
path for any given conditions of projection. These problems will 
be considered in turn. 

457. The conic being given in its general form referred to any rectangular 
axes, viz., Ax"* + 2Cxy+By* + Wx + 2Ey + Gz=Q, 

the two Hamiltonian expressions for the force to the origin may be put into 

7i 2 Ar 



the forms J?=.-. - " .,, JP=- 

px+.&'y + tf) 3 ' ( 

where a = D a - AG, y=I>E - CG, p=E z -BG, and A is the discriminant. 

To prove this we notice that the polar line of the origin is Dx+Ey + G=Q, so 
that the ratio of the perpendiculars from the centre x, y and from the point P is 



~p~~Dx+Ey + G' 
If we refer the equation of the conic to the centre as origin, it becomes 



Turning tne axes round tne origin let tms Become 
A'x 2 + B'y 2 = - Dx - Ey 
where by the theory of invariants A'B'=AB-(P and A' + B'A + B. Since the 
conic is now referred to its principal diameters, we have a 2 6 2 = 
It immediately follows by substituting in Art. 453 that 



Since the equation of the conic may be written in the form 



the expression just obtained for the force F may be put by a simple substitution 
into the second form. 

The straight lines ax 2 +2yxy+^y 2 =0, when real, pass through the origin and 
make Dx+Ey + Gf=0. They therefore meet the curve at the points -where the polar 
line of the origin cuts it, i.e. these straight lines are the tangents drawn from the 
centre of force to the conic. 

458. In the same way we may express F as a function of the coordinates 
#, y in a variety of different forms each of which gives the same magnitude for 
the force when the particle lies on the given conic. When these expressions for 
the force are generalized and supposed to hold at all points of space, they are not 
always one-valued functions of "the coordinates. A law which gives several 
different values for the force at the same point may be set aside as altogether 
improbable. 

For example, we might deduce from Hamilton's law an expression for F in 
terms of r alone. To do this we find the distance p of any point P'on the orbit 
from the polar line of the origin in terms of the distance r of P from 0. But 
there are four points on the conic at the same distance r from the origin and each 
of these is, in general, at a different distance from the polar line. The expression 
for the central force F as a function of r only will therefore have four values for 
each value of r, 

459. The First law of force. Supposing the first form of the Hamiltonian 

ttr 
law of force to be extended to all points of the plane, we put F$, where r is the 

distance of any point P from a fixed centre of force 0, and p is the perpendicular 
from Pan an arbitrary straight line fixed in space. It is supposed that p is positive 
when P and the origin are on the game side of the given straight line. 

We shall now prove that, if a particle be projected from any. point P in any 
direction FT, with any velocity V, the path is a conic having 0, and the given 
straight line, for pole and polar. 

This follows from the results of Art. 453. It is obvious that we can describe a 
conic to satisfy (1) the three conditions that it shall pass through P, touch PT and 
have such a radius of curvature that F 2 //s is equal to the normal force at P, (2) the 
two conditions that the polar line of shall be the given straight line. 'We may. 
also prove that this conic is a real conic. This being so, the conic must be the 
nath. 



We may however obtain a proof independent of Art. 453 by integrating the 
equation of motion. Let the origin be at the centre of force, and the given 
straight line be parallel to the axis of at a distance c, then jp=c-rsin0. 
__ , d a u F IJL 1 

TSTp V| o TTA _ l_ ai __ . _*_ 

dS* + hW ~ ft 2 
To integrate this, put cu=sin + cu'; 



This is the differential equation of the path of a particle acted on by a central 
force J?=/tir/c 3 . This path is known to be a conic having its centre at the origin, 

Art. 325; 

.-. cV 2 =4'cos 2 0+2C'cos0sin0+J3'8in 5! ..................... (1). 

The polar equation of the required orbit is therefore 

(cu - sin 6)* A' cos 2 + 2C' cos 6 sin 0+B' sin 2 0, 
which when written in Cartesian coordinates becomes 

(c-y)*=A'a? + 2C'xy+B'y* ...... , ....................... (2). 

Writing this equation in the form /c7 2 =a/3 where a, ft are the factors of the right- 
hand side, it is obvious that the polar lin of the origin is the given straight line 

7/ = C. 

itf 

When the conic is given in the form (2), the constant ft is given 'by ^ = A'B' - C' 2 . 

/I 

To prove this we notice that h represents the angular momentum of both orbits. 
We have therefore by Art. 326 7&s s /jtt=a' 2 &' 2 , where a', V are the semi-axes of the 
conic (1). We know by the theory of conies that A'B' - C" 2 =c 4 /o' 2 6' s , the result 
therefore follows at once. 

When the conic i3 piven in the general form of Art. 457, we find -p=A ( -^ J . 

Since the central force is not a function of r only, it is not conservative and the 
velocity cannot be found without a knowledge of the path. In such cases we use 
the formula v=:hl(OZ), see the figure of Art. 450. 

46O. To classify the paths according to the sign of p, the law of force being 



Let IJL be positive ; the force is attractive and the orbit concave to O at all points 
on the side of the given straight line nearest to the centre of force and the con- 
trary at all points on the far side. When a- conic cuts the polar line of a point 0, 
the part of the curve nearest to is convex; hence the orbit does not cut the polar 
line. It also follows that the orbit may be an ellipse or hyperbola on the side near 
0, but must be a hyperbola on the far side. 

Let n be negative; the force is repulsive and the orbit convex to on the near 
side of the polar line while the contrary holds on the far side. The conic may be 
an ellipse or a hyperbola. By drawing a figure we see that the polar line must cut 
the conic though, in the case of a hyperbola, the path may be the other branch. 



461. Examples. Ex. 1. The conic Ax*+2Ga;y + By z +2cy-c*=Q is de- 

' /I?* 

scribed bv a -particle under the action of a central force JF= = tending to the 



y=c. The conic must have the form given if the polar line of the origin is to be 
y=c. Prove that 

(1) ^(B + D-CVfew (2) 



, - C ,, S = 

From these equations, when the path is known, we can find the angular momentum 
h and the two components of velocity ; conversely we can deduce the path when 
the circumstances of projection are given. 

These equations follow from the preceding propositions. An independent 
proof may be obtained by differentiating the equation of the conic twice and 
writing for d^xjdt 2 , d 2 yjdt 2 their values -px/p 3 , -py/p*. We thus obtain three 
equations which may be transformed into those given above by simple processes. 

Ex. 2. Prove that the conic described is an ellipse, parabola or hyperbola 
according as /x. (2p-c)/p z -p' 2 is positive, zero or negative, where p is the distance 
of the point of projection from the polar line and p' the resolved initial velocity. 

Ex. 3. If Ax* + 2Cxy + By'* + 2Dx + 2Ey + G = Q is the conic described, show 



that the periodic time in an ellipse is T=-^ \rra~~*\'f\ " 

VM ((AM ~v~) Cr) 

,.71-2 

Ex. 4. A particle is acted on by a central force F=JJ.^ tending to the 

origin where r is the radius vector and p the distance from a fixed straight line. 
Prove that the equation of the path is e/r = sin0+/(0), where c/r=/(0) is the 
polar equation of the path when the force tending to the origin is F=fj.r n ~ 2 /c n , 
both orbits being described with the same angular momentum h. 

462. The second law of force. Supposing the second form of the 
Hamiltonian law of force to be extended to all 
points of the plane of motion, we put 
OP 




(PL. 

where PL, PM are the perpendiculars from any 
point P on two fixed straight lines OA, OB, drawn 
through the centre of force 0; Art. 45G. 

The form of the path may be obtained by 
following either of the methods described in Art. 
459. The result is that the path is always a conic touching the given straight 
lines OA, OB. 

If the force at any point P given by this formula is to be a function of the 
position of P only, it should be supposed to keep one sign throughout each of the 
triangular 'spaces formed by the given straight lines OA, OB (supposed to be real), 
though that sign may be different in different triangles. In any triangle in which 
the sign is negative only the convex portions of the conic can be described, while 
the concave portions are alone possible when the sign is positive. The force is 
infinite when the particle arrives at either of the straight lines OA, OB and the 
path becomes discontinuous. 



sign being taken at pleasure, arcs 01 Dotn parts of eacn conic could be described 
by giving F the proper sign. 

463. Examples. Ex. 1. If the trilinear equation of the conic is a/Sr^y 2 , 
prove that h 2 - 4vcK^ cosec 2 8 where i> = (u$, 8 is the angle at the corner of the 
triangle occupied by the central force, and c is the perpendicular from the centre 
of force on the polar line AB. The negative sign shows (what is indeed obvious 
from the figure) that the force is repulsive on the side of the polar line nearest to 
the centre of force, i.e. /* is negative. 

Ex. 2. A particle is projected from the point P with a velocity V and the 
tangent GPH intersects the given straight lines OA, OB in G and H. Prove that 
the areal equation of the path, referred to the triangle OGH, is 



where lGP, m=HP, A is the area of the triangle, and the radius of curvature p 
of the path at P is given by V z ]p=F&mGPO. It follows that the conic is 
inscribed or escribed according as F is positive or negative, i.e. according as the 
force is attractive or repulsive. 

404. There are no other laws of force besides 

OP OP 



(PL.PM)*' 

which, being a one-valued function of the coordinates (except as regards sign), are 
such that a conic will be described with any initial conditions. 

To prove this consider two conies intersecting in the four points A,B, C,D, 
which it is convenient to take as real. It follows from Hamilton's theorem that 
for points on any one conic the force to a given point must be F^pr/p 3 . Hence 
if the force is to be one-valued, i.e. the same at the same point of space for all 
paths through that point, we must have at each of the four points A, B, C, D, 
p y l/jL =tjp' 3 //x', where p, p' are the perpendiculars on the two polar lines of 0. 

We now require the following geometrical theorem*. If two conies intersect 
in four points A, B, C, D and the ratios of the perpendiculars from each of these 
points on the polar lines of a point are equal, then either the polar lines are 
coincident or two common tangents (real or imaginary) can be drawn from 0. 

In the former case the common law of force for the two conies is given by the 
first form of F, in the latter case by the second form. 

* Let the conies be, see Art. 457, 

ax z + 2yxy + $/ 2 -- (Da; + Ey + <?) 2 , 
a'x n ~ + 2y'xy + 0'?/ =(D'x + E'y + G') 2 . 

Since Dx + Ey + G = 0, D'x + E'y + G' = Q are the polar lines of the origin, we 
must have at the points of intersection 

ax 2 H- 2yxy + py 2 = m (a'x z + 2y'xy + j3'y 2 ) . 

This quadratic equation gives only two values of yjx for the same value of in. 
The equation cannot therefore be satisfied at four points unless either a, j3, y are 
respectively proportional to a', /3', 7', or the four points lie on two straight lines 
(say OAB, OCD) passing through 0. In the former case the two conies have a 
pair of common tangents, in the latter the polar line of is common to the two 
conies. This common polar line can be constructed by dividing OAB, OCD har- 



Singular Points in Central Orbits. 

465. Singular Points. It has already been pointed out in 
Art. 100 that cases present themselves in our mathematical pro- 
cesses in which either the force, the velocity or both become 
infinite. Such infinite quantities do not occur in nature and if 
we limit ourselves to problems which have a direct application 
to natural phenomena these are only matters of curiosity. Never- 
theless it is useful to consider them because they call our attention 
to peculiarities in the analysis which we might otherwise pass 
over. The utility of such a discussion is perhaps shown by the 
differences of opinion which exist regarding the subsequent path 
of a particle on arriving at a singular point*. 

466. Points of infinite Force. Let us suppose that a 
particle P, describing an orbit about a centre of force 0, arrives 
at a point B where the tangent passes through the centre of force 
and therefore coincides with the radius vector. At first sight we 
might suppose that the particle would move along the straight 
line BO and proceed in a direct line to the centre of force. But 
this is not necessarily the case. 

Supposing B to be at a finite distance from and the curvature 
to be finite, we see from the equations (Art. 306) 

v~ h dd h 

- = JF, v = -, r-jf = -, 
p r p at r 

that both v and F are infinite at the point B. We shall also 
suppose that when the particle passes on the force changes its 
direction and reduces the velocity again to a finite quantity. 

At the same time the component of the velocity perpendicular 
to the radius vector OP, viz. rddfdt, remains finite however near 
the particle approaches B. Since there is no force to destroy this 
transverse velocity, the particle must cross the straight line OB 
and proceed to describe an arc on the opposite side. 

* The singularity of the motion when the particle describes a circle about an 
external centre of force is discussed in Frost's Newton, 1854 and 1863. The same 
result is independently arrived at by Sylvester in the Phil. May. 18G6. Other 
cases are considered bv Asar>h Hall in the Mexsenner of Mathematics. 1874. There 



467. To simplify the argument, let us suppose that the 
particle describes a circle about a centre of force external to 
the circumference. By Art. 321, the circumstances of the motion 
are given by 



. 
(r -&)' 2(r 2 -& 2 ) 2 ' 8a 2 ' 

where & is the length of each of the tangents OB, OB' drawn from 
to the circle. 

Describe a second circle having a radius equal to that of the 
given circle and touching OB at B on the opposite side. If a 
second particle, properly projected along the second circle, arrive 
at B simultaneously with the given particle P, -but moving in 
the opposite direction, both the velocity v and the transverse 
velocity h/r of the two particles will be equal and opposite each 
to each. 

If the velocity of the second particle be reversed, Art. 419, it 
will retrace its former path in a reverse order and this must be 
also the subsequent path of the particle P. 

The particle will therefore describe in succession a series of 
arcs of equal circles. The points of discontinuity at which the 
particle changes from one circle to the next lie on a circle whose 
centre is and radius OB = 6, and the successive arcs are alter- 
nately concave and convex to the centre of force. The particle 
will thus continually move round the centre of force in the same 
direction in an undulating orbit, but the curve will not be re- 
entering after one circuit unless the angle BOB' is a submultiple 
of four right angles. 

The same arguments will apply to other orbits. When a 
conic is described about an external centre of force as ex- 
plained in Art. 462, the particle by a proper projection can be 
made to describe either of the arcs contained between the 
tangents drawn from 0. On arriving at the point of contact J5, 
it will cross the tangent and describe an arc of a conic equal to 
the undescribed arc of the original conic. 

468. The particle arrives at the centre of force. When the particle P 
arrives at the centre of force in a finite time, the determination of the subsequent 
path presents some other peculiarities. 

Taking first the Newtonian case in which the particle describes a circle about a 
centre of force on its circumference, we notice that the transverse velocity hjr (as 



have an infinite velocity in a direction perpendicular to what Is ultimately a 
tangent to the path, we observe that, since 2ap = r z , the transverse velocity hjr is 
infinitely less than the tangential velocity hjp. 

When the particle has passed through the origin, the central force, changing 
its direction, reduces the velocity again to a finite quantity. Meantime the 
transverse velocity carries the particle across the tangent to the circle. By the 
same reasoning as before, the subsequent path is an equal circle which touches the 
original circle at the centre of force. On arriving a second time at the centre of 
force, the particle returns to the original circle, and so on continually. 

469. One peculiarity of this case is that the radius vector of the particle 
while describing the second circle moves round the centre of force in the opposite 
direction to that in the first circle. Let P, P' be two positions of the particle, 
equidistant from the centre of force, just before and just after passing through 
that point. The transverse velocity being unaltered the moments of the velocity 
at P and P' taken in the same direction round are equal and opposite. Since 
this moment is r-ddjdt, it follows that at the point of discontinuity h changes 
its sign. 

470. When the particle moves in an equiangular spiral about a centre of 
force whose law is the inverse cube, it describes an infinite number of continually 
decreasing circuits and arrives at the centre of force at the end of a finite time, 
Art. 319. The subsequent path is another equiangular spiral, Art. 357, having 
the same angle. To determine its position we consider the conditions of motion 
at the point of junction. 

Let us construct a second equiangular spiral obtained from the first by 
producing each radius vector PO backwards through the origin to an equal 
distance OP'. If two particles P, P' describe these spirals so as to arrive simul- 
taneously at the centre of force 0, the particles are always in the same straight 
line with 0, and at equal distances from it. Their'radial and transverse velocities 
are also always equal and opposite each to each. If the velocity of P' be reversed, 
it will retrace its former path in a reverse order, and this must therefore be the 
subsequent path of P. 

On passing the centre of force the particle will recede from 'the origin and 
describe the spiral above constructed. We notice also that the radius vector of 
the particle moves round the centre of force in the opposite direction to that in 
the first spiral. 

471. Limiting Problems. We may sometimes simplify the discussion of 
some singularities by replacing the dynamical problem by another more general 
one of which the given problem is a limiting case. But the use of the method 
requires some discrimination. For example the motion of a particle attracted by 
a centre of force at a point whose law of force is the inverse cube, may in some 
cases be regarded as a limit of the motion when the particle is constrained to 
move in a smooth fixed plane and is attracted by an equal centre of force situated 
at a point G outside the plane, where CO is perpendicular to the plane and is equal 
to some small quantity c. The method requires that the limiting motion should 
be the same whether we put the radius vector r = first arid then c = 0, or c- = first 
and then r=0. We know by the principles of the differential calculus that the 
order in which the variables r and c assume their limiting values is not always a 
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The component of force in th'e direction of the radius vector PO is /7(r 2 +c 2 ) 2 
ben the centre of force is at C, and is ij.fr 3 when the centre is at 0. As long as 
ie particle is at a finite distance from the origin, these components are sub- 
antially the same, but when the particle is in the immediate neighbourhood of 0, 
ie former is /xr/c 4 and therefore zero when the particle passes through O, while 
ie latter is infinite. 

In the former case, though the orbit at a distance from is very nearly an 
[uiangular spiral, it becomes elliptical in the neighbourhood of 0. The force is 
)t sufficient to draw the particle into the centre ; the path has a pericentre and 
ie particle retires again to an infinite distance. See also Art. 322. 

472. Examples. Ex. 1. A particle describes one branch of the spiral rd=a 
ider the action of a centre of force in the origin (Art. 358). Show that after 
issing through the centre of force it will describe another spiral of the same 
nd, obtained from the first by producing each radius vector backwards through 
ie origin to an equal distance. 

Since the tangent to the curve is ultimately perpendicular to the radius vector, 
ie two branches of the spiral may have a common tangent, and it might therefore 
s supposed that the particle would describe the second branch. But this argu- 
ent requires that the particle should not pass through the origin, so that th'e 
,dial velocity dr/dt (which is known to be constant) has its direction altered with- 
it any change in the direction of the force. 

Ex. 2. A particle describes an epicycloid with the centre of force in the centre 
' the fixed circle (Art. 322). Supposing the force to become repulsive when the 
irticle enters that circle, show that the path on passing the cusp is a hypocycloid. 

Kepler's Problem. 

473. A particle describes an ellipse about a centre of force in 
le focus, it is required to express in series the two anomalies and 
\e radius vector in terms of the time. 

If we require only the first few terms of the series it is 
mvenient to start from the equations 

...... (1), 






here v is the true anomaly. Eliminating r, we have 



= (1 - f e 2 + &c.) (1 - 2e cos v + 3e 2 cos 2 v - &c.) 

= 1 2e cos v -f %e cos 2u + &c. 
that v fi n wVirvrp. a is the loneitude of the ai)se 



2?r/M. It follows immediately that n represents the mean angular 
velocity, the mean being taken with regard to the time; see 
Art. 341. 

The equation (2) may be extended to higher powers of e, and 
therefore when e is small it may be used to determine the time 
of describing any angle 6. 

474. To find 9 in terms of t, we reverse the series. Writing 
it in the form 

B = nt + e + 2e sin (0 - a.) - f e 2 sin 2 (6 - a), 
we have as a first approximation 

e = nt + e ; 
a second approximation gives 

B = nt + e + 2e sin (nt + e a). 
Writing v = nt + e a, a third approximation gives 

Q = V Q + 2e sin (V Q + 2e sin V Q ) f e 2 sin 2v ; 
.-. 9 = nt + e + 2e sin (w + e - a) + |e 2 sin 2 (w$ + e - a). . .(3), 

and so on, the labour of effecting the successive approximations 
increasing at each step. As the eccentricity of the earth's orbit 
is about l/60th it is obvious however that the terms become 
rapidly evanescent. 

475. For the sake of clearness we recapitulate the meaning 
of the letters in the important equation we have just investigated; 
6 is the true longitude of the planet measured from any axis of 
x in the plane of the orbit ; a is the longitude of the apse nearest 
the centre of force or origin ; n is the mean angular velocity, the 
mean being taken with regard to time for one complete revolution; 
e is a constant whose magnitude depends on the instant from 
which the time t is measured. 

To define the epoch e. Let a particle P move round the 
centre of force in such a manner that its longitude is given by 
the equation 0^ nt + e. It follows that this planet moves with 
a uniform angular velocity n and has therefore the same periodic 
time as the true planet P. When the radius vector of the particle 
P passes through an apse 6 -a and therefore nt + e-a. is an 
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integral multiple of TT. It immediately follows from (2) that 
nt + e. Hence the radii vectores of the two planets coincide 
when the true planet passes through either apse. The definition 
of P may be shortly summed up thus. 

Let an imaginary planet move round the centre of force with 
a -uniform angular velocity in the same period as the true planet 
and let their radii vectores coincide at one apse and therefore at the 
other. This planet is called the Dynamical Mean Planet. Its 
longitude at the time t is the constant e and is called the epoch. 

476. To express the mean anomaly and radius vector in terms 
of the time. 

Since both the mean and true planets cross the nearer apse at 
the time given by nt + a, the mean anomaly may be repre- 
sented by m = nt + e. If u be the eccentric anomaly we have by 
Art. 342, 

u = m + e sin u. 

Proceeding as before we have for the three first approximations, 

u = m, u =m + e sin m, 
u ~m + e sin (m + e sin m) 

= m + e sin m + ^e" sin 2w (4). 

Again, as in Art. 343, 

r = a esc = a ae cos u 
=a ae cos (m + e sin m) 
= a{l ecosm + ^e-(l cos 2m)} (5). 

The series for the longitude and radius vector are given here only to the second 
power of the eccentricity. Laplace in the Mecanique Celeste (page 207) and 
Delaunay in his Thcorie de la Lune. (vol. i. pages 19 and 55) give the series up to 
the sixth power. Stone lias continued the expansion up to the seventh power in 
the Astronomical Notices, 1896 (vol. LVI. page 110). G-laisher has given the 
expansion of the eccentric anomaly up to the eighth power in the Astronomical 
Notices, 1877 (vol. xxxvu. page 445). 

477. When the eccentricity e is very nearly equal to unity, as in the case of 



Let (l-e)/(l + e)=/andput tan $v=x lortne sake ol brevity; 

. if /+!) - A 
** V P 3 ~ J 



When v is given this formula determines the time t measured from perihelion. 
If / is small the term independent of / is the one requiring the most arithmetical 
calculation and this can be abbreviated by using the tables constructed for that 
purpose ; see Art. 349. Conversely when t is given and v is required the same 
tables give a" first approximate value of . Representing this by tan J w, it is 
usual to expand the correction v - u in terms of w in a series ascending in powers 
of /. For these formula we refer the reader to Watson's Astronomy and Gauss, 
Theoria, &c. 

478. When the eccentric anomaly is given, the true and mean anomalies and 
the radius vector are expressed by the equations 

, v /1 + e. u ,,. 

m=w-esmw, tan^= ./ j^ tan 2 ..................... W 

r = a-exa(l-e cost*) ........ ...................... (2). 

When any one of the other quantities is taken as the independent variable, the 
corresponding equations can be deduced from these in the form of series. Two 
methods are used to find the general term of these series. First we may have 
recourse to Lagrange's theorem, viz., when 



where ii = l . 2 . 3 ...i, and the S implies summation^ from il to o> . By the 
second method the general term is expressed by a definite integral which is usually 
a Bessel's function. 

479. Lagrange's theorem. To express the eccentric anomaly u and the 
radius vector r in terms of the time. 

Since u=i?i+ e sin it, we have by Lagrange's theorem 

g i (Ji-l 

u=m + S =-. -, . , (sin m)'. 
L'i dm 1 - 1 x 

The expansion oi: (sinm)' in cosines of multiple angles when i is even and in sines 
when i is odd is given in books on trigonometry ; (see Hobson's Trigonometry, Art. 
52). The (i - l)th differential is always a series of sines and is easily seen to be 



- 
dm 1 1 

In the same way, expanding cos u by Lagrange's theorem, i. e. writing /(y) = cos y, 

we find 

r e i+l d { ~ 1 

--1= -ecosw= -ecosm + S - J-T-, (sinm) <+1 , 

a Li dm*- 1 ^ ' 

where as before 2 implies summation from i= I to oo . 

48O. Bessel's functions. We shall now briefly examine the second method 
by which we express the general term in a definite integral. We know by Fourier's 
theorem that we can expand any function <f> (m) in a series of the form 
(??i)=^l + ^i 1 cos m+ ... +A l cosim+... 



from m= -ir to +?r. Remembering that 

Jcos ini cos i'm dm=Q> Jcos im sin i'm dm 0, 

Jcos 2 im dm= Jsin 2 im dm IT, 
we find 

J< (?) cos i'j;i d??i= TT^J , J0 (?ft) d?H = 27r^t . 

Similarly multiplying by sin im and integrating between the same limits, we find 
J0 (in) sin im dm = vB t . 

481. To expand u - m = esm in a series of sines of multiples of m. We put 

u - m = Sl?j sin im ; 
.-. 7rJS; = J(w - ?) sin iwj dm, 
the limits being m= - TT to TT. Integrating by parts, 

jriBi = - (u- m) cos im + Jcos z?n (du - dm). 
The integrated part is zero, for u and m are equal when u=. TT. We thus have 

TT/Bi = Jcos m dw - Jcos im dm. 

The second integral is zero ; substituting for m its value in terms of w, 
iriB l = Jcos i (it - e sin at) du. 

This definite integral when taken between the limits and TT is written irJi(ie). 
We have 

u = m + SJ3; sin im, iB i = 2J t (ie). 

482. The series thus obtained is convergent, for 

. [du , . . du . . fd z u . . 
irrz?,= / -r- asm 1111-^- simm- I -r- n smimdin. 
J dm dm J dm- 

The integrated part vanishes at both the limits m= -r. Also 

d 2 u - c sin u 

v = m + c sin u, .: -r-r, = rr, , 

dm- (l.-e cos uy 

and since e<l, it is clear that d 2 u/dm 2 has a numerical maximum value; let this 
be k. Since sinijji<l, it follows that iri"Bi is numerically <2/c7r. The series is 
therefore at least as convergent as Sl/r. 

483. To compare the two exjjansions of u-m. In the Lagrangian series the 
terms are collected according to the powers of e, the coefficient of e* being a series 
of the sines of multiple angles. In the series with Bessel's functions the terms 
are arranged according to the multiple angles, the coefficient of sinini being a 
series of powers of e. 

The series for u ~ m is really a double series containing both trigonometrical 
terms of the form sin im and also powers of e. If the terms are collected and 
arranged according to the multiple angles, it follows from what precedes, that each 
coefficient Ii t is a convergent series, and that the series of coefficients B lt U 2 , &c. 
also form a convergent series, provided the eccentricity e is less than unity. 

But if the series is arranged according to the powers of e, the positive and 
negative terms are added together in a different way. It may then be that the 
series of coefficients of e, e", &c. are only made convergent by more limited values 
of e. The condition of convergency is given in Art. 488. 



484. The expression for B i may be written 

7nB,=JcostM . {1- 4tV 2 sin 2 + &c.} dw+Jsiniu . {ie sin M-&C.} du. 
If we expand sin 2 , sin 4 u, &c. in cosines of multiple angles and remember that 
Jcosicosi'tt<2=0 3 we see that every term in the first integral will be zero in 
which the power of e is less than i. A. similar remark applies to the second 
integral. Hence the lowest power of e zohich accompanies the term sin im is e { . 

486. To express r\a=\-e cos u in a series of cosines of multiples of m, ive put 
e cos =.4 + S4f cos im ; 
.. vAi = - ejcos 11 cos im dm, 

where the limits of integration are m -IT to IT. Integrating by parts to change 
dm into du, we have 

iriAi = -e cos u sin im - ejsin im sin it du. 

The integrated part vanishes between the limits. Writing m=u-esinu, the 
integral becomes 

7ri4 4 =- efsin'i (u- e sinu) sinudu 

\e Jcos {(i + 1) u - ie sin M} du - Je Jcos {(i - 1) u - ie sin u\ du-, 

.-. U= e {Jm (ie) - J^ (ie) } . 

Similarly 2irA = - ejcos u dm= - ejcos u . (1. - e cos ) du. 

Integrating between limits = -v to TT, we find 4 =Je 2 : 



486. That this series is converg; at may be proved in the same way as before. 
We have 



., . fdcosw, . fd^coau . , 

^Ai^-e I - - dcosim=e I -j rr coaimdm, 
J dm J dm 2 

by integrating by parts. Since u = in + e sin u, we find by differentiation 

d? cos u e- cos _,.,,.. . , , m , 

, -- i= x - -s . This has obviously a maximum value, say k. Then since 
dm 2 (1-ecosii) 2 

cosi?/i<l, tri-Ai is numerically less than 2irke, and the series is at least as con- 
vergent as Sl/i 2 . 

487. Examples. Ex. 1. Prove cos KU='2A i ooBim, sin K=SJ3 { sin im, 
where 14i=K {</<_* (ie) - Jt +K (ie)$, i5 i =K{J' i _ K (ie)+<7 4+)C (ie)} and K is not equal to 
unity, and the summations extend from i 1 to oo . Also J_ n (a;) = ( - 1)' 1 J n (x) , 

Since J_ n (-x)=J n (x), these series may be written 

1 T .. . cos im 1 . .sinijji 

- cos KU = 2t/j-_ K (te) : , - sin KU = Se/i^ (ze) 7^ , 

K % K 1, 

where S implies summation from i= -oo to -t-oo, and the term Ji_ K (^)/t, when 
i=0, is - ie or according as K is equal or unequal to unity (Art. 485). 

Since the Cartesian coordinates, referred to the centre of the ellipse, are 
^c=aeosM, ?/=6sin, we deduce the expansions of these in terms of the mean 
anomaly by putting /c = l. 



Ex. 2. Prove that o/rr=l + 2SJ^ (ie) cosim, where the summation extends fron? 
t=l to co . 



Ex. 3. Prove that v = m 4- 2Ci sin im, where 

2 ^/(l - e 2 ) /'" cos t ( - e sin M) , 
Cj -. -- I - cLu, 

m j l-e cos ii 

r+w 
Proceeding as before we find viC t = I cos im (dv - dm) ; substituting for dvjdu, 

J - 7r 

the result follows. Also by integrating again by parts, we can prove that this 
series is at least as convergent as 2'l/t 2 . This integral is given by Poisson in the 
Connaissance des Temps, 1825, 1836. See also Laplace, vol. v. and Lefort, Liouville's 
Journal, 1846. See also Art. 343. 

Ex. 4. Prove the expansions 

(v-u)= Xsin + iX 2 sin2u + iX 3 sin3?t-K.. 
i (u-v) -X sin v + X 2 sin 2v -X 3 sin 3u - ... 



where X = -- : [Laplace.] 



In taniv = jttan, where /* 2 =(1 + <?)/(! -c), substitute the exponential values of 
the tangents, solve for e^ v ~ u ' ^~ 1 and take logarithms ; the results follow easily. 

f X)' 
Ex. 5. Show that m=v + 2S r- {l + 7\/(l - e 2 )} sin iv where S implies sum- 

mation from i=l to oo . 

We have from the geometrical meaning of , rsini; = 6 sinw (Art. 342), 

... .,. d 
-^(i. e .)._ 



edu 1 + X 2 

Expaud, substitute in m = u - e sin u, remembering the theorem in Ex. 3, the result 
follows. This is Tisserand's proof of Laplace's theorem, Mec. Celeste, page 223. 

488. Convergency of the series for r and 6. Laplace was the first to prove 
that the expansions of the radius vector and true anomaly in terms of the time 
and in powers of the eccentricity are not convergent for all values of the eccen- 
tricity less than unity (see Arts. 474, 476). He showed by a difficult and long 
process that the condition necessary fol- the convergence of both series is that the 
eccentricity should be less than '66195. M&c. CGleste, Tome v. Supplement, p. 516. 

This important result was afterwards confirmed by Cauchy, Exercises d' Analyse, 
&c. An account is also given by Moigno iu his Differential Calculus. The whole 
argument was put on a better foundation by Eouche in a memoir on Lagrange's 
series in the Journal Poly technique, Tome xxn. The process was afterwards 
further simplified by Hermite in his Cours a la Facultc des Sciences, Paris 1886. 
In these investigations the test of convergency requires the use of the complex 
variable. The latter part of the "method of Eouche may be found in Tisserand, 
Ifec. Celeste, Art. 100, and is also given here. 

489. The theorem arrived at may be briefly stated. Having given the 
equation 2 = 7u + ar</>(2) we have (1) to distinguish which root we expand in powers 
of a;, (2) to determine the test of convergency. It is shown that if a contour 



To apply this theorem to Kepler's problem we put </> (z) = sin z and let x repre- 
sent the eccentricity of the ellipse, Art. 478. 

We measure a real length OA=m from an assumed origin 0, and with A for 
centre describe a circle with an arbitrary radius r. Representing the complex line 
OP by 2, the Lagrangian series will be convergent if r can be so chosen that the 

Jj filJfl. Z 

modulus of - is less than unity for all positions of P on the circle. Since 

Z 771 

(mod) 2 of 



where e is the base of Napier's logarithms, we have 

,. ,xsmz fx\ z B 
(mod) 2 of - = ( - 
v ' z-m \r 1 



1 /aA 2 
= - ( - j {cos (2n sin 0) - cos (2m+2r cos 9)} 



* If /(a) be a continuc-us one-valued function over the area of a circular contour 
whose centre is x a, then Cauchy's theorem asserts that / (x) can be expanded by 
Taylor's theorem in a convergent series of powers of x - a for all points within the 
contour ; (see Forsyth's Theory of Functions, Art. 26). 

When z=m + X(p (z), the Lagrangian expansion of z, or \jt (z), in powers of x is 
a transformation, term for term, of Taylor's, and we may use Cauchy's theorem, 
provided z, or $ (z), is one-valued. 

If z have two values for the same value of x, the equation F (z) =2 - m- x<j> (z) = 
(regarded as an equation to find z when x is given) has two roots. To determine 
whether this is so, we use another theorem of Cauchy's (see Burnside and Panton, 
Theory of Equations). 

We measure OA =m from the assumed. origin and with A for centre describe 
a circle of radius r. Let a point P describe this circle once, then by Cauchy's 
theorem if log F (z) is increased by 2mri, the equation F (z) has n roots within the 
contour. Hermite writes 

log F (z) = log (z - m) + log f 1 - ^A . 

\ z - m J 

(1) The equation z~m=0 has but one root and that root lies within the 
contour, hence as P moves round, log (z m) is increased by 2-tri. 

(2) If the modulus of u= is less than unity at all points of the circle 

Z 771 

the value of log(l-w), (being the same on departing from and arriving again at 
any point of the contour) increases by zero when P moves round the contour. 

It follows that log F(z) increases by Ziri when P makes one circuit, that is the 

equation z = m+x<f>(z) has but one root within the contour if the modulus of - - 

z in 
is less than unity at all points on the circumference. 



Now, putting e rsm9 +e~ rsme =:v + - , we see that the first term of this ex- 

v 

pression continually increases from v = l, or 0=0 to v = o>, and is therefore 
greatest when 6^ir. The least value of the second term, is zero. The modulus 

1 x 
is therefore less than jj- (e r + e~ r ). The Lagrangian series is therefore convergent 

for all values of the eccentricity x less than 2r/(e r +e~''). 

To find the maximum value of this function of r, we equate its differential 
coefficient to zero. This gives 

F= e r (r - 1) - e~ r (r + 1) = 0. 

Since dVjdr is positive for all values of r this equation has but one positive 
root, and this root lies between 1 and 2. Using the value of e r given by the 
equation F=0, we find that the maximum value of the eccentricity is J(r"*-l), 
which reduces to -66. 



CHAPTER VII. 

MOTION IN THREE DIMENSIONS. 

The four elementary resolutions and moving axes. 

490. The Cartesian equations. The equations of motion 
of a particle in three dimensions may be written in a variety of 
forms all of which are much used. 

The Cartesian forms of these equations are 



where oc, y, z are the coordinates of the particle and X, Y, Z the 
components of the accelerating forces on the particle. These 
equations are commonly used with rectangular axes, hut it is 
obvious that they hold for oblique axes also, provided X, Y, Z are 
obtained by oblique resolution. 

491. The Cylindrical equations. From these we may 
deduce the cylindrical or semi-polar forms of the equations. Let 
the coordinates of the particle P be p, <f>, z, where p, (f> are the 
polar coordinates in the plane of ocy of the projection N of the 
particle P on that plane, arid z = PN. By referring to Art. 35 
we see that the first two of the equations (A) change by resolu 
tion into the first two of the following equations (B), while th 
third remains unaltered. We have 



_ _ 
dp p (dt) r ' ~ P 'dt 

where P, Q are the components of the accelerating forces respec- 
tively along and perpendicular to the radius vector p. 



jrnncipie ox angular momentum. omce tne 
moments of the components P and Z about the axis of z are 
zero, the moment of the whole acceleration about the axis of z is 
equal to Qp. In the same way the moment of the velocity about 
Oz is equal to the moment of its component perpendicular to 
the plane POz, and this is ^dfjj/dt. Introducing the mass m of 
the particle as a factor, the second of the equations (B) may be 
written in the form 

d /moment of N __ /moment of' 
dt ^momentum/ V forces 

The moments may be taken about any straight line which is fixed 
in space, such a line being here represented by the axis of z. The 
moment of the momentum is also called the angular momentum 
of the particle (Arts. 79, 260). 

When the forces have no moment about a fixed straight line the 
angular momentum about that straight line is constant throughout 
the motion. 

493. The polar equations. We may immediately deduce 
from the semi-polar form (B), the polar 
equations (C). Let r, 6, (f> be the polar co- 
ordinates of P, where r = OP, is the 
angle OP makes with the axis Oz, and $ 
the angle the plane POz makes with the 
plane xOz. 

Since OP = r is the radius vector cor- 
responding to the coordinates ON=p t NPz, we see by Art 35 
that the accelerations 

d*p , fcz , . d*r (d6\ z ,ldf n dO\ 

-j-j and -f-r are equal to -j r [ -jr } and - -5- (r- -=- . 
dt 2 dt 2 n dt z \dt J r dt\ dtj 

Hence the whole acceleration of P is the resultant of 




m __ r (__] along OP in the direction in which r is 
v ' dt z \dtj 

measured ; 

r 2 ^- ) perpendicular to OP, in the plane zOP, taken 
r 



positively in the direction in which 6 is measured ; 



/cZ<>\ 2 

(3) p f -T~ ) in the direction of the perpendicular drawn from 

\cLt / 

P on Oz } i.e. parallel to NO ; 

(4) - TT (p 2 -7r) perpendicular to the plane ^OP in the direc- 
p dt \ at j 

tion in which < increases. 

If R, S, T are the components of the acceleration of the 
particle respectively in the directions of (1) the radius vector OP, 
(2) the perpendicular to OP in the plane of zOP, and (3) the per- 
pendicular to the plane zOP, taken positively when they act in 
the directions in which r, 0, <j> are respectively increasing, we have 

-55 r (-ji} p(-S-} sin# = J? 
dt 2 \dtj \dtj 



1 d_ f 2^ _ /^Y 

r dt \ dt) p \dt) 

!*.(.**& 
p dt \ p dt ) 



.(C). 



"We notice that p = r sin 0. 

4O4. Ex. If v be the velocity, show that the radial acceleration is 



495. Reducing a plane to rest. Eeferring to the semi- 
polar equations (B), we notice that if we transfer the term 
p (d<f>fdf) 2 to the right-hand side of the first equation and include 
it among the impressed accelerating forces, the first and third 
equations become the same as the Cartesian equations of motion 
of a particle moving in a fixed plane zOP (Art. 31), while the 
second equation determines the motion perpendicular to that 
plane. We may therefore replace the first and third resolutions 
by any of the other forms which have been proved to be equivalent 
to them. Art. 38. 

For example, if we replace these two resolutions by their 
polar forms (Art. 35) we obtain at once the equations (C). 

The process of regarding p (d<j>jdiy as an impressed accelerating 

firvrn.o. anf.inor a.t. P cmrl f-.emr^innr fwnwn. J hl>o QVIC r\f <z i 



496. The intrinsic equations. To find the intrinsic equa- 
9ns of motion, due to the tangential and normal resolutions. - 

Let JP, P be the positions of the particle at the times t, t + dt : 
v + dv the velocities in those positions, dty the angle between 
ie tangents. 

In the time dt, the component of velocity along the tangent 
j P has increased from v to (v + dv) cos dty. Writing unity for 
ys d^r, the acceleration along the tangent, i.e. the rate of increase 
f the velocity, is dvjdt. 

The component of velocity along the radius of curvature at P 
as increased from zero to (v + dv) sin d^, which in the limit is 
tkfy. The acceleration along the radius of curvature is therefore 
dty/dt, or which is the same thing v 2 {p. 

The osculating plane by definition contains two consecutive 
^agents. The component of velocity perpendicular to that plane 
5 zero and remains zero. The acceleration along the perpendicular 
D the osculating plane, i.e. the binomial, is therefore zero. 

If F and G are the component accelerations measured posi- 
Lvely in the directions of the arc s, the radius of curvature p 
nd H the component perpendicular to the osculating plane, the 
quations of motion are 



407. Show that the solution of the equations of motion of a particle in polar 
wrdinates can "be reduced to integrations when the work function has the form 



here f r (r), / 2 (6) and f. A (<j>) are arbitrary functions. 
The third of the equations (C) gives, with this form of U, the mass being unity, 



= __ 

dt J rsin dd <t> ^sm^' 



The second of the .equations (C) gives 

d<i>\* df a (0) i 2 cos e 

= -- 



Substituting for d^jdt, we obtain 

i / /7/)\ 2 A 



After substituting from (1) and (2) this becom'es 



These are the first integrals of the equations of motion. Since the variables 
are separable in all the equations, they can be reduced to integrations. Substitut- 
ing for dt from (4) in (2), that equation gives & in terms of r. Substituting again 
in (1), -we find in terms of r. Lastly (4) determines t in terms of r. 

498. Moving axes. To find the equations of motion of a 
particle referred to rectangular axes, which move about the origin 
in an arbitrary manner. 

Let us suppose that the moving axes Ox, Oy, Oz are turning 
round some instantaneous axis 01 
with an angular velocity which we 
may call 6. Let l} 2 , S be the 
components of about the instant- 
aneous positions of Oas, Oy, Oz. Then 
in the figure 0^ represents the rate at 
which any point in the circular arc 
yOz is moving along that arc, # 2 is 
the rate at which any point of the 
circular arc zOos is moving along the arc, and so on. 

Let us represent by the symbol V any directed quantity or 
vector such as a orce, a velocity, or an acceleration. Let V x , V y , 
V z be its components with regard to the moving axes. 

Let 0|, OTJ, be three rectangular axes fixed in space and 
let V-i, F^, F" 3 be the components of the same vector along these 
axes. Let a, /?, 7 be the angles the axis 0% makes with Oas, Oy, 
Oz. Then 

FS = V x cos a + V y cos /? + F z cos 7, 

dV 3 _dV x dV v _ n , dV z 




dot 



Let the arbitrary axis of coincide with Oz at the time t, i.e. let 
the moving axis be passing through the fixed axis. Then a = ^TT, 
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f = TT, 7 = 0. Hence 

dV, dV z da d/3 



__ _ 

dt ~ dt *dt 

[ow da/dt is the angular rate at which the axis Ox is separating 
'om a fixed line momentarily coincident with Oz, hence 
ajdt = 2 . Similarly dft/dt = 0^ Substituting 



imilarly 



dV 2 _dV y 

~ 



dt ~ dt 

When the moving axes momentarily coincide with the fixed 
xes, the components of the vector F are equal, each to each, 
e. T^ F!, F 2/ = F 2 , F Z = F 3 . As the moving axes pass on, 
lis equality ceases to exist. The rates of increase of the 
Dmponents relatively to the moving axes are dV x /dt, dVyjdt, 
Vg/dt; while the rates of increase relative to the fixed axes 
re dVi/dt, dV 2 /dt, dV s /dt. The relations which exist between 
lese rates of increase are given by the equations just investigated. 

499. If the vector F is the radius vector of a moving point 
', the components V x , V y , V z are the Cartesian coordinates of P, 
ad the rates of increase are the component velocities. If the 
Bctor F is the velocity of P, the rates of increase are the com- 
onent accelerations. 

Let then x, y, z be the coordinates of a point P ; u, v, w the 
)mponents of its velocity in space ; X, Y, Z the components of 
is accelerations. Then 

doc , , f. -p. du 

U== dt~y 03 + *> ~dt 

-- - Y= -5- 



apace), we must add p, q, r respectively to the expressions given for u, v, w in Art. 
499. These additions having been made, u, v, w represent the component space 
velocities of P, and the expressions for the space accelerations X, Y, Z are the same 
as those given above. See Art. 227. 

The theory of moving axes is more fully given in the author's treatise on 
Eigid Dynamics. The demonstration here given of the fundamental theorem is 
founded on a method used by Prof. Slesser in the Quarterly Journal, 1858. 
Another simple proof is given in the chapter on moving axes at the beginning of 
vol. ii. of the treatise just referred to. 

SOI. Moving fteld of forca. When the field of force is fixed relatively to 
axes moving about a fixed origin we may obtain the equation corresponding to that 
of vis viva. 

If T be the semi vis viva, we know that dTjdt is equal to the sum of the virtual 
moments of the forces divided by dt. Hence, the mass being unity, 

dT 
- 
at 



If A!, A s , A 3 are the angular momenta about the axes (Art. 492), 

A^yw-zv, A z =zu-xw, A 3 =xv-yu, 
and, taking moments about the axes, 

dA J ldt=yZ-zY, dA s ldt=zX-xZ, dA a ldt=xY-yX. 
The equation of vis viva therefore becomes 

^Lfl **i a*h a AA,_Cr 

dt l dt ~ * dt~ s dt ~ dt' 

where U is a function of the coordinates x, y, z only. If lt <9 2 , 3 are constant, 
this, when integrated, reduces to the equation of Art. 256. 

5O2. Ex. 1. Show how to deduce the polar forms (C), Art. 493, from the 
equations for moving axes. 

Let the moving axes be represented by 0, Or}, Of. Let the axis of move so 
as always to coincide with the radius vector OP ; let Qt\ be always perpendicular to 
the plane zOP. The angular velocity d6[dt of the radius vector may therefore be 
represented by 2 =d0/di about Oij. The plane zOP has an angular velocity dp/at 
about Oz, and this may be resolved into 6 1 = coBOd(f>ldt and O s =sm6d<t>ldt. Also 
the coordinates of P are =r, 17=0, f=0. 

It immediately follows from the equations of moving axes that u=drldt, v=0 3 r, 
w= -6 s r. Substituting these in the expressions for X, Y, Z we obtain the com- 
ponents of acceleration already written at length in Art. 493. 

Ex. 2. If (oijSjYx), (^218272)1 fasfeYs) are *^ e direction cosines of a system of 
orthogonal axes moving about the origin, prove that 



where 3 is positive when the rotation is from the first axis to the second. 

To prove this we notice that 3 measures the rate at which the axis of y is 
separating from the position of the axis of x at the time t. Hence - 6 3 dt is the 
cosine of the angle the new axis of y makes with the old axis of x. 
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Ex. 3. A particle is describing an orbit about a centre of force which varies 
as any function of the distance, and is acted on by a disturbing force which is 
always perpendicular to the plane of the instantaneous orbit and is inversely pro- 
portional to the distance of the particle from the centre of force. Prove that the 
plane of the instantaneous orbit revolves uniformly round its instantaneous axis. 

[Math. Tripos, I860.] 



Lagrange's Equations. 

503. Lagrange has given a general theorem by which we can 
form the equations of motion of a particle, or of a system of 
particles, in any kind of coordinates*. 

The expression "coordinate" is here used in a generalized 
sense. Any quantities are called the coordinates of a particle, 
or of a system of particles, which determine the position of that 
particle or system in space. 

In using Lagrange's equations, it will be found convenient 
to represent by some special symbols, such as accents, all total 
differential coefficients with regard to the time; thus x', x" 
represent respectively dxjdt and d^ac/dt 2 . 

504. Lemma. Let L be a function of any variables so, y, <&c., 
their velocities x', y', <$sc., and the time t. If we express x, y, &c. 
as functions of some independent variables 6, <f>, <&c. and the time 
t, say 

*=f(t,6,4>,&c.\ y = F(t,e,<j>,&c.), z = &c (1), 

then will 

d dL dL_/ddL dL\dx fd dL dL\ dy 
'dtd0 7 ~ de~~ (dida:'~da;)de (dtdy'~dy) d6 + 

Representing partial differential coefficients by suffixes, we 
have by differentiating (1), 

x'=ft+feQ'+M' + &c (2). 

Since 6 enters into the expression L through both x, y, &c. and 
their velocities x', y', &c. while 0' enters only through x', y', &c., 

* The Lagrangian equations are of the greatest importance in the higher 
dynamics and are usually studied as a part of Rigid Dynamics. We give here only 

annli fVionvomo a a rv.o-,r V>a ^>f iioa in fV.o Y-aat: nf t.llia trPn.t.lRfi. TVlP. amYHcat.ifVn flf 
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we have the partial differential coefficients 
dL dL das dL d 



dL _ dL das' ~ . 

do r ~d^de f+&c ............................ w> 

where in each case the &c. represents the corresponding terms for 
y, z> &c. 

F] ff> fj IT 

By differentiating (2) we see that jg, = f e = ~TQ. Hence 

d dL _ dL _ /d_ dL __ dL\ dx 
dt dff d0 ~~ (dt dx' dx ) d0 + 



By differentiating f e totally with regard to t, we have 

+ &c ...................... (6). 



The right-hand side of this equation is seen by differentiating (2) 

die' 

to be equal to -r^ It therefore follows that all the terms in the 
^ dv 

second line of (5) vanish. The lemma has therefore been proved. 

505. By using this lemma we may deduce Lagrange's equations 
from the Cartesian equations of motion. For the sake of generality, 
let there be any number of particles, of any masses m 1} w 2 , &c., 
and let their coordinates be (xi,yi,2i), (#2, 2/2,^2), &c. Let T be 
the semi vis viva of the system, then 

2T = 2m(X 2 + y /2 + / 2 ) .................. (7). 

Let U be the work function of the impressed forces, then U is a 
function of the coordinates only. Lefc R x , R y , R z be the com- 
ponents of any forces of constraint which act on the typical 
particle m. We have as many Cartesian equations of motion of 
the form 

dU p dU p dU p 

^ -1^~ R *> my -&***' mz -dz= R 
as there are particles. 



?, <, &c.; then writing L = T+U, we have for the particle m, 

d*L ^_1 / dU 

dt das' ~ dx ~ dt mx ~ ~fa = Rx > 

b similar forms for y and z. Hence using the lemma, 
d dL dL 



_ 

jre 5 implies summation for all the particles. 
The right-hand side of this equation (after multiplication 
Iff) is the virtual moment of the forces of constraint for a 
metrical displacement $0. This by the principle of virtual 
k is known to be zero. 

lince the variations of the coordinates x, y, &c. due to the displacement 59 are 
iced from the partial differential coefficients dxjde, dyjde, &c., t not varying, 
lisplacement given to the system is one consistent with the geometrical relations 
ley exist at the instant of time t. 

?aking the various kinds of forces of constraint it has been proved in Art. 248 
the virtual moment of each for such a displacement is zero. Consider the 
of a particle constrained, to rest on a curve or surface, the virtual moment is 
for any displacement tangential to the instantaneous position of the curve or 
ice. The restriction that the geometrical equations must not contain the time 
'.citly is not necessary in Lagrange's equations. 

f some of the particles are connected together so as to form a rigid body, the 
ual actions and reactions of the molecules are equal. Their virtual moments 
coy each other because each pair of particles remain at a constant distance 
t each other. The Lagrangian equations may therefore be applied to rigid 

88. 

506. The Lagrangian equations of 'motion. are therefore 

i^_^ = i^-i Z = &c=0 (9) 
dtdff de ' dtdf d$ U> U ...... W 

i function L=T+U and is therefore the sum of the kinetic 
"gy and the work function. If we use the function V to repre- 
b the potential energy, we have, by definition, 17+ V equal to 
mstant. We then put L= T- V, so that L is the difference 
jeen the kinetic and potential energies. Substituting these 
les for L, and remembering that U and V are functions of the 
-dinates and not of their velocities, we may also write the 
rangian equations in the two typical forms 

d ^_^-^? ^^_^+ 
dtdff de~d6> dtdff d6 + d 



noticed that in these equations, all the dinerential coerncients are 
partial, except those with regard to t. 

The function L is sometimes called the Lagrangian function. 
We see that when once it has been found, all the dynamical 
equations, free from all unknown reactions, can be deduced by 
simple differentiation. 

5O7. 'Virtual moment of the effective forces. If we substitute for L in 
the lemma of Art. 504 the value of T given by (7) we have 
d dT dT ( ,.dx ,,dy 





e +&0 



) 

'\ 



The right-hand side (after multiplication by 89) is the sum of the virtual moments 
of the effective forces nix", my", &c. It follows therefore that the Lagrangian 
expression on the left-hand side (after multiplication by 89) represents the sum of the 
virtual moments of the effective forces, when expressed in terms of the generalized 
coordinates 8, <, <&c. 

In the same way writing T for the arbitrary function L in (4), we have by (7) 



The left-hand side (after multiplication by 56) therefore represents the sum of the 
virtual moments of the momenta of the several particles of the system for the displace- 
ment 89. It is often called the generalized 6 component of the momentum. 

5O8. Meaning of the lemma. The fundamental equation represented by 
the lemma has been deduced from the principles of the differential calculus without 
reference to any mechanical theorem. 

Analytically, it expresses the fact that Ijhe Lagrangian operator symbolized by 

d d d 



follows the same law as the differential coefficient dldO, i.e. 

v^.*^.g + ....... 

which may also be written 



. 8y + ...... , 

where 86, Sx, Sy, &c. are any small arbitrary variations consistent with the 
geometrical relations which hold at the time t. 

If we interpret the lemma dynamically (Art. 506), the equation asserts that the 
sum of the virtual moments of the effective and impressed forces for a displacement 
SO has the same value whatever changes are made in the coordinates. 

5O9. Working rule. When we solve a dynamical problem we begin by 
writing down the equation of vis viva, viz. T = U + C. 

It appears that when we have done this, Lagrange's method enables us to write 
down all the equations of motion of the second order by performing certain 
differentiations on the quantities on each side of the eauation fArt. 506). 



We shall presently show that before performing these differentiations, we may 
remove certain factors from one side to the other by making a change in the 
independent variable t ; Art. 524. 

510. The function T. We have assumed that the Cartesian 
coordinates x, y, z of every particle of the system can be expressed 
in terms of the generalized coordinates 0, <j>, &c. by means of 

equations of the form 

*==/(*,<?,<, &c.) ........................ (1); 

these equations may contain t, but not 0', <', &c. (Art. 504). In 
choosing therefore the Lagrangian coordinates, we see that they 
must be such that the Cartesian coordinates of every particle could 
be expressed if required in terms of them by means of equations 
which may contain the time, but do not contain differential co- 
efficients with regard to the time. 

Differentiating the geometrical equations (1) as in Art. 504 

to>., 2/' = &c ............. (2), 



and substituting in the expression for the vis viva 

ZT = 2m(w'*+y' z + 2'*) 
given in Art. 505, we observe that 22* takes the form 



where the coefficients A n , &c., J3 X , 5 2> &c., and G are functions of 
t, Q, <, &c. 

In most dynamical problems, the geometrical equations do not 
contain the time explicitly, i.e. t does not enter into the equations 
(1) except implicitly through 6, <f>, &c. The term/* will therefore 
be absent from the equation (2), Art. 504. Hence x', y', z are 
homogeneous functions of 0', $', &c. of the first order. When 
substituted in (7), we find that 22" is a homogeneous function of 
Q', <', <&c. of the second order, viz. 

2T=sAuO'* + 2A vl 0'4>' + .-, 

where A n , A 12 , &c. are functions of the coordinates 0, <, &c. but 
not of t. 

51,1. Examples of J.agrange'8 equation*. Ex. Two particles, of masses 
M, m, are connected by a light rod, of length I. The firat A is constrained to move 
along a smooth fixed horizontal wire, while the other B is free to oscillate in the 
vertical plane under the action of gravity. It is required to find the motion. . 

Tn flv *>, r,r>it.inns of hoth the narticles in space, we require two coordinates, 



to the vertical. The Cartesian coordinates of B are then a; = + Z sin and y = Z cos 6. 
The semi vis viva and work functions are then 

T = I Mp + | m { (' + Z cos 00') 2 + (I sin 0<?') 2 } 
=i(M-|-m)' 2 -i-?n,Zcos0 / 0' + JmZ 2 /:2 ........................ (1), 

U=mglcoB0 ............................................................ (2). 

Substituting in the Lagrangian equations, 

fL^_^!-^Z ^.^_^-l^ 
di df""^ ~~ df' dtW'~'dd~W 

we have 



$'+il cos 00^=0 

-T- {mZ cos 
These give 



-T- {mZ cos 0' + mZ 2 0'} + mi sin 0|'0 / = - m<j(Z sin 6 \ 



' + mlcoB08'=A ) COB 0%"+ Iff" = -gsin& ............ (3), 

where A is a constant of integration. Eliminating , we have 

(J5sT+ w sin 2 0) O'e" + m sin 5 cos ^' . 0' a = -f (M +m) sin ~00'. . 

v 

This gives by integration 

(M+msin 2 0)0' 2 =C + ^(M>w)cos0 ..................... (4). 

L 

In this way the velocities ^' and 0' have been found in terms of the coordinates 
*, 0. . 

We have here used both the Lagrangian equations, but we might have replaced 
the second by the equation of vis viva, viz. T=U+C. Eliminating % by the help 
of the first of equations (3), we should then have arrived at the result (4) without 
any further integrations. 

512., Ex. 1. The four elementary forms for the acceleration of a point follow 
at once from Lagrange's equations. For example, let us deduce the polar form 
given in Art. 493. 

"We notice that the components of velocity of P along the radius vector and 
perpendicular to it, are respectively r' and ?-0', while that perpendicular to the 
plane zOP is r sin 6<f>'. Since these three directions are orthogonal, we have. 

2T = m (r' 2 + r 2 0' 2 + r z sin 2 Off*) . 
Substituting in the Lagrangian equation 

^W_dT_dU 
dt d' d ~~ df ' 
\vhere f in turn stands for r, 6, $, we obtain 

~ (mr r ) - m (r8' z + r sin 2 0<*>' 2 ) = ^ , 

Ctt Oft 

^ (mr 2 0') - mr 2 sin cos 0<' 2 =4? 

Ctt Ua 



Ex. 2. To deduce the accelerations for moving axes from Lagrange's equations 
when the component velocities are known. 
We have given by Art. 499, 



v=y-z 1 + x s , w=z - 
Also T= & (w 2 + v z + w' 2 ), 

the mass of the particle being unity. Since x' enters into the expression for T 

only through u, while x enters through both v and 10, we have 
dT _ AT du _ dT _dT dv dT dw_ 

dx 1 ~~fad~ U ' dx"~fodi + dwdx'~ v9s ~ wen ~- 

m , T . ... d dT dT dU 

The Lagrangian equation -5- . - = 

dt da;' da; da; 

, d 

becomes ~vS 3 + w8 3 =sX. 

(Lii 

Ex. 3. To deduce the equation of vis viva from Lagrange's equations. 
Multiplying the Lagrangian equations 

d_5T__dT_dD' #T _ f?T _ dlT 
dt <Z0' dd ~ de ' d dtf>' d(j>~ dtj>' *' 
by 0', 0', &c. respectively and adding the results, we have 



where S implies summation for all the coordinates. 

If the geometrical equations do not contain the time explicitly, T is a homo- 

dT 

geneous function of 9', $', cfec., Art. 510, and by Euler's theorem S6' -jr-.=2T. Also 

do 

since T and U are not functions of *, 

dT ~f.,dT al ,dT\ dU _,.,dU 
-di^^dd* 6 d8')' Tt=-d8- 

Substituting in the expression given above, we have 



. 
dt dt dt 

where C is an arbitrary constant, usually called the constant of vis viva. 

Ex. 4. The position of a moving point is determined by the radii l/, 1/ij, 1/f 
of the three spheres which pass through it and touch three fixed rectangular 
coordinate planes at the origin. Pind the component velocities u, v, w of the point 
in the directions of the outward normals of the spheres, and prove that the com- 
ponent accelerations in the same directions at&jdu/dt + v (t}U ~ %v) - w (i-io - fit), and 
two similar expressions. [Coll. Ex. 1896.] 

Writing D = $ 2 + ij 2 +f 2 we deduce from the equations of the spheres that 
s = 2/D, &c. Noticing that the spheres are orthogonal, we find, by resolving the 
velocities x', y', z' along them, u= - '/, v= -yn'/ri, w= - z'l. Hence 



Also the acceleration along the ? axis is dUjudt or -^DdUjd^. Substituting in 

the Lagrangian formula ~ = -j- ^7 - -JJT, we obtain the required result. It may 
a dt a af 



513. To apply the Lagrangian equations to determine the 
small oscillations of a. system of particles about a position of 
equilibrium, when the geometrical equations do not contain the time 
explicitly. 

Let the system have n coordinates and let these be 6, qf>, &c. 
Let their values in the position of equilibrium be a, fi, &c., and at 
any time t, let 6 = a -f %, cfr tS + y, &c. 

The vis viva being a homogeneous function of 0', <$>', &c. (Art. 
510), we have 

2T = P8'* + 2QO'(j>' + R<$>'* + &c., 

where P, Q, &c. are functions of 6, <f>, &c. When we substitute 
= a. + oo, &c. and reject all powers of the small quantities above 
the second, this reduces to an expression of the form 

2T = A n x'* + ZA&dy' + A^y'* + &c ............. (1), 

where the coefficients are constant, and are known functions of 
3 & &c. 

The work function U is a function of 6, (f>, &c. and when 
expanded takes the form 

2 U = 2 U + 25^ + 25 2 7/ + &c. + B^a? + iB^y + &c. . . .(2). 
We assume that these expansions are possible. 

Since the system is in equilibrium in the position defined by 
x = 0, y 0, &c., we have by the principle of virtual work, 

^=0, ^ = 0,&c.; /. A = ; 5 2 = 0,&c ....... (3). 

If the position of equilibrium is not known beforehand, the values 
of a, /3, &c. may be obtained by solving the n equations (3). 

To find the equations of motion we substitute in the n 
Lagrangian equations typified by 



_ 
di daf dso dx ...................... " '' 

Since the expansion for T does not contain the coordinates x, 
y, &c., we have dTfdx - 3 dTfdy = 0, &c. The equation (4) there- 
fore becomes 

" + &c. = B n x + B lz y + B 13 z + &c.\ 

" + &c. = B^ + By& + B^z + &c. I . . . (5). 

Arr> = &T.C-. 



To solve the equations (5) we follow the rules given in Art. 
292. Let any principal oscillation be represented by 

x = 6? sin (pt + a), y = H sin (pt + a), &c (6), 

where G, H, &c. are constants. We find by an easy substitution 



.-OV (7). 

&c. = OJ 

Eliminating the ratios G : H : &c., the n values of p* are given 
by the Lagrangian equation 

(8). 



A 



&c. 
&c. 



&c. 



&c. 



= 



514. It is shown in the higher dynamics that, because the 
vis viva %T is necessarily positive for all real values of of, y', &c., 
the values of p z given by this determinantal equation are real. 
If all the roots are positive the values of p are real, and the 
system of particles then oscillates about the position of equi- 
librium. If any or all the values of p z are negative, some or all 
the values of p take the form q V 1. The corresponding 
trigonometrical terms in (6) become exponential and the system 
does not oscillate. See Art. 120. 

515. If a value of p 2 is zero p has two equal zero values, and 
the corresponding term in (6) takes the form A + Bt. In such 
a case the coordinate may become large and the system will then 
depart so far from the position of equilibrium that it will be 
necessary to take account of the small terms in (1) and (2) of 
higher orders than the second. 

516. Rule. When applying La.grange's equations to any 
special case of oscillation about a position of equilibrium we begin 
by writing down the expressions for the vis viva and work function 
for the system in its displaced position, and express these in the 
quadratic forms (1) and (2) (Art. 513). If the whole motion is 
required we follow in each special case the process described in 
the general investigation. But if, as usually happens, only the 
periods are required, we omit the intervening steps and deduce 



To help the memory, we notice that, ij we drop me accents in 
the expression for T, the determinant (8) is the discriminant of the 
quadric Tp z + U. 

517. To apply Lagrange's equations to determine the initial 
motion of a system. 

The method has been already explained in Art. 282. The 
Lagrangian equations give the values of 6", <", &c. in the initial 
position without introducing the unknown reactions. Differen- 
tiating the Lagrangian equations of Art. 506 we obtain &" , <f>", 
&c., and any higher differential coefficients. 

If sc, y, z are the Cartesian coordinates of any point P of the 
system, we have by Art. 510, 



and therefore by differentiation the initial values of as', ac", &c. } 
y', y", &c., /, &c. may be found. The initial radius of curvature 
follows from the formulae of the differential calculus, Art. 280. 

518. Let, for example^ the initial accelerations be required 
when the system starts from -rest The initial position being 6 = a, 
(jf> = ft, &c. we put, as in Art. 513, 6 = a + oo, <j> = /3 + y, &c. Since 
the system starts from rest, the velocities x', y', &c. are small and 
we can make the expansions (1) and (2) as before. Since the 
initial position is not one of equilibrium, we no longer have B = 0, 
2 = 0, &c. Retaining only the lowest powers of x, y, &ci which 
occur in the equations of motion, we have 



&c. = &c. 

These determine the initial accelerations of the coordinates and 
therefore the component accelerations of every point of the system. 

519. Ex. 1. Let us apply the Lagrangian. equations to find the small oscilla- 
tions of the two particles described in Art. 511. 

The quantities , 6 represent the deviations of the rod from its position of 
equilibrium. The vis viva and work function expressed in quadratic forms are 



The determinant is the discriminant of 

l(lp*-g)6*-; 
= 0. 



p*, mlp z 
mlp z , ml lip 2 - g) 



One principal motion is given by 

JP 2 =f jp =Gsin(pt + a), (9=lfsin (p* + a). 

The other is determined by p 2 = ; this implies that one coordinate takes the form 
'A + St. It is evident that the rod could be so projected along the horizontal wire 
that has this form while 0=0. 

The student should apply Lagrange's equations to the problems on small oscil- 
lations and initial motions already considered in the chapter on motion in two 
dimensions. He will thus be able to form a comparison of the advantages of the 
different methods. 

Ex. 2. Three uniform rods AB, BC, CD have lengths 2a, 25, 2a and masses 
HI, m', m. They are hinged together at B and 0, and at A, D are small smooth 
rings which are free to move along a fixed fine horizontal bar. The rods hang in 
equilibrium, forming with the bar a vertical rectangle. When a slight symmetrical 
displacement is given, the period of a small oscillation is given by 4?;iop 2 = 8/7 (m + m') . 
Find also the periods when the displacement is unsymmetrical. [Coll. Ex. 1897.] 

Ex, 3. Two equal strings AC, BC have their ends at the fixed points A, B, on 
the same horizontal line, and at C a heavy particle is attached. From C a string 
CD hangs down with a second heavy particle at D. Find the periods of the three 
small oscillations. [The two periods of the oscillations perpendicular to the verti- 
cal plane through A and B are given in Art. 300, Ex. 1.] 

520. Solution of Lagrange's Equations. Our success 
in obtaining the first integrals of the Lagrangian equations will 
greatly depend on the choice of coordinates. When the position 
of the system is determined by only one coordinate, the equation 
of vis viva is the first integral, and this is sufficient to determine 
the motion. 

When there are two or more coordinates, integrals can be 
found only in special cases. The general problem of the solution 
of the Lagrangian equations is too great a subject to be attempted ' 
here. It is sufficient to state a few elementary rules which may 
assist the student. 

521. We should, if possible, so choose the coordinates that some 
one of them is absent from the expression for the work function If. 
For example, if there be any direction such that the component 
of the impressed forces is zero throughout the motion, we should 
take the axis of z in that direction and let z be one of the co- 
ordinates. Again if the moment of the forces about some straight 
line fixed in space, say Oz, is always zero, the angle cf> which the 
plane POz makes with xOz will be a suitable coordinate. In that 



mechanical considerations generally enable us to make a proper 
choice. 

Let 9 be the coordinate absent from the work function, then 
if 6 is also absent from, the expression for T. though the differential - 
coefficient 0' is present, the Lagrangian equation 
d dT dT dU , dT , 

todff-de = M becomes w= A > 

where A is the constant of integration. Thus a first integral, 
different from that of vis viva, has been found. 

522. XdouviUe's integral. Licraville has given an integral of Lagrange's 
equations which has the advantage of great simplicity when it can be applied. 
This may be found in vol. xi. of his Journal, 1846 ; the following is a slight modi- 
fication of his method. 

Let VLB suppose that the vis viva has the form 

2T = M(PO'- + Q<t>' 2 + Rt'' 2 + &G.) ........................... (1), 

where the products &'$', <'^', &c. are absent. The method requires that the co- 
efficient P sJiould be a function of only, while Q, R, <#c., are not functions of 6. 
We notice that If may be a function of all or any of the coordinates, and Q, R, &c. 
functions of any except 6. It is also necessary that the impressed forces should be 
such that the work function U has the form 

M(U + C) = F 1 (6) + F(<I>, f, &c.) ........................... (2), 

where (7 is the constant in the equation of vis viva, 

T=U+G .......................................... (3). 

We shall now prove that lolien these conditions are satisfied, a first integral is 
2l/W s = F 1 (0) + 4 ................................. (4). 

We first put P0' 2 =' 2 , then is a function of 6 only and we may temporarily 
take , 4>, ^, &c. as the coordinates. We now have 

T = p/ (f ' + Q<t>"> + &c.)=U+C, 
" and the Lagrangian equation for is 



Using the equation 6f vis viva, this takes the form 



Substituting on the right-hand side from (2) and multiplying by ', we have 



Since JPj (6) is a function of and not of any of the other coordinates, this 
gives by an easy integration 



Beturning to the coordinate 9, we have the integral (4). 



initial conditions C is arbitrary and in that case the condition (2) requires that 
both MU and M should have the general form indicated on the right-hand of that 
equation. If 

M (V+ C)=I<\ (e)+F. 2 (0) +<fec., 

and Q, R, &c. are respectively functions of <t>, \j/ t &c. only, it is evident that the 
method supplies all the first integrals. 

Ex. If T=X(PB'*+Q<t>'*) J/=/i(0) + / a ft), MU=F l (d) + F 2 (<p), integrate 
the Lagrangian equations by Lioiiville 1 * method. The integrals are 

P/-'P0'2= 1\ (9) + C/i (0) + A, , 4 X*Q<j>*=F. 3 (0) + C/ a (0) +^ 2 , 
adding these and using the equation of vis viva we see that A 1 +A 2 = Q. The paths 
are then given by 



_ 

Z j " I 
Multiplying -these by / a , / 2 and adding, the time is found by 



where all the variables have been separated. 

523. Jacob!' s integral. If T be a homogeneous function of the coordinates 
6, cj>, &c. of n dimensions and U a homogeneous function of the same coordinates 
of - (n + 2) dimensions, then one integral is 



where G is the constant of vis viva and A an arbitrary constant. 

To prove this, we multiply the Lagrangian equations by 0, <p, &c. and add the 
products. Remembering Euler's theorem on homogeneous functions, we have 



The left-hand side is the same as 



since T is a homogeneous function of 6', <{>', &c. of two dimensions. Remembering 
that T-U=C, we have ^ V-^ + Ac.l =( + 2) G. 



Ex, A free system of particles moves under the influence of their mutual 
attractions, the law of force being the inverse cube: show that 2mr 2 =A + Bt + CP 
where r is the distance of the particle m from the origin. 

[Vorlexnngen liber Dynamik.] 

Some developments of these results are given in the rirst volume of the author's 
treatise on Rigid Dynamics. 

524. Change of tnc independent variable. It is sometimes useful to be able 
to change the independent variable in La grange's equations from t to some other 
quantity T so that dr~Pdt, where P is any function of the coordinates. 

We suppose that the geometrical equations do not contain the time explicitly, 
so that T is a homogeneous function of the form 



Let suffixes applied to the coordinates mean differentiations with regard to T 
just as accents denote differentiations -with regard to t. Then 

0' = P0 1 , p'^Pfa, cfec. 
Consider how any one of Lagrange's equations, say, 

ML _ ^L - 

did&'AQ ~d4> .................................... ^ '' 

is affected by the change of t. Let us write 

23= (^ii*i 3 + ^13*1*1 + ...... )P ........................... (3)- 

Supposing that P is a function of the coordinates only, not of 0', </>', cfec., \ve have 

AT dT 

TV = A K 6 r + A*,*' + . . . = (A X A + A.^ + . . . ) P = -r- 2 , 



The Lagraugian. equation therefore becomes after a slight reduction 

A f*?j _ dT 2- _ ^ i iL i ^y 

dr d^ rf0"~ P d<f> + P d<p ........................... ( ' 

If we use the equation of vis viva, viz. T U+C, and notice that T=PT*, the 
right-hand side of this equation becomes -j~ p . The typical Lagrangian form 

therefore takes the form 

d dT 2 dT_ d U+C 

dr d((>i~ d$~d<t> P .............................. ^ '' 

We notice that though T=PT, they are differently expressed. To obtain the 
partial differential coefficients of T a , the quantities 0', 0', &c. must be replaced by 
Pfl-p P^j, &c. before differentiation. 

Suppose for example that the equation of vis viva (Art. 509) is 

T=M {^A6'- + &G.} = U+ C, 

and that we wish to remove the factor M before deducing the Lagrangian equations. 
Changing the independent variable so that dr=Pdt, we deduce the Lagrangian 
equations by operating on 



Choosing J1/P=1, we have 
T 

The factor M has thus been transferred from the expression for the vis viva to 
the work function. Here M is a function of the coordinates only. 

We may now change the suffixes into accents if we remember that the differen- 
tiations are to be taken with regard to r instead of t. This difference is of no 
importance if we require only the paths of the particles and not their positions at 
any time. If the time also be required, we add the equation dt=Mdr. 

525. Orthogonal Coordinates. The Lagrangian equations are much sim- 
plified when the expression for T can be put into the form 



wlie're the products &'$', ojc. are absent. We shall now prove that this will be the 
case when the coordinates of the particle are the parameters of systems of curves 



Let the equations of three systems of surfaces which intersect at right 
angles be fi(x, y, z) = p l , / 2 (., y, *) = p a , f a (as, y, z)= Ps ............ (1), 

where p lt p,, p K are three constants or parameters whose values determine which 
surface of each system is taken. These parameters may be regarded as the co- 
ordinates of the point of intersection of the three surfaces. 

Such coordinates are called sometimes orthogonal coordinates and sometimes 
curvilinear coordinates. Their theory was given by Lame in his Lemons sur les 
coordonnees curvilignes, 1859. In what follows we adopt his notation as far as 
possible. 

As an example of orthogonal coordinates we call to mind a system of confocal 
ellipsoids and hyperboloids of one and tivo sheets, the lengths of the major axes 
being usually taken as the parameters. These are called elliptic coordinates. We 
may also notice that all the coordinates in common use, whether Cartesian, cylindrical 
or polar, are orthogonal. In the first the point is defined as the intersection of 
three orthogonal planes, in the second we use a cylinder cut by two planes, and in 
the third a sphere cut by a right cone and a plane. 

Let (oj, 6 a , Cj) be the direction cosines of a normal to the surface whose 
parameter is p lt then 



where V= + + ........................... (3) . 

1 \dxj \dy j \dz J l ' 

Let dSi be an elementary arc of the intersection of the two surfaces p. 2 , p 3 ; then 
ds l is also an elementary length measured along the normal to the surface p l . As 
we travel along this arc x, y, z and p i vary, while p 2 , p 3 are constant. Hence 



- l 

dy dz ri 

/. flj rf.c + fcj rfy +c 1 dz = dp 1 jli i ........................... (4). 

But the left side is the sum of the projections of dx, dy, dz on the normal and is 
therefore ds^, hence ds 1 = dp l lh 1 . It follows that the component % of velocity 

along the normal to the surface p 1 is v 1 = - p . In the same way the components 

fl-\ CLv 

of .velocity normal to the other two surfaces may be found, and since these are at 
right angles, 



where accents denote differential coefficients. 

In order to use this expression, it will be necessary to express 7^, 7t 2 , h 3 , in 
terms of the new coordinates /> lt p 2 i Pa- To effect this we solve the equations (1) 
and determine x, y, z as functions of p lt p z , p a ; finally substituting these values in 
the expressions (3) for h lt h s> h s . This is sometimes a lengthy process. 

Motion on a Curve. 

526. Fixed Curves. To find the motion of a particle on a 
smooth curve fixed in space. 

To find the velocity, we resolve the forces along the tangent 
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X, 7, Z, this gives as in Art. 181, 



[CHAP, vii. 



mv -,- = 
as 



_ r Ujifj -y wy 

' ds ds 



,dz 

ds ' 



If Tbe the work function,- F=dU/ds, and we have 



which is the equation of vis viva. 

To find the pressure, we resolve in any two directions which 
may suit the problem under consideration. Supposing that we 
choose the radius of curvature and binomial, we have 



where G, H are the components of the impressed forces; R lt R., 
the corresponding components of the pressure on the particle. 

These equations show that the pressure of the particle on the 
curve is the resultant of two forces, (1) the statical pressure due 
to the forces urging the particle against the curve, (2) the centri- 
fugal force mv-fp acting in the direction opposite to that in which 
p is measured, Art. 183. 

527. Ex. 1. A plane is drawn through the tangent at P making an angle ?' 
with the osculating plane. If p' be the radius of the circle of closest contact to 

the curve in this plane, then , = ff'-f- JJ' where G' and R 1 are the components of 

the impressed accelerating force and of the pressure respectively. 

This follows from the theorem on curves p'cos ip, corresponding to Mourner's 
theorem on surfaces. 



Ex. 2. 



A helix is placed with its axis vertical, and a bead slides on it under 
the action of gravity. Find the motion and 
pressure. 

Let a be the radius of the cylinder, a the 
inclination of the tangent to the horizon. 
Drawing PL perpendicular to the axis of z, the 
radius of curvature is a length measured along 
PL equal to a sec 2 a. If PT is the tangent, the 
osculating plane is LPT. If the helix is smooth 
we have 




v' 2 = -2ijz+C, 



= n cosa+ 



R, 



m 



Tt 4.1, _ 



ds a, 

ting v- cos a = for brevity, we find 

d s sin 2a 



+ C. 

To integrate this we multiply the numerator and denominator of the fraction 
the left-hand side by the denominator with the minus sign changed. We 
n find 

v 2 cos a a 

find G we require the initial value of v. If this were zero the particle would 
lain at rest because /=tan a. 

Ex. 3. A rough- helical tube of pitch a and radius a is placed so as to have 
axis vertical and the coefficient of friction is tan a cos e. An extended flexible 
ing which just fits the tube is placed in it: show that when the string has fallen 
ough a vertical distance ??ia its velocity is (ag sec a sinh 2^)-, where /i is 
ermined by the equation 

cot^etanh j,=tanh (/*sin e + ^7?icos asin 2e). [Math. Tripos, 1886.] 

Ex. 4. Two small rings of masses m, m' can slide freely on two wires each of 
ich is a helix of pitch p, the axes being coincident and the principal normals 
nmon ; the rings repel one another with a force equal to (imm'r when they are at 
.istance r from one another. Prove that if be the angle the plane through one 
g and the axis makes with the plane through the other ring and the axis, the time 

//a , 

which <j> increases from a to /3 is I {AqP - 2B cos (p + C}~* d<p, where 

J a 
1 1 ) a& . 



p- 
i a, 1) are the radii of the cylinders on which the helices are drawn. 

[Coll. Ex. 1896.] 

528. Moving curves. Ex. 1. A particle P is constrained to move on the 
me curve z=f(x), which rotates about a straight 
e Oz iii, its plane with mi angular velocity u. 
is required to form the equations of motion. 

Applying to P an acceleration w 2 .i; tending 
i'm the axis of rotation, we treat the curve as 
it were fixed, Art. 495. Taking the tangential 
d normal resolutions, we have 

dv F . v 2 G ., . . R 

= + one cos \Li, - - = 01 .u sin \p + , 

ds m r p in. T m 

lere v is the velocity of the particle relatively to the curve, $ the angle the tangent 
P makes with the axis of x, and p is the radius of curvature. Also F and G are 
e components of the impressed forces along the tangent and radius of curvature 
P. 

We may replace the first of these equations by the integral of vis viva, viz. 

<tPx dx) . 
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The second equation then gives the component R of pressure in the plane of the. 
curve. The component R' of pressure perpendicular to the plane of the curve 
is given by 




where H is the corresponding component of the impressed force, and x is the 
distance of the particle from the axis of rotation. 

Ex. 2. A circular wire is constrained to turn round a vertical tangent Oz with 
a uniform angular velocity u. A heavy smooth 
bead, starting from the highest point A without 
x any velocity relative to the curve, descends under 
the action of gravity. Find the velocity and 
pressure. 

Let C be the centre, 0(7= a; let P be the 
particle, the angle ACP = 6, v = adejdt. We re- 
duce the plane to rest by applying to P an accele- 
rating force measured by u"x, where x = a+asin&,. 
and acting parallel to OC. The equation of vis 
viva then gives 

/x 
xdx; 
a 

.-. v' 2 =2# (a - a cos 6) + w 2 a 2 (2 sin 6 + sin 2 6). 

The components R, R' of the pressure on the particle respectively along PC and 
perpendicular to the plane are given by 

v 2 n , . . R I d , , . R' 

=<] cos 6 u*x sin + , r (x-u) = . 

a m x dt ' m 

The latter equation reduces to R'=2miv cos 0. 

Ex. 3. Two small rings of masses m, m', (m>m') are capable of sliding on a 
smooth circular wire of radius a, whose vertical diameter is fixed, the rings being 
below the centre and connected by a light string of length a\/2: prove that if the 
wire is "made to rotate round the vertical diameter with an angular velocity. 

J iL _jv - I tk e rings can be in relative equilibrium on opposite sides of the 
|a\/3 m-w' ) 

vertical diameter, the radius through the ring 7)1 being inclined at an angle 60 to 

the vertical. Show also that the tension of the string is - , - ... a. 

m- in 1 ^2 J 

[Coll. Ex. 1897.] 

Ex. 4. A smooth circular cone of angle 2a has its axis vertical and its vertex, 
pierced with a small hole, downwards. A mass M hangs at rest by a string which 
passes through the vertex and a mass m attached to the upper extremity describes 
a horizontal circle on the inner surface of the cone. Find the time T of a complete 
revolution, and prove that small oscillations about the steady motion take place in 
the time T cosec a { (M + mJ/Sni}*. [Coll. Ex. 1896.] 

Ex. 5. A smooth plane revolves with uniform angular velocity w about a fixed 
vertical axis which intersects it in the point 0, at which a heavy particle is placed 



529. A case of fircc motion with two centres of force. Ex. 1. A particle P, 
if unit mass, is constrained to move along an elliptic wire without inertia which can 
urn freely about its major axis. The particle is acted on by two centres of force, 
ituated in the foci S, H, loMcli attract according to the law of the inverse square. 
Prove that the pressure on the curve is zero in certain cases. 

We take the major axis as the axis of z and the origin at the centre. Let w be 
he angular velocity of the wire. Eepresenting the distance of the particle P from 
he major axis by y, the component R of pressure on the particle perpendicular to 
he plane of the curve is given by 



3ut since the wire is without inertia, i.e. without mass, the wire moves so that 
ihe pressure R' on it is zero, Art. 267. We therefore have throughout the motion 

y*a=B, 
;vhere B is the constant of angular momentum about the axis of rotation. 

Let the distances of the particle from the foci S, H be r lt r 2 ; and let the central 
'orces be /^r- 



To find the motion in the plane z OP, we apply to P an acceleration w 2 2/= a /(/ 3 , 
;ending from the major axis, and then treat the curve as if it were fixed. We 
notice that the particle could freely describe the ellipse under any one of the forces 
a i/ r i 2 > /^/'"s 2 ) B'*ly 3 if properly projected; see Arts. 333, 323. It immediately 
follows that if all the three forces act simultaneously, the pressure on the particle 
will be a constant multiple of the curvature, Art. 272. 

The pressure will be zero, if the square of the velocity of projection is equal 
to the sum of the squares of the velocities when the particle describes the curve 
Freely under each force separately; Art. 273. We find therefore that if ^ be the 
velocity relatively to the curve, the pressure is zero, if 

1 
a 

[f v be the resultant velocity of the particle in space, we have v s =v 1 * + w 2 y 2 . Hence 
, /2 1\ /2 1\ n a?-b n - 

V 2 = fJL- i ( --- 1+^0 --- ) - J? 2 . , . 

1 \PI / \'a a J & 

When the pressure is zero, the wire may be removed and the particle describes 
its path freely in space under the action of the two given centres of force. The 
general path under all circumstances of projection has not been found. If the 
particle is projected along the tangent to any ellipse having S, H for foci with a 
velocity whose component in tJie j)lane of the ellipse is v lt and whose component 
perpendicular to the plane is v' = uy = Bly, it will continue to describe the ellipse 
freely, while the ellipse itself moves round the straight line SH with a variable 
angular velocity u = Bjy' 2 . 

Ex. 2. If the particle is also acted on by a third centre of force situated at the 
centre and attracting according to the direct distance, prove that the pressure on 



53O. Ex. A particle P of unit mass moves on a smooth curve which is con- 
strained to turn alout a fixed axis with an angular velocity w. It is required to 
find the relative motion. 

Let the axis of rotation be the axis of z and let the axes of x, y be fixed to the 
curve and rotate round Oz with the angular velocity w. Let us refer the motion to 
these moving axes. Since 0i = 0, 2 = 0, 0.,= w, the equations of Art. 499 become 

_dx , 
U ~"dt 
_d>/ 

'dt ' ""' V ~~di 

= dz 
W ~dt 

where R 1} U 2 , JR 3 are the components of the pressure on the particle. Eliminating 
u, v, w, 

d-x ,,.,,. dt, 
dt- 



(1). 



dt' 2 

The resultant of the two accelerating forces X 1 = w-x, Y l = u' 2 ij is a force tending 
directly from the axis of rotation and whose magnitude is F^w-r, where r is the 
distance of the particle P from .the axis. 

The resultant F 2 of the two forces X=ydujdt, F>= - xdta\dt is F z = -rdujdt, 
and it acts perpendicularly to the plane containing the axis of rotation and the 
particle in the direction in which the angular velocity w is measured. 

To find the resultant F 3 of the forces X s = 2udi/ldt, F 3 = -Zudxfdt, we notice 
that the component along the tangent to the curve, viz. X :) dxjds + Yydyjds, is zero. 
The resultant acts perpendicularly to the given curve, and may be compounded with 
and included in the reaction. When only the motion of the particle is required, 
the force F s may be omitted. 

Reasoning as in Art. 197, we see that the equations of motion (2) become the 
same as if the particle were moving on a fixed curve, provided we impress on the 
particle (in addition to given forces X, F, Z) two accelerating forces, viz. (1) a force 
1'^ = w 3 r and (2) a force F.,= -rdu/dt. 

The process of including the two forces F v F., among the impressed forces is 
sometimes called reducing the curve to rest. 

The curve having been reduced to rest, the velocity of the particle relatively to 
the curve is found either by the equation of vis viva or by resolving along the 
tangent. We find 

ii> 2 =(7+ U+ I oj 2 )' dr I r . rd<j>, 

J J dt 

where U represents the work function. If the angular velocity is uniform, this 
reduces to 



The velocity thus found iz the velocity relative to the curve. The actual velocity 
in space is the resultant of velocity v and the velocity ur of the point of the curve 



I. The pressure of the fixed curve on the particle is not the same as the 
pressure of the moving curve. Representing the first by R' and the second 
we see that R' is the resultant of R and the two forces X s = ^tadyjdt, 
2udxjdt. We may compound these two forces into a single force F 3 . We 
t the moving curve on a plane perpendicular to the axis of rotation. If P' 
s projection of P, dxjdt and dyjdt are the component velocities of P. The 
mt is then evidently F 3 2uv' where v' is the velocity of P' relatively both 
curve and its projection. The direction of F 3 is perpendicular not only to 
ren curve but also to its projection. The components along and perpendicular 
radius vector are +2urddldt and -Swdrjdt. 

>2. Ex. A small bead slides on a smooth circular ring of radius a which 
3e to revolve about a vertical axis passing through its centre with uniform 
ir velocity w, the plane of the ring being inclined at a constant angle a to the 
mtal plane. Show that the law of angular motion of the bead on the ring is 
me as that of a bead on the ring of radius a/sin a. revolving round a vertical 
ter with angular velocity w sin o. [Coll. Ex.] 

i3. A changing curve. A Lead of unit mass moves on a smooth curve 
form is changing in any given manner. It is required to find the motion. 
t the equations of the curve be written in the form 

s=/i(0, *), y=fs(B, t), z=f 3 (9,t) .................. (1), 

6 is an auxiliary variable. We may regard the position of the particle at 

ven time t as defined by some value of 6. Our object is to find 6 in terms of 

ne. 

t us use Lagrange's equations. We have 

T= 4 2 (//+/,)* .................................... (2), 

2 implies summation for all the coordinates, and partial differential coeffi- 
are indicated by suffixes. The Lagrangian equation is 



,- 

dt dO' d6 ~ do 



( >' 



s a differential equation of the second order from which f) may be found. 
ie three components of the pressure on the particle in the directions of the 
nay be found by differentiating the equations (1). If A", I', Z, be the com- 
ts of the impressed forces; R l} R., t R s those of the pressure, the Cartesian 
ions of motion are 



nee the pressure must be perpendicular to the tangent to the instantaneous 
on of the curve, we do not necessarily require all these equations, though it 
>e convenient to use them. 

14. Ex. A helix is constrained to turn about its axis Oz, which is vertical, 
a uniform angular velocity w. Find the motion of a particle of unit mass 
iding on it under the action of gravity. 

st the axes OA, OB move with the curve and let OA make an angle ut with 
axis of x fixed in space. Let the ancle AON '=9. See the figure of 



wt), 



Substituting in Lagrange's equation, we find after a little reduction 

a$"= -(/sin a cos a, 

which admits of easy integration. It should be noticed that this result is inde- 
pendent of the angular velocity of the guiding curve, provided only it is constant. 
A similar result holds for any curve on a right circular cylinder turning uniformly 
about its axis. 

To find the pressure of the helix on the particle we use cylindrical coordinates, 
Art. 491. Let P, Q, R be the components of the pressure, then since in the helix 
'p=a, = + w, we find by substitution 

P ='- a (O 1 H- u) 2 , Q = o0", Z-g = atana.e".' 

These show that the pressure on the particle is equivalent to a sustaining force 
g COB a acting perpendicularly to the osculating plane together with the radial 
pressure P. 

Motion on a Surface. 

535. Any Surface. To find the motion of a particle on a 
fixed surface, 

Let P be the position of the particle at the time t, Prj a 

tangent to the path, P a normal to 
the surface, and P that tangent to 
the surface which is perpendicular to* 
the path. Let PC be the radius of 
curvature of the path, PA the bi- 
normal, then PA, PC lie in the plane 
'(. Let x be the angle <7P. 

Let X, Y, Z be the resolved impressed forces parallel to 
any axes oo, y, z fixed in space. Let the equation of' the surface 




The resolved accelerations of the particle in the directions 
PA, Pr), PC are known to be zero, vdv/ds and v-/p respectively, 
Art. 496. Hence resolving in the direction Py, 

dv ^dx -,rdu r ,dz 
mv- r =X- r +Y^ J - + Z-- r , 
ds ds as ds 

which if U be the work function at once reduces to 

lintf=U+G ........................ (1). 

This is the equation of vis viva, 
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Let R be the pressure of the constraining surface on the 
particle measured positively inwards. Then resolving along 
the normal, 

mv- TT . 

cos % = U + H, 

where ff is the component of the impressed forces. If p' be the 
radius of curvature of the normal section ijP of the surface 
made by a plane through the tangent to the path, it is proved 
in solid geometry that p p cos %. We therefore have 



.... 
(2). 



536. If a, b are the radii of curvature of the principal sections of the surface 
at P, (p the angle the tangent to the path makes with the section a, we have by 
Euler's theorem 

1 _cos 2 sin 2 
' ' 



Let Up u he the resolved velocities of the particle along the tangents to the 
principal sections, then v 1 =v cos <j> and v 2 =v sin <jj. The equation (2) then takes 
the form * 

m(^ + ^- N ) = H'+JR. 
\ a <* / 

537. If the forces are conservative, the velocity of the particle 
is given by the equation (1) in terms of its coordinates at any 
instant and of the initial conditions. To determine the velocity 
at any point we do not require to know the path by which the 
particle arrived at that point (Art. 181). 

The pressure R is given by (2) in terms of the velocity at 
that point, the normal component of force and the radius of 
curvature of the normal section of the surface through the 
tangent. The pressure is therefore also independent of the path. 
The ivhole energy G being given, the pressure depends on the 
position of the particle and the direction of motion. 

The equation (2) shows that the acceleration of the particle 
normal to the surface is v*/p. It is therefore independent of the 
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where F is the component of the impressed force along that 
tangent to the surface which is perpendicular to the path. This 
may also be written in the forms 

mv- , _ mv- r, 

7-tan % = .F, =F, 

where p" is the radius of curvature of the projection of the path 
on the tangent plane. It is also called the geodesic radius of 
curvature; 

539. Geodesic path. If the only impressed forces acting 
on the particle are normal to the surface, F = 0, and the third 
equation shows that either sin ^ = or that the path is a straight 
line. The path is therefore necessarily a geodesic line. 

If the surface is rough, the friction acts opposite to the 
direction of motion, and F would still be zero. So also if the 
particle moves in a resisting medium the resistance is opposite to 
the direction of motion. Generally we conclude that the path of 
a particle on a rough surface in a resisting medium when acted on 
by forces normal to the surface is a geodesic. 

Conversely, if the path is a geodesic line we must have sin ^ = 
and therefore F = 0. The component of the impressed force tan- 
gential to the surface must then also be tangential to the path. 

540. To find the radius of curvature of the path and the 
position of the osculating plane when the position and direction of 
motion of the particle are given. 

To effect this we use the two equations 

mv z . 1 cos 2 6 sin 2 $ cosy 

smv-F, -- - r -j , = - . 
P * p a T 6 p 

The particle being in a given position, v-, a and 6 are known. 
Since $ is the angle the direction of motion makes with the 
principal section whose radius of curvature is a, we have 



rface on which the particle moves is one of revolution, it is 
nerally more convenient to use cylindrical coordinates. 

Let the axis of figure be the axis of z and let be the 
stance of the particle P from that axis. Let the equation of 
e surface be z =/ (). Let U be the work function, and let the 
ass be unity. The equation of motion obtained by resolving 
srpendicularly to the plane zOP is 



r e have also the equation of vis viva 

r-ilP + ^ + fy^-lT+C ............... (2), 

tiich, by using the equation of the surface, may be written in 
.e form 

i/fJy\Z'\ 
l + (^)\ + M*<t>' z =U+C ............ (3). 
\ a / J 

ere accents denote differentiations with regard to the time. 

By solving (1) and (3) we determine the two coordinates , <j>< 
. terms of the time. 

In certain cases the solution can be effected. The equation 
) gives 

wi<w-pf*'. 

et the impressed forces be such that 

?U = F 1 (<j>) + F a (t,*') ..................... (4), 

here F 1} F^ are arbitrary functions. We then have 



instituting this value of <' in (3) we find 



ince z is a known function of the variables in this equation 
:e separable. The determination of f as a function of t has 
lerefore been reduced to integration. The differential equation 
the path is found by dividing (5) by (6). It is evident that 
ere also the variables are separable. 



Dince tne expression lor tne vis viva, given in (6), can oe 
written in the form 



where P is a function of only, this solution is an example of 
Liouville's method of solving Lagrange's equations ; Art. 522. 

542. Motion on a sphere. When the surface on which 
the particle moves is a sphere, we may use polar coordinates, the 
centre heing the origin. The equations corresponding to (1) and 
(3) of Art. 541 are found by putting =Zsin#, where I is the 
radius ; we then have 

Z 2 ^(sm^f) = ^ J iZ 2 {0' 2 + sin 2 0f 2 } = U+C. 

These admit of integration when U. expressed in polar coordinates, 
has the form 



The resulting integrals are 

n 2 <9 - A f ' 



543. Examples. Ex. 1. A particle of mass m moves on the inner surface 
of a cone of revolution, whose semi-vertical angle is a, under the action of a 
repulsive force m/njr* from the axis ; the angular momentum of the particle about 
the axis being m^tana; prove that its path is an arc of a hyperbola whose 
eccentricity is sec a. [Math. Tripos, 1897.] 

Resolve along the generator and take moments about the axis, thus avoiding 
the reaction, Art. 541. These prove by integration that the path lies on a plane 
parallel to the axis. The angle between the asymptotes is therefore equal to the 
angle of the cone. 

Ex. 2. A particle P moves on a sphere of radius I under the action both of 
gravity and a force A"=/t/a; 3 tending directly from a vertical diametral plane taken 
as the plane of yz. Show that the determination of the motion can be reduced 
to integration. If the particle is projected horizontally from. the extremity of the 
axis of x, show that when next moving horizontally, it is in a lower position. 

Ex. 3. A particle is acted on by a force the direction of which meets an 
infinite straight line AE at right angles and the intensity of which is inversely 
proportional to the cube of the distance from AB. The particle is projected with 
the velocity from infinity from a point P at a distance a from the nearest point 
of the line in a direction perpendicular to OP and inclined at an angle a to the 
plane A OP. Prove that the particle is always on the sphere the centre of which 
is 0, that it meets every meridian line through AB at the angle a, and that it 
reaches the line AB in the time a 2 sec a/ v //x, where /x is the absolute force. 

[Math. Tripos, 1860.1 



Ex. 4. A particle moves on a spherical surface of unit radius, its position 
)eing determined by its polar distance and its longitude </>. If the tangential 
icceleration is always in the meridian, and sio.-0d<t>ldt = h, cot9=u, prove that 

.is value is h? (1 + u 2 ) \u + ~"l ) . 
\ d(j?J 

Prove also that the law of force perpendicular to the equatorial plane under 

, . , ,, , . 1 cos 2 <6 sin 2 

ivhicn the sphero-conic --^-^ = -^-^ + -j~ can be described is that of the inverse 

jube of the distance. [Math. Tripos, 1893.] 

Ex. 5. A particle moves on a smooth helicoid, z = a^, under the action of a 
force /J.T per unit mass directed at each point along the generator inwards, r being 
the distance from the axis of z. The particle is projected along the surface 
perpendicularly to the generator at a point where the tangent plane makes an 
angle a with the plane of xy, its velocity of projection being a/Jfj.. Prove that the 
squation of the projection of its path on the plane of xy is 

1 + a 2 /?- 2 = sec 2 a {cosh (0/cos a) } 2 . [Math. Tripos, 1896.] 

644. Cylinders. Ex. 1. A particle moves on a rough circular cylinder 
under the action of no external forces. Prove that the space described in time t is 

a sec 2 a. / ,uFcos 2 aA , , , 

-- log ( 1 + - I where the particle has initially a velocity F in a direc- 

A* \ a J 

6ion making an angle a with the transverse plane of the cylinder. 

[Math. Tripos, 1888.] 

Ex. 2. A heavy particle moves on a rough vertical circular cylinder and is 
projected horizontally with a velocity F. Prove that at the point where the path 
cuts the generator at an angle 0, the velocity v is given by 

a0/w a sin 2 < = a #/ F 2 + 2ft, log (cot </> + cosec <p) , 

and that the azimuthal angle 6 and vertical descent z are ag6=fo z <L<j> and 
gz=fv 2 cotef>d(j>, the limits being <j=%ir to <j). [Math. Tripos, 1888.] 

The cylindrical equations of motion give 

)= - - v 2 sin s 0, -y (o cos $) = </ u 2 sin 2 



- , -y 

tit ct ctt 

First eliminating dt and putting v ljw we obtain the first result. Secondly 
eliminating /* we obtain the others. 

Ex. 3. A smooth cylinder whose cross section is a cardioid is placed with its 
generators inclined at an angle o to the vertical and having the generator through 
the cusp in its highest position, and a particle is projected from the cusp line with 
velocity F along the inner surface of the cylinder inclined at an angle /3 to the 

generator; show that it will leave the surface if F 2 <--..,_, where 2a is the 

o 8 in** p 

breadth of any section through the cusp. [Math. Tripos, 1887.] 

545. String on a surface. Ex. 1. A string, one end of which is fastened 
at a point of the surface of a smooth circular cylinder whose axis is vertical, winds 
round the cylinder for part of its length, and terminates in a straight portion of 
length c at the end of which a particle is tied. Show that when the particle is 
projected in the direction horizontal and perpendicular to the string it begins to 
rise or fall according as the velocity is greater or less than sin a (gc sec a)* ; a being 



Prove also that during the ensuing motion - (? >2 w) + aoi 2 =0; r being at any 

T ut 

time the length of the projection of the straight portion of the string on a 
horizontal plane, w the angular velocity of the vertical plane drawn through the 
string and a the radius of the cylinder. [Coll. Ex. 1895.] 

Ex. 2. A string is wound round a vertical cylinder of radius a in the form of 
a given helix, the inclination to the horizon being i. The upper end is attached to 
a fixed point on the cylinder, and the lower, a portion of the string of length 
I sec i having been unwound, has a material particle attached to it which is also in 
contact with a rough horizontal plane, the coefficient of friction being /*. 
Supposing a horizontal velocity V perpendicular to the free portion of the string 
to be applied to the particle so as to tend to wind the string on the cylinder, 
determine the motion and prove that the particle will leave the plane after the 
projection of the unwound portion of the string upon the plane has described 
an angle 



2/t tan i 2/j.V 2 tan 2 i - 2fj. gl tan i 



Ex. 3. A fine string of length I is fastened to a point A of a smooth cylinder 
of radius a, and, being wound round the cylinder, has a particle of given mass 
attached to the free end. Show that, if the particle is projected in any direction, 
it will, so long as the string is tight and some portion of it remains wound on the 
cylinder, describe a geodesic line on the surface 



_ ___ , _ _ _ 

f jl' l -z z - ^/o; 8 + j/ 8 -a a ) + y sin- (fJP-z-- *Jx* + y'*-a-)=a, 
d 

where the axis of the cylinder is the axis of z, and the axis of x is the radius 
through A. 

Show also that the particle cannot be so projected that the string shall not slip 
on the cylinder, except when the path lies in the plane of the circular section of 
the cylinder drawn through A. [Math. Tripos, 1893.] 



Oauss' coordinates. The motion of a particle on a surface may also 
be investigated by using the geodesic polar coordinates of Gauss. In this method 
every surface has a geometry of its own, in which all the lines under consideration 
are drawn on the surface. The geodesies on the surface correspond to straight 
lines on a plane, and the properties of the figures are discussed by reasoning 
analogous to that of two dimensions. 

Let be any origin, p the length of the geodesic drawn from to any moving 
point P. Let w be the angle OP makes with some fixed geodesic Ox. Let OP' be 
a neighbouring geodesic, PL the perpendicular to OP'. Then in the limit LP' = dp, 
PL Pdta. The theorem that OPOL is proved in Salmon's Solid Geometry, 
Art. 394, edition of 1882. The quantity P is a function of p and w, whose form 
depends on the particular surface under consideration. On a plane P=p, and on 
a sphere of radius a, P = a ship/a. On an ellipsoid when the origin is at an 
umbilicus, P = y cosec w, where w is the angle the geodesic OP makes with the arc 
containing the four umbilici. The difficulty of finding the value of P for any 
surface prevents this method from coming into general use. 

The vis viva 2T of a particle of unit mass is given by 



; U be the work function ; F, G the accelerations at P along and perpendicular 
the geodesic radius vector OP. We have by Lagrange's theorems, 
d dT dT dU n dP 

'T7 ~T J """ """^ ~ 5"""" Jf * .* x' ~ JL J " /I \ 

t dp' dp dp r rip \- 1 /' 

dt du' da dta ' " ~Pdi^ du 

dP dP , dP , A1 . a 
ice -Tr -r-p + -3 w , this reduces to 
.<ft dp r dw ' 

S~t T\ ft . ''-^ IO . rt tfcX . 

^^"P (2). 



rfw 



547. T7e nini/ also arrive at these results without using Lagrange's equations. 
t u, v be the component velocities of P along and perpendicular to the tangent 
1 at P to the geodesic OP. Let P'Z" be the projection of the tangent to OP' on 
> tangent plane at P. Since the tangent planes at P, P' make an indefinitely 
all angle with each other the component velocities at P along and perpendicular 
FT' are u+du and v + dv. If dd be the angle PT makes with P'T, the aceele- 
ions along and perpendicular to PT are (as iu Art. 225), 
_ du dO dv dd 

F= didt> G== Tt +u Tt' 

Now u=p', v = Pu', and by a theorem proved in Salmon's Solid Geometry, Art. 

dP 
3, <Z0 = "dw. We therefore have 

up 



.ese reduce to the same forms as before. 

548. Ex. A particle P, constrained to move on an ellipsoid, is attached to 
umbilicus by a string of given length, which also lies on the surface. Prove 

it the particle describes a geodesic circle with a uniform velocity V, and that the 
jular velocity of the string about the umbilicus is Fsinw/?/. Prove also that 
s accelerating tension is V-cosp/y, where /3 is the angle the tangent at P to the 
ing makes with the axis of y. 

549. Developable surfaces. When the surface on which the particle moves 
levelopable, we may sometimes fix the position of the particle by using the edge 
a curve of reference. Let s be the arc of the edge measured from some fixed 
int A to a point Q such that the tangent at Q passes through P. Let QPu 
asured positively in the same direction as s. We then have 

o u " .. / - 
v- = -7 s - + (it + s )-. 

p~ 

The form of the surface being given, the radius of curvature p of the edge at 
is known as a function of s. When U is given as a function of u and s the 
grangian method supplies two equations to find the coordinates u and s. 
Ex. A heavy particle moves on a developable surface whose edge is a helix 
ih its axis vertical. Obtain two integrals by which s' and it' may always be 
ind in terms of u and s. Show also that if the particle is projected along a 
igent to the helix, it will continue to describe that tangent. 



340 MOTION OF A HEAVY PARTICLE. [CHAP. VII. 

Motion of a heavy particle on a surface of revolution. 

550. To find the motion of a heavy particle on a surface of 
revolution the axis of which is vertical. 

Let the axis of z be the axis of the surface and let z be 
measured upwards. The velocity v is then given by 

v* = 2g(h-z) ........................... (1), 

where h is a constant depending on the initial conditions. Let 
the plane z = h be called the level of no velocity. 

Let | ,be the distance of the particle P from the axis of figure, 
and <f> the angle the plane zOP makes with the plane zOsc. Then 



where mA is the constant angular momentum and its value is 
known when the initial values of and dfyjdt are given ; Art. 492. 
The velocity v at any point being given by (1), the angular mo- 
mentum A must lie between zero and v%. It is the former when 
the particle is moving in the plane zOP and the latter when 
moving horizontally. The particle therefore can occupy only 
those points of the surface at which v%>A, i.e. those points at 
which 2$r (h z}^> A 2 . If then we describe the cubic surface 

(h-s)?=A*l*g ........................ (3), 

the f of the particle for any value of z must be greater than the 
corresponding of the cubic surface. 

This cubic divides the given surface of revolution into zones, 
separated by horizontal circles, and the parbicle can move only in 
those zones which are more remote from the axis of figure than 
the corresponding portions of the cubic. The zone actually moved 
in is determined by the point of projection. The particle moves 
round the axis of figure and must continue to ascend or to descend 
until it arrives at a point at which the vertical velocity can be 
zero, that is, until it reaches one of the boundaries of the zone. 



i horizontal circle. The path is stable or unstable according as 
ihe neighbouring zones a.re less or more remote from the axis of 
igure than the cubic surface. 

551. Ex. A particle is projected horizontally with a velocity V at a point 
ahose coordinates are , z. Will it rise or fall? 

If m.R be the pressure on the particle, \j/ the angle the radius of curvatiu-e 
nalccs with the vertical, we see by resolving vertically, that the particle if inside 
ind \f/ < ATT will rise or fall "according as R cos ^ is greater or less than g. 

To find R we resolve along the normal to the surface. Since the particle is 
noving along that principal section whose radius of curvature is the normal n, 
ve have. V^jn = R - g cos \j/, Art. 536. Since n sin ^= , we see that the particle will 
ise, fall, or describe a horizontal circle according as F 2 in greater, less, or equal to 
i tun if?. If =/() be the equation of the surface of revolution, tan ^ = dz/rZ. 

To find the level to which the particle will rise or fall we use the cubic surface 
lescribed in Art. 550, the constants ^l and h being known from the equations 
P1; = A, V' 2 = 2/7 (li - z) . The intermediate motion may be deduced from the equations 
1), (2) of the same article. 

552. Ex. To find the pressure on the particle when in any position. 

We use the formula given in Art. 536. The principal radii of curvature of the 
iurface are the radius of curvature p of the meridian and the normal n. The 
velocity perpendicular to the meridian being t\, = d0/dt, the velocity Uj along the 
neridian is given by v"=v 1 2 + v,/. The formula 

+ =R- n cos i>, 
p n ' 

ihows that 

% (h . -z) + - /i - V 

p f \"' PJ 

This problem has a special interest because we can use it to represent experi- 
nentally the path of a particle under the action of a centre of force. If Q be the 
projection of the particle on a horizontal plane, the motion of Q is the same a.s 
ihat of a particle moving under the action of a central force whose magnitude is 
5 sin ip. If thtiii a surface is so constructed that the generating curve satisfies the 
lifferential equation R sin \f> = /z/ 2 , where /' has the value given above, the path of 
',) should be a conic with a focus at the origin. 

The experiment cannot be properly tried with a particle, for the surface must 
,hen be very smooth. It is better to replace the particle by a small sphere which 
s made to roll on a rough surface, but in that case, the theory must be modified to 
illow for the size of the particle. Nature, 1897. 

553. Small oscillation. E.v. A lu'iivij particle P, describing a horizontal 
.ircle on a surface of rciiolutioii, is sli/jlitli/ disturbed. It is required to find the 
^dilations to a first approximation. 

The plane zOP may be reduced to rest if we apply to the particle a horizontal 
icceleratiou (d<f>ldt)"\ Art. 495. Since ^d^jdt = A, this acceleration is equal to 
J 2 / l! . Kesolving along the meridian, we have 

~, = *- ( - cos I/* - <j sin i^, 



at any point of its circumference make an angle P 1 G 1 0=y with the vertical. 




Since s may be taken to be the arc of the meridian between the particle and the 
mean circle, we have 

=5=0+80087, ^=y + s//>, 

where p is the radius of curvature of the meridian at its intersection with the 
mean circle. 

d~s 



Substituting, we find by Taylor's theorem -^=F~ 



F= -5- cos 7 - sin 7, 



gcoay 



cp c* p 

The position of the circle of reference is as yet arbitrary except that the 
deviation s must be small. Let it be so chosen that the mean value of s (taken for 
any long tune) is zero; we then have .F=0. The mean circle and the angular 
momentum mA are so related that 4 a =c 3 #tan7, while the oscillatory motion is 
given by s = Lsin (pt + M) where L, M are the constants of integration. 

To find the motion round the axis of figure we use the equation ^d<j)jdt = A; 

dd> A A /, 2s \ 
f = |5 = r2 (l--coS7j; 

At 24 cos 7 L 



where N is the constant of integration. 
If we write w for the mean value of 



, we have A = c 2 w. We then find 



o o /csin7 \ 

2 =g tan 7, p 2 =w 2 ( - '+ 3cos 2 7 l 

\ P / 



ncosy 

J -- ' . 
P 

The time the particle takes to travel from the highest position to the lowest or the 
reverse is TT/JO. 

554. The Paraboloid. Ex. 1. A smooth paraboloid is placed with its axis 
vertical and vertex downwards, and its equation is 2 =4az. A heavy particle is 
projected horizontally with velocity F, the initial altitude being z = b, show that the 
particle is again moving horizontally at an altitude z=V 2 j2g. Show also that 
the pressure on the surface at any point of the path is inversely proportional to the 
radius of curvature of the tmrabola. 



To prove the first, we notice that the angular momentum A = F where 2 =4a?;. 
The cubic 2 (h - z) = A 2 '/2g becomes z- - hz + F 2 6/2<7 - 0, one root of the quadratic 
being z=b, the other b' is given either by b + b' = h or l'=V 2 /2g. The second part 
follows from Art. 552. 

If the time T of passing from one limit to the other be required, we first 



notice that 



the limits being b and b'. This integral can be reduced to elliptic forms by putting 



Ex. 2. A particle moves under the action of gravity on a smooth paraboloid 
whose axis is vertical, vertex downwards and latus rectum 4a. If the particle be 
projected along the surface in the horizontal plane through the focus with a 
velocity ,J(2nag), prove that the initial radius of curvature p of the path, and the 
angle which the radius of curvature makes with the axis, are given by 

(l-n)'tan0 = l + . [Math. T. 1871.] 



Ex. 3. A heavy particle moves on a paraboloid with its axis vertical, the 
equation of the surface being a 2 /a+ ?/-/ = 4s. Show that the particle when moving 

horizontally must lie on the quartie surface I -5- 4 ) ( - - ) - 2 ..' /, 

4 \p 2 ) \2g p*J tf- 

1 x" ?/ 2 1 /V 2 ?/' 2 \ 

where -^ = -5 + ^- 2 + 4, and 23 is the initial value of ( ' + ~ 4- 2# ) , Show also 

that when the paraboloid is a suri'ace of revolution, the intersection reduces to two 
horizontal planes and two coincident planes at the vertex. 

555. The Conical Pendulum. To find the motion of a 
heavy particle P on a smooth sphere*. 

It will be convenient in this problem to take the origin of 
coordinates at the centre of the sphere and to measure Oz 
vertically downwards. Let I be the length of the string OP and 
6 the angle it makes with Oz. Let </> be the angle the vertical 
plane zOP makes with some fixed plane zOx. Let r be the 

* The problem of the conical pendulum has been considered by Lagrange in 
the second volume of his Mecanique Analytique. He deduces equations equivalent 
to (1) and (3) of Art. 555 from his generalized equations, and notices that the 
cubic has three real roots. He reduces the determination of t and <> to integrals, 
and makes approximations when the bounding planes are close together. He 
refers also to a memoir of Clairaut in 1735. There is an elaborate memoir by 
Tissot in Lionville's Journal, vol. xvii. 1852. He expresses t, z, (f> and the arc s in 
elliptic integrals in terms of it. A long communication by Chailan may be found 
in the Bulletin de Soc. Math, de France. 1889, vol. xvn. There is a brief discussion 



distance 01 r from Uz, Let h be the altitude above of the 
level of zero velocity. We now proceed as in Art. 550. 

By the principles of_angular momentum and vis viva, 



Eliminating dfyldt and writing r = I sin 0, 

Putting z = I cos 0, this may also be written in the form 

>(Z 2 -* 2 )-^ 2 (3). 



To find the positions of the horizontal sections between which the 
particle oscillates (Art. 550), we put dz/dt = 0. We thus have 

the cubic 

(h + z)(l 2 -z*)-A 2 /2g = .................. (4). 

Since the initial value of z must make (dzfdff positive, the 
left-hand side of the cubic (4) is positive for some value of z 
lying between z = 1. When z I the left-hand side is negative, 
hence the cubic has two real roots lying between + I and separated 
by the initial value of z. Let these roots be z = a and z = b. 
Lastly when z is very large and negative the left-hand side is 
positive, the third root of the cubic is therefore negative and 
numerically greater than I. Let this root be z c. The particle 
oscillates between the two horizontal planes defined by z = a, z = b. 

Since the cubic can be written in the form 

z* + hz* - Pz + (A*f2g - l*h) = 0, 
we have the obvious relations 



Conversely, when the depths a and b of the two boundaries of 
the motion are given, the values of the other constants of the 
motion, viz. c, h, and A, follow at once. We have 

F + oh A" (I- - a?) (I- -b 2 ) ' . 

_ _ x _ ' N _ _ ' /> /^ _ ri _ n 

c ~~ ', i 3 ct i? ~ r > '" ^ "" " 

a + b 2g a + b 

556. Ex. Prove (1) that one of the two horizontal planes bounding the 
motion lies below the centre; (2) that the plane equidistant from the two bounding 
planes also lies below the centre; (3) that both the bounding planes lie below the 



the point C is not only above the top of the sphere, but above the level of zero 
velocity. 

To prove (1), we notice that if all the roots were negative, every coefficient of 
the cubic (4) would be positive, which is not the case. To prove (2) ; since both 
a and & are numerically less than I, it follows from the value of c that a + & is 
positive. (3) The two roots a and 1 will have the same or different signs according 
as the left-hand side of the cubic when 2 = and z l has the same or different 
signs. The fourth result follows from the fact that c - h, i.e. a + b, is positive. 

The first and third results follow also from Desca,rtes' rule of signs ; for since 
all the roots of the cubic are real, there are as many positive roots as changes of 
sign, and as many negative roots as continuations. 

557. Ex. To find the tension of the string we produce the radius vector OP 
outwards to a point Q so that PQ is half the length of the string. Let z' be the 
depth of Q below the level of zero velocity. Prove that the tension mR is given 
by lR=%gz'. Thence show that the string can become slack only when Q crosses 
the level of zero velocity. It may be noticed that the tension or pressure on a 
sphere is independent of the angular momentum mA. 

558. Ex. 1. A particle P is projected horizontally with a velocity V. 
Determine whether it will rise or fall, and find the position of the other boundary to 
the motion, 

Let the initial radius OP make an angle a with the vertical. Eesolving along 
the normal, we find that the initial tension mR is given by R = gcosa+V~IL 
The particle will rise or fall according as R cos a. is > or < #, that is, according as 
F 2 cos a is > or < Ig sin 2 a. If these are equal the particle describes a horizontal 
circle. See Art. 551. 

To determine how far it will rise or fall, we notice that one root of the cubic i'n 
Art. 555 is known, viz. z = I cos a ; the cubic may therefore be reduced to a quadratic. 
But it is more easy to repeat the reasoning. We have by the principles of angular 
momentum and vis viva 



, P + > = F 8 + 20Z (cos -cos a). 

at \dtj \dt J 

Eliminating d<j>jdt and putting zero for d9/clt, the limiting values of 9 are 
found from 

pa !!HL? _ F 2 + 2 z / cos _ C08 ) . 

8111*0 



Putting V'*l%gl=2n for brevity, we find 

cos 0= -11 + *y(l - 2w cos a + 2 }, 

where the positive sign is given to the radical because cos 6 must be less than unity. 
This value of cos 6 and cos 8 = cos a determine the positions of the bounding planes 
of the motion. 

Ex. 2. A heavy particle, constrained to move on the surface of a smooth 
sphere of radius a, is projected horizontally with a velocity F from a point on the 
surface whose depth below the centre is x. Prove that, when next moving hori- 
zontally, the depth x' of the particle below the same point is given by 



Ex. 3. In the centre 01 a hollow sphere resides a repulsive force. A heavy 
particle is projected horizontally along the surface of the sphere from a point 
distant 60 from the highest point with a velocity due to falling through the 
diameter by its weight only. Prove that it will be again moving horizontally at a 
point whose distance from the lowest point is tan" 1 ,*/!. [Coll. Ex.] 

Ex. 4. A particle is attached by a string to the top of a hemispherical dome, 
and is projected horizontally along the interior surface, which is rough, with a 
velocity just sufficient to prevent it from at once leaving the surface. Find the 
velocity after describing a given arc, and show that it will, always remain in contact 
with the surface. . [Math. Tripos, 1853.] 

65S. Ex. 1. S7ioio that the radius of curvature of tlie path and the inclina- 
tion x of the osculating plane to the normal to the sphere are given by 

I 2 g 2 A 2 gA 

pi v s ' v 3 ' 

where v is the velocity and mA the constant angular momentum. 

We follow the method given in Art. 540. Let F be the component of accele- 
ration along that tangent to the sphere which is perpendicular to the direction 

of motion. Then ---^ = 7 , sin x= F - To nn< * F > we notice that the accelera- 
p I p 

tion perpendicular to the meridian plane is zero, while that tangential is g sin 0. 
Hence if the direction of motion makes an angle \f/ with the meridian, 

F = g sin d sin i/\ 

Since' the components of velocity in and perpendicular to the meridian plane are 
a6' and a sin 00', we have -ycos^ = a0', v sin \f/ = I sin 0<p'. Choosing the latter 
component to find ^ and remembering that Z 2 sin- 00' = A , the values of cosx/p and 
sin xJP & r fc evident. 

Ex. 2. A particle is projected with velocity V horizontally from a point on 
the surface of a smooth sphere. Prove that the radius of curvature of its path is 

IV 2 

, r-,,- . where I is the radius of the sphere and a the inclination to the 



vertical of the radius at the point. [Coll. Ex. 1881.] 

Ex. 3. A particle is projected inside a smooth sphere of radius I with a velocity 
<J2yl along a tangent to the horizontal equator, prove that at first the radius of 
curvature is 21/J5. [Coll. Ex. 1897.] 

56O. Ex. Prove that the projection of the path of the particle on a horizontal 
plane is a central orbit described under a force Esin = 'L {2fc + 8 > /(r- - r 2 )}, where 
the radical changes sign when ?=?. 

Show also that if the two roots a and b of the cubic in Art. 555 have the same 
signs, the central path is a spiral curve touching alternately two circles whose 
radii are >J(P-a~) and tj(l a -b' 2 ), the curve being always concave to the centre of 
force. If a' and b have opposite signs the central path after touching each bounding 
circle, touches the circle r = l and then touches the other bounding circle. There 



561. Ex. If we write ^h + lcoa8 = K008<p ) the general equation of motion of 
conical pendulum may be reduced to the form 



- sin 2 = (cos 30 - COB 8a), 

y properly choosing the constants K and a. 



94 2 ft ft 

+ ^-h-~hP. 

ff ( O 

ind also the positions of the bounding planes when the constants K and a of the 
lotion are given. 

562. Time of passage. The motion of the particle as it 
ravels from one boundary to the other may be found by an elliptic 
ntegraL 

We write the equation (3) of Art. 555 in the form 
Vgg) f dz 

I ^(a-z}(z-V)(z + cy 

rhere the limits are z = a and z = b, and a > b. Putting z = a % - } 
he integral takes a standard form which is reduced to an elliptic 
citegral by writing = sin ty *J(a, b), i.e. we write 
z = a cos 2 ^r + b sin 2 ty ; 



, , a-b 

\T n AT"* IT* - _ /"* ' - , _____ _ 

lid C /v - t/ j 

a+c a+ o 

f the time of passage, from one boundary to the other is required, 
he limits are and ^TT. 

If the two bounding planes are close together, K is small. B) 7 
ixpanding in powers of K and effecting the integrations we find 
hat the time from one boundary to the other is given by 



If the two bounding planes are also close to the lowest point, 
ve put 



N& then find that the time of passage from one boundary to the 
ither is 

. TT II A, a 2 + /3 2 \ 



Jo 

i|r = ITT. Let t be the time of passage from the lower boundary 
to the depth z defined by any value of ty, and T the time from 
one boundary to the other, then tjT u\K. 

563. Ex. 1. Prove that when half the time of passing from the lower to the 
upper boundary has elapsed, the particle is above the mean level between the two 
boundaries. Prove also that the depth of the particle is then (*' + &)/(*' + !), where 
K ' 2 = 1-K 2 . . [Tissot.] 

Ex. 2. Prove that when a quarter of the time has elapsed, the depth z of the 
particle is 



564. The apsidal angle. To find the change in the value 
of </> as the particle moves from one bounding plane to the other. 

Eliminating dt between (1) and (3) of Art. 555 we find 

dz 



Al r J V(a - z) VO ~ 6) VO + c) (I 2 - 2 2 ) ' 
where the limits of integration are z = b and z a, and a > b. 
Putting a = m + jj., b = m p,, z m + so that ra is the middle 
value of z and p the extreme deviation on each side of the middle, 
we have 



Al Y 
where the limits are ^ = yu. and p. 

565. When the bounding planes are close to each other, the 
range p of the values of is small. If also the planes are not 
near the lowest point, the two last factors in the denominator 
are not small for any value of . We may therefore expand 
these in powers of and thus put the integral into the form 



After calculating P and R, this gives 

_/ ( O /Q/2 

, 7T6 j _ O \Ol 

~ \/(P + 3m 2 ) { "~ 4 (Z a ~m 8 ) (I 2 + 3?n 2 ) 2 
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566. If loth the bounding planes are near the lowest point of the sphere, I and 
are nearly equal, and the last factor in the denominator of <p (Art. 564), may be 
i small that its changes in value are considerable fractions of itself. We write 
ic integral in the form 



Al 

he two factors in the denominator of the second fraction are not small and these 
iay be expanded in powers of some small quantity properly chosen. We shall 
iake the expansion in powers of l-z = ij. 

Eemembering the values of A and c found in Art. 555, we have 



il these integrals are common forms. To find the first we put I - z= 1/w. We have 
dz 1 f du 



here a and j8 are two constants which we need not calculate. For since the 
mits of the first integral, viz. 2 = 0, 2 = ft, make the denominator vanish, the 
mats of the other must be =o, u=p. Putting =J (a + /3) + we see at once 
lat the value of that integral is v. ' Since t) l-z the values of the remaining 
itegrals have just been found. Hence 



rhere.we have written for c + 1 its value given in Art. 555. 

If p, q be the radii of the circles which bound the oscillation, we have 



,nd in the small terms which contain the product pq as a factor, we can write 
,=1,1 = 1; hence (see Art. 562) 



The first of these results differs from that given by Lagrange. The correction 
ras first made by M. Bravais in a note to the Mecanique Analytique. 

567. Ex. A simple spherical pendulum of length I is drawn out to the 
lorizontal position and is then projected horizontally with a velocity 2pl. Show 
,hat, if 6 is the angle that the string makes with the vertical, and <f> the azimuthal 
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Motion on an Ellipsoid. 

568. Cartesian coordinates. To find the motion of a 
particle of unit mass on an ellipsoid*. 

Let X, Y, Z be the components of the impressed forces in 
the directions of the principal axes. Let R be the pressure on 
the particle measured positively inwards. Since the direction 
cosines of the normal are px/a?, &c., the equations of motion are 

af' = X-Rp%,. y' f =Y-Rpj,, z" = Z~Rp Z -...(l\ 

where accents denote differential coefficients with regard to the 
time. We also have from the equation .of the surface 



5 a ' 7/ 2 Z z _ 


_ ##' v' ^/ rt 
= 1, h^-H = 0.. 


. .(2) 


i- + b 2 + c 2 
aw" yy" 


a? ^ b 2 ^ c 2 


\^j' 
(31 



Multiplying the dynamical equations (1) by #', y', z', adding and 
integrating, we have 

...... (4); 



where U is the work function and is a constant. This is of 
course the equation of vis viva. 

Substituting from (1) in (3), we find 

/Xx Y Zz\ 



* The motion of a particle constrained to remain on an ellipsoid is discussed 
by Liouville in his Journal, vol. xi. 1846. He uses elliptic coordinates and shows 
that the variables can be separated when U (fi? - i>") = l<\ (^,) - ]?., ( v ). There is also 
a paper on the same subject by \V. E. Westropp Eober'ts in the Proceedinris of the 
Mathematical Society, 1883. He also uses elliptic coordinates and especially treats 
of the case in which the path is a line of curvature. The case in which the 
particle is attracted to the centre by a force proportional to the distance is solved 
in Cartesian coordinates by Painleve, Lecnns sur V integration den equations diflV- 
r en tidies de la Zlccaitique, 1895. He alao treats separately the limiting case of a 
heavy particle moving on a paraboloid whose axis is vertical. There is a short 
paper by T. Craig in the American Journal of Matlii'inaticx, vol. i. 1878. He 



AKT. 569.] CARTESIAN COORDINATES. 351 

In an ellipsoid we have 

I^+^ + f 2 L-i!,V i2 / 

p- a 4 ^6 4 c 4 ' D- a^b'-d* ......... ()i 

where D is the semi-diameter of the ellipsoid whose direction 
cosines are (I, m, n). Also the radius of curvature of the normal 
section whose tangent is parallel to D is p = D*/p. Taking D to 
be parallel to the tangent to the path l = x'fv, m = y'jv, n = z'/v. 
The equation (5) is therefore the Cartesian equivalent of 






where N is the inward normal component of the impressed force. 

569. In certain cases we may find another integral. Differ- 
entiating (5) and remembering (6), we have 

d (R\ _ ix'x" y'y" . z'z"\ d (Xx Yy Zz 

~ 2 -- + -- + - + - 



Substituting for x", y", d' from (1) and using (6), 



- = - 



- -r - - -5 

p s j dt\pja z \ dt 



If then the forces acting on the particle are such that 



we have R = Ap 3 ........................... (10). 

Substituting in (5) or (7), we have the third integral which may 
be written in either of the forms 

x'* y'* z'" Xx Yy Zz , 

+ X- + + ~+ -rr + = 4 
a- o" c~ a- b 2 c- 



Tf /^nlv t.Vio Hirr-.ni-.iAn nf mnt.ioTi is reauired. we eliminate v 



Supposing the condition (9) to be satisfied we notice that 
when the initial velocity and direction of motion are such that 
the equation (11) gives A 0, it follows by (10) that the pressure 
R is zero throughout the motion. The particle is therefore free 
and moves unconstrained by the ellipsoid. Conversely, if the 
particle, when properly projected, can freely describe a curve on 
the ellipsoid, the condition (9) is satisfied. If it can describe the 
same curve when otherwise projected, the pressure varies asp s . 

If the components X, Y, Z do not satisfy the condition (9), 
we may sometimes make them do so by adding to them the 
components of an arbitrary normal force F and subtracting F 
from the reaction B. The condition (9) then becomes 

1 d (Y^ + -(Y^+ l --(Z z )-v*~(~} 

d& dt (X ^ ) + &y dt ( Yj } * d* dt (Zz) - p dt (p*J ' 

where F is an arbitrary function of as, y, z and p is a function of 
x, y, z given by (6). The equation (10) then becomes M = F + Ap s . 
It is only necessary that the condition (9) should hold for the 
path of the particle, but as this is generally unknown, the con- 
dition should be true for every arc on the ellipsoid. 

57O. Ex. A particle is acted on by a centre of attractive force situated at the 
centre of the ellipsoid, the force being K>: If D is the semi-diameter parallel to 
the tangent to the path, prove that 



These reduce to the ordinary formulas of central forces when A = 0. 

Since X= -KX, &c. the condition (9) is satisfied. The first of the results to be 
proved then follows from (11), for N=icp. 

571. Ex. A particle P moves on the ellipsoid under the action of a force 
r= - K/y 3 , whose direction is always parallel to the axis of y, and is projected from 
any point P with a velocity v- = K/y 2 in a direction perpendicular to the geodesic 
joining P to an umbilicus. Prove that the path is a geodesic circle having the 
umbilicus for centre, i.e. the geodesic distance of Pfrom the umbilicus is constant*. 

We see by substitution that the condition (9) is satisfied by this law of force. 
The path is therefore given by 

V" N K 

= A p 2 + , i'- = , + 2 6', 
D~ l p ' T/ J 

where, as before, D is the semi-diameter parallel to the tangent to the path. Since 
the cosine of the angle the normal makes with the axis of y is pyjb 2 , we have 

* This result is due to W. B. W. Roberts, who gives a proof by elliptic co- 
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V= Kp/fc 2 ?/ 2 . The conditions of projection show that (7=0. Hence = p s ?/ 2 4- 

D 2 K ^ 6 a ' 
[f />, <r are the semi-axes of the diametral plane of P 



c 2 -r 2 , P <r=a&c/jD. 
[f also D, D' are two semi-diameters at right angles of the same plane 



Substituting for p and r their Cartesian values 

a z 1 1 A\ . 

P + 7 J ^ ' 



a 9 ~ 



Using the equation to the surface, this becomes 

(a a -h 2 )(& 2 -c 2 ) 



_ AM y* 

~ ~J ' 



Since the particle is projected perpendicularly to the geodesic defined by pD'=ac, 
the coefficient of y z must be zero. It then follows that throughout the subsequent 
motion pD'=ac, and the path cuts all the geodesies from the umbilicus at right 
angles. These geodesies are therefore all of constant length. 

Let u be the angle which the geodesic joining the particle P to an umbilicus U 
makes with the arc joining the umbilici. If ds be an arc of the orthogonal trajectory 
of the geodesies, ds=Pdw, where P=y/sinu (Art. 546). Since w 2 =/c/?/ 2 , it follows 

that the angular velocity w' of the geodesic radius vector is given by w'=^sin w. 

y 

When the ellipsoid reduces to a disc lying in the plane xyjihe geodesies become 
straight lines and the geodesic circle reduces to a Euclidian circle having its centre 
at H (Art. 576). The theorem is then identical with one given by Newton, viz. that 
a circle can be described under the action of a force Y= - K/y 3 . 

The motion of a particle in a geodesic circle under the action of a force, or tension, 
along the geodesic radius is given in Art. 548, where the result is deduced from 
Gauss' coordinates. 

573. Ex. 1. A particle, moving on the ellipsoid, is acted on by a centre of 
force situated at any given point E. If the force F is such that the condition (9) 
is satisfied, prove that l*'= / u,r/P 3 , where r and P are the distances of the particle 
from E and from the -polar plane of E respectively. Thence show that, if the 
initial conditions are such that the constant A=Q, the path is a conic and the 
velocity at any point is given by w 2 = pN. 

To prove this we put X=O(x- a), Y=G(y- /3), Z=G(z- 7), where G=Ffr 
and (a, /3, 7) are the coordinates of E. Substituting in the equation (9) and 
rp.mpTYiheriruj' 19,} Art,. Sfifi. wft have an easv differential ecmation to find Gf. When 



JKX. z. A particle moving on a proiaie spneroia is aciea on oy a centra* zorce 
tending to one focus and attracting according to the Newtonian law. Prove that 
the integrals of the equations of motion are 



Vfhere p is the perpendicular from the centre on the tangent plane, r the distance 
from the focus, and .4, B the constants of integration. 

67 S. Ex. 1. A particle under the action of no external forces is projected 
from an umbilicus of art ellipsoid, prove that the path is one of the geodesies 
defined by joD ac. 

Ex. 2. A particle is projected with a velocity v along the surface of an 
indefinitely thin ellipsoidal shell bounded by similar ellipsoids. Prove that when 
it leaves the ellipsoid the perpendicular p from the centre on the tangent plane is 
given by MF 2 Il i =:v z p 2 abc t where E is the radius vector parallel to the initial 
direction of motion, P the perpendicular on the initial tangent plane, M the 
attracting mass and a, b, c the semi- axes of the ellipsoid. [Math. Trip. I860.] 

574. Ex. Let the forces be such that 3 (Xd\+Yd/Ji, + Zdv) is a perfect 

differential, say dS, for all displacements on the ellipsoid, where A, p., v are the 
direction cosines of the normal, i.e. A=jpa;/a 2 , <fec. Prove that 



where B is the constant of integration. 

Divide (8), Art. 569, by jp 2 and integrate by parts. The integrals of the equations 
of motion are then obtained by using (6) and (7), remembering that />=D 2 /jt>. 

676. In order to include in one form all the different cases of paraboloids, cones, 
and cylinders, it may be useful to state the results when the quadric on which the 
particle moves is written in its most general form <f> (x, y, z) = 0. 
4 

Writing -5= <t> + </>!?+</>,*, where suffixes denote partial differential coefficients, 

let the forces satisfy the condition 



for all displacements on the quadric. We then find that the pressure R^Ap*. 
The three components x', y', z' of the velocity may be deduced from the equations 

............ (2), b(x'*+y'*+z'*) = V+C ............ (4), 



-- ............... (5), 

where the numbers appended to the equations correspond to those in Arts. 568, &c. 

678. Elliptic coordinates. Preliminary statement. The position of the 
particle P in space is defined by the intersection of three quadrics confocal to a 
given quadric. In the figure ABC, A'MM', A"NN' are respectively the ellipsoid, 
hyperboloid of one sheet and that of two sheets; only that part of each being 
drawn which lies in the positive octant. Let their maior axes OA\. OA'=u.. 
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OA"=v. Let a, 6, c be the three axes of any confocal. If a 2 -& 2 =7t s , a 2 -c 2 =fc 2 , 
then OH= h, OK k are the major axes of the focal conies. 

The quantities X, /*, v are the elliptic coordinates of P; the first X is always 
positive and greater than k; the second p. is less than k and greater than A; the 




third v is less than h, and changes sign when the particle crosses the plane of yz. 
The y axes of the quadrics are ^(X 2 -/! 2 ), J(t>?- ft 2 ), rj(v z -lf)\ two of these are 
real and the third is imaginary. These radicals are positive when the particle lies 
in the positive octant, but the second or third vanishes and changes sign when the 
particle crosses the plane of xz, according as it travels along PN or PM. Similar 
remarks apply to the z axes. 

The major axes of the three confocals which intersect in any point (x, y, z) are 
given by the cubic 

" 2 s = l, 



a 2 a 2 -fc 2 fl 2 -i 2 

where h and k are the constants of the system. Clearing of fractions and arrang- 
ing the cubic in descending powers of a 2 , we see that the three roots X 2 , /* 2 , ? 2 are 
such that 

X 2 + /A 2 + >/ 2 = a; 2 + i/ 8 + z 2 + 7i 2 + fc 2 



Trom the third equation we infer by symmetry 



577. To prove that the velocity v of a particle in elliptic 
coordinates is given by 

*) ^ (" 2 - X 2 ) (* - ^ a ) v' 2 . 

~~ 



of the component normal to the ellipsoid, the other terms follow- 
ing by symmetry. If p is the perpendicular on the tangent plane 
to the ellipsoid, the normal component is p'. Let (I, m, n) be the 
direction cosines of p, then 

p2 = xsp + (\s _ fc) m s + (^2 - k 2 ) n 2 

= X 2 - h?tn" - k-n 2 ; /. pp = XX'. 

If D lt -ZX are the semi-diameters of the ellipsoid respectively 
normal to the tangent planes at P to the two hyperboloids, we 
know that 



See also Salmon's Solid Geometry, Art. 410. 

578. To find the motion of a particle on an ellipsoid in elliptic 
coordinates. Let the ellipsoid on which the particle moves be 
defined by a given value of X. The mass being taken as unity 
the vis viva is determined by 



^ ^ _ ^ ^ __ _ 

This we write for brevity in the form . 

2Z T =Jf{P/x/ 2 +Qi/ 2 } ........................ (5). 

If we express the work function U in terms of (X, /tt, v), we 
have (since X is constant) the Lagrangian function T+U expressed 
in terms of two independent coordinates p, v. 

Comparing (5) with Liouville's form, Art. 522, we may obviously 
solve the Lagrangian equations by proceeding as in that article. 
The results are that when the forces are such that the work 
function takes the form 

(^-v 2 )U = F,(ti + F z ( v ).... .............. (A), 

the integrals are 



-*<*'- 




?here is also the equation of vis viva 

l*=U + C (C). 

Xviding one of the equations (B) by the other, and remembering 
hat \ is constant, the equation of the path takes the forms 



Q which the variables are separated. 

679. Ex. 1. Let v 1 and v 2 be the components of the velocity of the particle 
a the directions of the lines of curvature denned by ^= constant and v constant 
espectively. Prove that 



I 

- 



Prove also that the pressure R on the particle is given by 

F a (,)-C*-A -2p 



- [ 

- \ 



'here p is the perpendicular on the tangent plane and N the normal impressed 
>rce. The value of p in elliptic coordinates is given in Art. 577. See Art. 568. 

Ex. 2. Supposing that the equation (D) of Art. 578 is written in the form 
>dp.-=Qdv in which the variables are separated, show that the time 

t=$P(i?dn - $Qv*dv. [Liouville, xi.] 

The equations (B) become 

(f - v *) Pd/x = dt, (fjf - v 2 ) Qd= dt. 
lultiplying these by /j?, v 2 respectively and subtracting we obtain the result. 

58O. To translate the elliptic expressions into Cartesian geometry we use the 
quations (1) and (2) of Art. 576. Let the normals at the four umbilici U lt U 2 , &c. 
itersect the major axis in the two points E lt E 2 , which of course are equally 
istant from the centre 0. We easily find that 



hk _> s/-- 

-, E 1 U 1 --= ---- ^ - .................. (1). 



'he equations (1) Art. 576 give 



Let r lt r 2 be the distances of the particle from the points E lt E it and let in 
e the distance of E 1 from the umbilicus U r ] then 

(p-v^rf-m*, (M + ^) 2 -r 2 2 -i 2 ........................ (2). 

'rom these /JL, v may be found in terms of x, y, z and the constant X. 
581. Ex. Show that the equation U(n z ~ z )f=F 1 (fi) + F( v ) * s equivalent to 
4 (VhpJ = -,- (Upift). where Pl = V(''i 2 -' a )i P'2 = *J(r*- m *)- 

Pi ll P-2 

We have U fa- - v-)=Q, and by (2) Art. 580 

d _ d d J^_J? ___ fL 



583. Hie. condition (A.) oj Art. OY, viz. 

(f- v *)U=Fi(n)+F 2 ( v ) (A), 

can be satisfied by several laws of force. 

1. Let the force tend to the centre of the ellipsoid and vary as the distance. 
Representing the force by Hr, we have, by (1) Art. 576, 

17= -4fli= -pr {M' + ^-KX 2 - W- fc 2 )}; 



Substituting these in the equations (B), the motion is known. 

2. Let the direction of the force be parallel to the axis of x, and X= - 

Then 

H HhW . , , TT HhW 

t/ = o = r-s 



TT 

3. Let the work function U^-jj- 2 - 8 \> where i\ is the distance of the 

\( r i ~ m i 
particle from the point E 1 , Art. 580. We then have 



To find the force we notice that since dU/d\=0, the direction of the force is tan- 
gential to the ellipsoid. Also 



dU_ H ( hk (Tikx .\d\ 

-- : - -~-* 



with similar expressions for Y and Z. Now the equation to the ellipsoid being 
X= constant, the last term of each of the three expressions represents the compo- 
nent of a normal force. This normal force has no effect on the motion. Taking 
only the remaining terms we see that X, Y, Z are the components of a central force 

Hr 

tending to the point E whose magnitude is - - 5 . When the ellipsoid is reduced 

(r 1 2 -'wi 2 )* 

to a disc, \=k (Art. 576), and m=0 (Art. 580). The point E 1 becomes a focus and 
the law of force is the inverse square. 

583. Ex. 1. Show that a particle can describe the line of curvature defined 

TT 

by M=MO under the action of the central force - - : tending to the point E v 

(r^-m 2 )* 

12 1 \ 

Show also that the velocity at any point is then given by 2 =jff -| -- r -- } . 

((r^-m 2 )* MoJ 

We notice that when the ellipsoid reduces to a plane, m=0, and this becomes the 
common expression for the velocity under the action of a central force varying as 
the inverse square. 

Eeferring to the general expressions marked (A) and (B) in Art. 578, we see that 
the particle will describe the line of curvature if both /*' = and /u" = when /w=// . 
This will be the case if we choose the constants G and A so that 

F 1 M + cf + A = (n - MO) V (M), 
where 0(^t) is some function of p,. Supposing this done, we have, when /*=,u , 

(Art. 579) 4* 2 = U+ C^^' ^ . 



In the special case proposed U=HI(n-v). We have therefore to make 
((t-(t )*C. This gives -27 Mo =.ff, A = C^. Also F 2 (v) = Hv. 



-" /*<>! HV-m 2 ) Mo 

Ex. 2. A particle is constrained to move on the surface y = xt&nnz. By 
putting a;=/i cos nz, y=n sin 712, we have 



Eence show that when the forces are such that 



;he Lagrangian equations can be integrated. The path is given by 



t Liouville ' 



If the particle is acted on by a force tending directly from the axis of z and 
earying as the distance from that axis, find the components of velocity along the 
lines of curvature. 

584. Spheroids. When the ellipsoid on which the particle moves becomes a 
spheroid either prolate or oblate, the formulae (A) and (B) of Art. 578 require some 
slight modifications. 

Let (X, 6, c), (ju, V, c'), (v, b", c") be the semi-axes of the three quadrics which 
intersect in P; then also a = X, '=;*, a"=i>. 

In a prolate spheroid b=c, h = k, and the focal conies become coincident with 



cu 





Prolate. 

OH and HA. The axes of the hyperboloid of one sheet are [i = h, b'=0, c'=0; it 
therefore reduces to the two planes / 2 /&' 2 + s 2 /c' 2 =0, the ratio b'/c' being indeter- 
minate. Art. 576. 

In an oblate spheroid \b, h=0; one focal conic becomes coincident with 0(7, 
while the other is a circle of radius ft. The axes of the hyperboloid of two sheets 
are ^=0, &"=0, c" 2 = - fc 2 ; it therefore reduces to the two planes a; 2 /j/ 2 + 7/ 2 /i!" 2 =0, 
the limiting ratio vjb" being indeterminate. 

In the figure the positions of the focal conies just before they assume their 
limiting positions are represented by the dotted lines, while PM or PN represents 
one of the planes assumed by the hyperboloid. 

Before taking the limits of the equations (A) and (B) we shall make a change of 
variables. In the prolate spheroid we replace n by a new variable <, such that 



Thus tan <j> varies between the limits and oo as p varies between k and h. Since 
&' 2 =/i 2 -fe 2 , c' 2 =/j?-k z , and j/ 2 /& /2 +2 2 /c' 2 =0 } it is clear that is ultimately the angle 
the plane PM makes with the plane AB. Putting n=h, the formulse (A) and (B) 
become 



In the oblate spheroid, we replace v by the variable <j> where 

j2 _ 7j2 

- , /. v=Ji cos <^, .-. - 0' 2 = - 



thus tan <;fr varies between and oo as v varies between h and 0. Also since 
x z /v*+y*lb" 2 =Q, $ is ultimately the angle the plane PM makes with the plane AC. 
Putting j=0, Ji=0, the limiting forms of the equations (A), (B) are 



CHAPTER VIII. 

SOME SPECIAL PROBLEMS. 

Motion under two centres of force. 

585. To find the motion of a particle of unit mass in on 
olane under the action of two centres of force*. 

Let the position of a point P be defined as the intersection of 
jwo confocal conies, the foci being H 1} H^, and let 0^ = ^. Let 
}he semi-major axes be OA=fj,, OA'=v: the semi-minor axes 
ire therefore *j(p?-h?), V(" 2 -^ 2 ). 

o- & V 2 - u 
Since + / , = 1, we have 
j? ? n? 



Q ............... (1). 

rhe relations between the elliptic coordinates ^ v of any point 
P and the Cartesian coordinates x, y are therefore 



ivhere r is the distance from the centre. We also have n = p + v, 
ri p v, where. r x , r 2 are the distances of P from the foci. 

* Euler was the first who attacked the problem of the motion of a particle in 
jne plane about two fixed centres of force, Mtmoires de VAcadSmie de Berlin, 1760. 
Lagrange, in the Mtcanique Analytique, page 93, begins by excusing himself for 
attempting a problem which has nothing corresponding to it in the system of the 
world, where all the centres of force are in motion. He supposes the motion to 
be in three dimensions and obtains a solution where the forces are a/r 2 -f-2-yr and 
3/r 2 + 27V. Legendre in his Fonctions elliptiques pointed out that the variables 
used by Euler were really elliptic coordinates, and Serret remarks that this is the 
first time these coordinates were used. Jacobi took this problem as an example 
af his "principle of the least multiplier, Crelle, xxvii. and xxix. Liouville in 1846 
and 1847 gives two methods of solution, the first by Lagrange's equations and the 
second bv the Hamiltonian equations. Serret extends Liouville's first method to 



Proceeding as in Art. 577, the velocity v of the particle ex- 
pressed in elliptic coordinates is 



where the accent represents dfdt* Comparing this with Liouville's 
form 



in Art. 522, we may obviously solve the Lagrangian equations by. 
proceeding as in that Article. The results are that when the 
work function has the form 

(^- v *)U=F I ( fjl ,) + F 2 ( v ) .................. (3), 

we have the two integrals 



(4). 



There is also the equation of vis viva which may be deduced 
from these by simple addition, viz. 

........................... (5). 



586. Let the central forces tending to the foci be respectively 
i/n* and JT 2 /r 2 2 . We then have 



The integrals (4) then become 



'2 



where K^H- i + H, K z = H^H Z . To find the path we eliminate t, 

(drf -(dv)* 2(dt) 2 



(lj? - h 2 ) (Cp* + K^ + A ) (y 2 - /i 2 ) (- Cv 2 + K# - A) (/jfl - v- 

The initial values of JJL, /j,', v, v being given, the equations (7) 
determine the constants A, C. Another constant is introduced 
by the integration of (8) which is also determined by the initial 
values of LL. v. A fourth constant, makes its armaaranne when the 



387. Ex. 1. Show that the particle will describe the ellipse defined by 
ju , if the particle is projected along the tangent at any point with a velocity v 
an by 



A 

To prove this we notice that if the particle describe the ellipse, fj, is constant 
oughout the motion, and the values of /*', p." given by (7) must be" zero. The 
it-hand side of that equation must take the form G (/j. - ju ) 2 , and therefore 
Cjj^K-i. Substituting for G in the equation of vis viva (5) the result follows 
>nce. See also Art. 274. 

Ex. 2. A particle is projected so that both the constants A and C are zero. 
DW that the velocity is that due to an infinite distance and that the path is 
en by 



ere ,tt= Ti sec 2 0, v = h cos 2 6 and B is a constant. 

Ex. 3. A particle moves under the action of two equal centres of force, one 
racting and the other repelling like the poles of a magnet. The particle is 
ijected with a velocity due to an infinite distance. Show that if the direction 
projection be properly chosen the particle will oscillate in a semi-ellipse, the two 
es being the foci. If otherwise projected the path is given by 



ere v = 7tcos 2 + sin 2 0, 2fe = l-|3/7i and A= 

Ex. 4. Prove that the lemniscate, rr' = c 2 , can be described under the action 

two centres of force each JT/i- 3 tending to the foci, provided the velocity at the 

j e is - . /^. See Art. 190, Ex. 11. 

c 'V a -' 

588. To find the motion of a particle of unit mass in three 
nensions under the action of two centres of force attracting 
wording to the Newtonian law. 

Let the two centres of force H lt J7 2 > be situated in the axis 
z and let the origin bisect the distance T 1 J3" 2 . Let < be the 
gle the plane zOP makes with zOx and let p be the distance 
P from Oz. 

Since the impressed forces have no moment about Oz, we have 

the principle of angular momentum (Art. 492), 

P*<I>' = B .................. . ........... (1). 

e now adopt the method explained in Art. 495. We treat the 
rticle as if ifc were moving in a fixed plane zOP under the 
fluence of the two centres of force together with an additional 
*ce p^>' 2 = jB 2 /p 8 tending from the axis of z. This problem has 



the work function U of the impressed forces satisfies the condition 
(f-v^U-FM + F^v} .................. (2). 

Since p is the ordinate of the conies [Art. 585], 



The term to he added to U has therefore the same form as those 
already existing in U and shown in (2). To obtain the integrals 
we have merely to add the terms given in (3), (after multiplication 
by J.B 2 ) to the functions F 1} F z . 
In this way, we find the integrals 



- sr- = * w + <v - 4 + A 



When the central forces follow the Newtonian law, 



where JC l = H l + ff z , K^H^ H-i, as in Art. 586. We therefore 
write in the solution (4), F-y (ytt) = jftTj/u,, ^ (v) =F JTaV. 

If the particle is acted on by a third centre of force situated 
at the origin and attracting as the distance, we add to the 
expression for U the term - #> 2 = - %H 3 (^ + v n * - /i 2 ). The 
effect of this is to increase the functions F lt F by ^H 3 (//- 4 A 2 //. 2 ), 
and ^H s (v^ ^V) respectively. 

In the same way if the particle is also acted on by a force 
tending directly from the axis of 2 and equal to /p y , or a force 
parallel to 2 and equal to K/Z*, the effect is merely to give 
additional terms to the functions ^i and F z . See Art. 582. 

580. Ex. A particle P moves under the attraction of two centres of force at 
A and J3. If the angles PAB, PBA he respectively O lt 2 > ^ e distances AP, 
BP be r 1? r 2 , and the accelerations be ^/fj 2 , /*2/r 2 2 , prove that 

/ n de,\ ( n d6 n \ . . ^ 

\ 1 ' ~dt) V' 2 " ~dt J = a ^ COB9 i + ^ cos tf a) + c > 
where ABa, C is a constant and the motion is in one plane. 
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If the motion is in three dimensions, prove that 

r i z ~w] ( r a 2 4r 1 + h * cot e * cot e *~ a (/*i C08 -0i +^2 cos 2 )+ C, 
ttc / V tt* j 

where h is the areal description round the line of centres. [Coll. Ex. 1895.] 

On Brachistochrones. 

50O. Preliminary Statement. Let a particle P, projected from a point A at 
a time i with a velocity v , move along a smooth fixed wire tinder the influence 
of forces whose potential V is a given function of the coordinates of P, and 
let the particle arrive at a point B at a time ^ with a velocity v lt Let us suppose 
that the circumstances of the motion are slightly varied. Let a particle start 
from a neighbouring point A' at a time t + St with a velocity i; + u . Let it be 
constrained by a smooth wire to describe an arbitrary path nearly coincident with 
the former under forces whose potential is the same function of the coordinates as 
before, and let it arrive at a point J5' near the point B at a time x + 8^ with velocity 
v 1 + 8v l . 

According to the same notation, if x, y, z\ x', y', z', are the coordinates 
and resolved velocities at any point P of the first path at the time t, then 
x + Sx, &c.; x' + 8x\ <fec., are the coordinates and resolved velocities at any point 
P' of the varied path occupied by the particle at the time t + St. 

Let P, Q be any two points on the two paths simultaneously occupied at the 
time t. Let the coordinates of Q be a; + Aa, y + Ai/, &c. Then Sx exceeds Aa by 
the space described in the time 8t, 

.: Ax = Sx- (x 1 + Sx') Si = fcc - x'St 

* 

when quantities of the second order are neglected. 

We may regard 8x, 8y, Sz, as any indefinitely small arbitrary functions of 
x, y, z, limited only by the geometrical conditions of the problem. 

We here consider two independent changes of the coordinates. There are 
(1) the differentials dx, dy, dz when the particle travels along the undisturbed 
path, and (2) the variations 5#, Sy, Sz when the particle is displaced to some 
neighbouring path. It follows from the independence of these two displacements 
that dSx = Sdx. 

591. The Brachistochrone. A particle of unit mass moves 
under the action of forces so that its velocity v at any point is given 
by ^-y 2 =zU+C, where U is a known function of the coordinates, the 
constant C being also known. Supposing the initial and final 
positions A, B to lie on two given surfaces, it is required to find 
the path the particle must be constrained to take that the time of 



The time t of transit being t=fds[v, we have to make this 
integral a minimum., Since a variation is only a kind of dif- 
ferential, we follow the rules of the differential calculus and make 
the first variation of t equal to zero. Let the curve AB be varied 
into a neighbouring curve A'B', each element being varied into a 
corresponding element. Since the number of elements is not 
altered, the variation of the integral is the integral of the variation. 
Writing <f> for l/t> to avoid fractions, we have 

St =/S (<j>ds) =/(<dSs + dsS<{>). 
Since (ds)- = (dscf + (dy}- + (dzf, we have 

ds8ds = dttSdx; 4- dy8dy + dzSdz; 



. 
ds ds * J J Veto dy 

Integrating the first three' terms by parts, 



r- j~ 

_dao ds V ds 

where the part outside the sign of integration is to be taken 
between the limits A to B. 

We notice that in this variation, C has not been varied. If C were different 
for the different, trajectories, we should have 

d<j> dd> dd) dd> 
S<p=-~ 8x+ -r 8y + -?- 8z+- 5(7. 
^ dx dy J dz dC 

There would then be an additional term inside the integral. It follows that w a is 
regarded as the same function of x, y, z for all the trajectories. 

Since the time t is to be a minimum for all variations con- 
sistent with the given conditions, it must be a minimum when 
the ends A, B are fixed (Art. 144). We then have at these points 
&e = 0, By = 0, 8^ = 0, and the part outside the integral vanishes. 

The required curve must therefore be such that the integral 
is zero whatever small values the arbitrary functions &, Sy, &z 
may have. It is proved in the calculus of variations (and is 

and generalises Euler's theorem that the normal force is equal to the centrifugal 
force. Jellett in his Calculus of Variations, 1850, proves these theorems and 
deduces from the principle of least action that the brachistochrone becomes a free 
path when y = fc 2 /u'. Tait has applied Hamilton's characteristic function to the 
problem in the Edinburgh Transactions, vol. xxiv. 1865, and deduces from a more 
general theorem the above relation to free motion. Townsend in the Quarterly 
Journal, vol. xrv. 1877, obtains the relation v = v' in free motion, and gives 
numerous examples. There are also some theorems by Larmor in the Proceedings 
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rhaps evident) that the coefficients of Bx, By, %z must separately 
aish. We therefore have, writing 1/v for <, 
d /r\ _ d /I dso\ d /IN _ d /I dy\ d /1\ d /I <iz\ 
c& W efe Vw ds/ ' dy \vj ~~ ds \v ds) ' ck l>/ ~" ds \v ds) ' 
iese are the differential equations of the brachistochrone. 

These three equations really amount to only two, for if we multiply them by 
r/ds, <j}dyjds, &c. and add the products, we find 

Lch is an evident identity. 

592. Supposing these differential equations to have been 
ved, it remains to determine the constants of integration. To 
ect this we resume the expression for Bt, now reduced to the 
rt outside the integral sign. We have 

su (d * , ^y * , dz * 
os = (p - -5 ooc H 7- oil H 7 oz 

\ rl a /Tin " yV 



ds ds ds 
dch is to be taken between the limits A to B. Since we may 
ry the ends A, B of the curve, one at a time, along the bounding 
rface (Art. 144), this expression for Bt must be 2ero at each end. 
le variations Baa, By, Bz are proportional to the direction cosines 
the displacement of the end, and dx/ds, &c. are the direction 
sines of the tangent to the brachistochrone. This equation 
erefore implies that the brachistochrone meets the bounding 
rface at right angles. 

The expression for Bt may be put into a geometrical form 
lich is sometimes useful. Let oV 1} 8o- 2 be the displacements 
A', BB' of the two ends. Let 6 lt 2 be the angles these dis- 
icements respectively make with the tangents at A and B to 
e brachistochrone AB. Let v 1} v 2 be the velocities at A, B. 
len 

5, B(T 2 COS $ 2 So-j COS B! 



593. In some problems the velocity v is a given function of 
e coordinates of one or both ends of the curve. This does not 



of the ends. If fc ,-y , z%\ i,y\,z\> are the coordinates of the 
ends A, B, we then have 

+ &EJ, f ^ efc + &c. + &B! [^ ds + &c., 
o Jdxo i jdx l 

where the &c. indicate terms with y and z respectively written 
for . The conditions at the ends are then found by equating 
this expression to zero. 

694. The equations of the brachistochrone are found by equating the first 
variation of the time to zero. To determine whether this curve makes the time a - 
maximum, a minimum, or neither, it is necessary to examine the terms of the 
second order. For this we refer the reader to treatises on the calculus of variations. 
In most cases there is obviously some one path for which the time is a minimum, 
and if our equations lead to but one path, that path must be a true brachistochrone. 
In other cases we can use Jacobi's rule. Let AB be the curve from A to B given 
by the calculus of variations. Let a second curve of the same kind but with varied 
constants be drawn through the initial point A and make an indefinitely small 
angle at A, with the curve AB. If they again intersect in some point G, the curve 
satisfies the conditions for a true minimum only if C be beyond JB. 

595. Theorem I. When the only force on the particle acts 
(like gravity) in a vertical direction, <j> = l/v is a function of z 
only and the first two differential equations of the curve (Art. 
591) admit of an immediate integration. Remembering that 
dx/ds = cos a, dyjds = cos/9, it follows that the brachistochrone for 
a vertical force is such a curve that at every point v = acos a, 
v = bcos y3, where a, /3 are the angles the tangent makes with any 
two horizontal straight lines, and a, b are the two constants of 
integration. By equating the two values of v and integrating, 
we see that the brachistochrone is a plane curve. 

596. Theorem II. Let X, Y, Z be the components of the 
impressed forces, the mass being unity; then since ^v z = U+G, 
we have X = ^dv^/dnc, &c. The differential equations of the 
brachistochrone therefore become 

d /I dx\ X A d (I dy\ 7 . . _ ,., , 

^-(~ j-) + T- T- (- j- +^ = > &c. = 0...(l). 
ds\v dsj V* ds\v ds/ v* ' 

Let X, p,, v be the direction cosines of the binormal, then since 
the binormal is perpendicular both to the tangent and the radius 
of curvature 



+> , + . 0l x + + ,-o ...... (2). 

as r ds ds as 3 ^ as 2 ds 2 



ing the values of X, F, Z given in (1) we find 



resultant force is therefore perpendicular to the binomial, and 
direction lies in the osculating plane. 

d~x d^ii 

Let i=P ~ds* 3 m ~ p ds* ' &C ' be tlie Direction cosines of the 

iitive direction of the radius of curvature, then 

IZ + mT+nZ lZ 2 + m a + n 2 d l Ldx 



ice the radius of curvature is at right angles to the tangent, 
s last term is zero, and we have 

lX + mY + nZ=- - ..................... (4) 

P 

is equation proves that in any brachistochrone the component 
the impressed forces along the radius of curvature is equal to 
*ius the component of the effective forces in the same direction. 

597. To find the pressure on the constraining curve. Let F l} 
be the components of the impressed forces in the directions 
the radius of curvature and binomial. Let R l} R 2 be the 
issures on the particle in the same directions. Then by Art. 526 



a brachistochrone F = and F 1 = ~ v-jp, hence jR 2 = and 
= -2^. 

598. To fund a dynamical interpretation of Theorem II. 

We see by referring to the equations of motion in Art. 597, 
it if we changed the sign of F lt the component; of pressure R^ 
uld be zero, and the path would then be free. We also suppose 
; tangential component of force to remain unchanged so that 
5 velocity is not altered. It follows- immediately, that a 
ichistochrone and a free path may be changed, either into the 
er, by making the resultant force at each point act at the same 
yle to the same direction of the tangent as before, but on the other 
e, and still in the osculating plane. In this comparison the 
ocities of the particle, when free and when constrained, are 



599. Theorem III. The equations of motion of a particle 
P constrained to describe the brachistochrone are 



ds \v ds dx\v/' ds\vds~dy\v 
If we now write vv' = k' 2 .oj:, which is the same thing vds = k*dt f , 
where v' = dsfdt', the first of these equations becomes 

d_ / , dx\ _ dtf 
ds\ ds/'~*dx' 

Now v'dxjds being the as component of the velocity, is equal to 
dec I At'. Multiplying by v' or ds/dt', the equations take the form 
^_lcZ?/ 2 <&y_l<W* 
eft' a ~2 dx' dt'*~2~d,y ' 

These are the equations of motion of a free particle P' moving 
along the same path with a velocity v' and occupying the position 
x, y, z at the time t'. It follows that the brachistochrone from point 
to point in a field U+ C is the same as the path of a free particle 

in a field U' + C', provided U' + C r = -- ; i.e. v = . 



To understand better the relation between the two fields of 
force we notice that if X, X' be the components of force in any 
the same direction at the, same point, 

Y- dU Y'- dU/ Y' 

A- ~j - , ^i- 7 - , i ^X = - ^ 

dx doe 

We also notice that dt'jdt = v/v'. 

600. This theorem is useful, as it enables us to apply to a brachistochrone 
the dynamical rules we have already studied for free motion. It also enables us 
to express at once the fundamental differential equations in polar or other co- 
ordinates. 

The first theorem (Art. 595) follows at once from the third, for when the force 
is vertical we see by resolving horizontally that v' cos a is constant. Since v'=k z [v, 
ihis gives the result. 

To deduce the second theorem, we notice that in the free motion v' z jp=F l ', 
vvbere F^ is the component of force along the radius of curvature. Using the 
theorems v' k^jv, X'= - X (/c/t;) 4 , (where X is here FJ this becomes v' 2 lp=: - F r 

601. Ex. 1. To find the brachistochrone from one given curve to another, 
the acting force being gravity and the level of no velocity given. The motion is 
supposed to be in a vertical plane. 

Let the axis of x be at the level of no velocity and let y be measured down- 
wards; then v^Zgy. By Art. 595 the curve is such that v = acosa. This gives 



tion of a, cycloid, having its cusps at the level of no velocity. The radius of 
generating circle and the position of the cusps on the axis are determined by 
conditions that the cycloid cuts each of the bounding curves at right angles ; 
592. 

Vx. 2. If in the last example the bounding carves are two straight lines 
;h intersect the axis of no velocity in the points L, L'\ and make angles /3, /}' 
the horizon, prove that the diameter 26 of the generating circle is LL'Kf) - 8') 
the distance of the cusp from L is 26/3. Explain the results when the lines 
parallel. 

IO2. Ex. Show by using Jacobi's rule that the cycloid from one given point 
another B is a real minimum, the level of zero velocity being given (Art. 594). 
?he cycloid found by the calculus of variations passes through A and B and 
e is no cusp between these points. Describe a neighbouring cycloid passing 
ugh A and having its cusps on the same horizontal line, the radii of the 
irating circles being b and b + db. Since the base of a cycloid from cusp to 
i is 2irb, it is easy to prove that the next intersection of the two curves lies in 
jrtical which passes between the two next cusps. The cycloids therefore 
lot again intersect between A and B and the time from A to B must be a 
imum. See also Art. 654. 

JO3. Ex. Find the brachistochrone from one given curve to another when 
acting force is gravity and the particle starts from rest at the upper curve, 
rixing the ends, it follows, from Art. 601, that the brachistochrone is a cycloid 
'ng a cusp on the higher curve. To determine the constants of the curve, we 
nine the part of St due to the variation of the two ends. Let # , j/ ; x lt y^ be 
coordinates of the upper and lower ends, then v z .2g(y~y ). By Art. 593 



fd, 

+ 5 2/o I T 
J a l 



,- ~ + -T- 8y*> + Si/ 1 ~ ds =0, 
da ds " J0] J -- 



re <t> 1/v and the expression is taken between limits. Now in our problem 

d(j> _ d<j> _ d I dij 
~dy ~ dy ~ ds \ ds 
ising the differential equation of the brachistochrone in Art. 591. We there- 
have 



lembering that < = 1/u and v a cos a, this takes the form x 

[Sx + tan a 5y]J - 5y Q [tan a]J= 0. 

en we fix the lower end, we have, since y is measured downwards, &Cj=0, 
= 0. Hence 

- (o.r + tan a 8# )- 5y (tan ! - tnn a )=0 (1). 

en we fix the upper eud, 8.T = 0, 5;/ fl = 0; 

.'. Sxj + tanojSf/^O (2). 

The last of these two equations proves that the brachistochrone cuts the lower 
ie at right angles, while the first, giving 8y n l$x = Sy^fSx^ , proves that the 
lents to the boundina curves at the points where the brachistochrone meets them 



6O4. Ex. 1. A particle falls from rest at a fixed point A to a nxed point (7, 
passing through another point B ; find the entire path when the time of motion is 
a minimum, (1) 'supposing JS to be a fixed point, (2) supposing B constrained to lie 
on a given curve. [Math. Tripos, 1866.] 

. The paths from A to B, B to C are cycloids having their cusps on a level with 
the point A. It is supposed that there is no impact at B in passing from one 
cycloid to the next. The particle describes a small arc of % a curve of great curva- 
ture and moves off along the next cycloid without loss of velocity. 

We have yet to find the position of B when it is only known to lie on a given 
curve. Taking the origin at A, and the axis of z vertically downwards, we have 
v~=2gz. The time is given by 



where accents refer to the lower cycloid. 



ds 

by Art. 592. Let (a, /3, y), (a', /3', 7'), (6, <p, $) be the direction angles of the 
tangents at JB to the two cycloids and to the constraining curve. Then remember- 
ing that A and C are fixed points and that B is varied on the curve, we have 

(cos a cos 6 + cos j8 cos <j> + cos y cos ^) - (cos a' cos 6 + cos /3' cos + cos y' cos $) = 0. 
It follows that the tangent to the locus of B makes equal angles with the tangents to 
the two cycloids AB, BC. This determines the point JS. 

Ex. 2. Find the curve of quickest descent from a fixed point A to another 0, 
supposing that a screen is interposed between A and G having a given finite 
aperture through which the path must pass. [So long as the curve AC can be 
arbitrarily varied the minimum curve is found by Arts. 591, 601. Hence if the 
single cycloid A C does not pass through the aperture, the minimum curve must pass 
through a point B on the boundary of the aperture. The curve then consists of two 
cycloids AB, BC, and the position of B is found by Ex. 1.] [Todhunter.] 

605. Ex. 1. If the brachistochrone is a parabola when the force is parallel to 
the axis, prove that the magnitude of the force is inversely proportional to the 
square of the distance from the directrix. [This follows from the equation 
v =a cos a.] Prove also that the time of describing any arc PQ varies as the area 
contained by the focal radii, P, SQ. [For cos a varies as 1/p, therefore dt varies 
as pds.] See also Art. 649. 

Ex. 2. A point moves in a plane with a velocity always proportional to the 
curvature of the path, prove that the brachistochrone of continuous curvature 
between any two given points is a complete cycloid. [Math. Tripos, 1875.] 

We here have $pds = $<pdx a minimum, where $ = (1 + ?/' 2 ) 2 /?/". The curve can 
be immediately found by using two rules in the calculus of variations. First, 

wehave S^<f>dx=ipSx + (Y l -Y tt ')u+Y ll u'+^(- Y/ + !'") udx, 

where Y,, F, ( , are the partial differential coefficients of < with regard to if, y"; 
ti} = 8y-y'5x, and the part outside the integral sign is to be taken between limits. 
Also accents denote differentiation with regard to x. The extreme points being 
given, Sx = 0, 5y = at each end. Hence exactly as in Art. 591, 592, the 
differential equation of the curve is r/-y,/' = and Y lt = Q at each end. This 



Secondly, the calculus of variations gives also the integral 

*=(?;- 3V) j/' + V + B. 

Hminating Y,f between our two first integrals we find <j>=Ay' + Y ,y"+ J5, 
hieh contains two arbitrary constants A, B. Substituting for and 7 , this 
" 



ladsto 

Taking the straight line Ay + x=Q as an axis of , this is equivalent to 
= C sin if/ where sin ^=dt)lds and C is a constant. This is the known equation of 
cycloid. The condition F ;/ =0 at each end gives y" infinite and therefore />=(). 
'he cycloid is therefore complete. 

Ex. 3. Prove that the differential equation of the brachistochrone from rest 
t one given point A to another point , when the length of the curve is also given, is 

^ + &=v /jl + (j|) 2 j. [Airy's Tracts.] 

To make $ds[v a minimum subject to the condition that Jds is a given quantity 
re use a rule supplied by the calculus of Variations. "We make J(\/u -t- 1) ds a 
linimum without regard to the given condition and finally determine the constant 
. so that the arc has the given length, t 

6O6. Central force. Ex. 1. Prove that the brachistochrone for a central 
orce F is given by v = Ap, where %v*=$Fdr and p is the perpendicular from the 
entre of force on the tangent. The mass is unity, as is usual in these problems. 

The brachistochrone is a free path for a particle moving about the same centre 
iut with such a law of force that the velocity u'= 7c 2 /u. Since v'p = h by Art. 306, 



When P=[M n , and the velocity is equal to that from infinity, the differential 
iquation v=Ap can be integrated exactly as in Arts. 360, 363. 

Ex. 2. Prove that the same path will be a brachistochrone for F=^/j.u n and 
, free path for F' = /j.'u n> if n + n' = 2, provided the velocity in each case varies as 
iome power of the distance. 

For the brachistochrone and the free paths respectively, we have 

w 2 = 2/xM n - 1 /(n - 1), *>' 2 =2/*'u l '- 1 /(n / - 1). 
Dhese satisfy the condition vv'W if n + n'=2, (Art. 599). 



Ex. 3. Prove that the ellipse is a brachistochrone for a central force tending 
rom the focus and equal to /i/(2a - r) 2 . [Townsend.] 

The conic is a free path for a force fj,jSP z tending to the focus S. Hence 
nakiug the force act on the other side of the tangent as described in Art. 598, the 
ionic is a brachistochrone for an equal force tending from the other focus H. 

Ex. 4. Prove that the central repulsive force for the brachistochronism of a 
jlane curve varies as d (p")ldr t the circle of zero velocity being given by the 
Banishing of p. 

Prove that the cissoid x (x 2 + # 2 ) = 2ay* is brachistochronous for a central 
epulsive force from the point (- a, 0) which at the distance r from that point is 
proportional to ?7(>- 2 -f 15rt") 2 , the particle starting from rest at the cusp. 

[Math. Tripos, 1896.] 



Ex. 5. Prove that the lemniscate of Bernoulli can be described as a brachis- 
tochrone in a field of potential /J.T S , r being measured from the node of the 
lemniscate, and find the necessary velocity. [See Arts. 320, 606, Ex. 2.] 

[Math. Tripos, 1893.] 

Ex. 6. A particle, acted on by a central attractive force whose accelerating' 

effect at a distance r is . ^ ~ , a being a constant, is projected from a given point 
(a~ + r )~ 

with the velocity from infinity. Prove that the form of the groove in which it must 
move in order to arrive at another given point in the shortest possible time is a 
hyperbola whose centre coincides with the centre of force. [Math. Tripo's.] 

Ex. 7. Show that the force of attraction towards the directrix of a catenary, 
along perpendiculars to it, for which the catenary is a brachistochrone, will vary as 
the inverse cube of the perpendicular. [Coll. Ex. 1897.] 

607. Brachistochrone on a surface. To find the brachis- 
tochrone on a given surface we require only a slight modification 
in the argument of Art. 591. Proceeding as before, we find 

i /jr \ 

St = -(~Sa; + &C.J + f(PSx + QSy + RSz) ds, 

, ^ d 1 d. /I dx\ . , . ., . n , 

where P -, ---- r r-> with similar expressions for Q and 
dx v ds \v dsj l 

R. Since St is zero for all variations of the curve on the surface, 
we must have 



. 

If f(x, y,z)=-Q is the equation of the surface, the variations are 
onnetd b the on euaion 



connected by the one equation 



where suffixes imply partial differential coefficients. We must 
therefore have P/f x = Q/f y = R/f z . The equations of a brachisto- 
chrone on the surface /"(#, y, z) = are therefore given by 



_ - _._.- __ 

doc v ds vds I J x ~ \dy v ds v ds / v ~ \dz v ds vds 

If the brachistochrone is to begin and end at given bounding 
curves drawn on the surface, we equate to zero the integrated 
part of Bt, taken between the limits. Fixing the ends in turn, we 
see that at each end the cosine of the angle between the tangents 
to the curve and to the boundary is zero (Art. 592). The brachis- 
tochrone therefore cuts the boundaries at right angles. 

60S. By writing v = K i [v' as in Art. 599 these equations may be put into 
the form 

(^L _ **L\ If -f^lL- d m\ If =(^ _ du '\ If 



r ' a eoartm 

C zs a free path on the same surface in a field U'+ 0' where 
' 



16 a 

10 * 

CC tn a 



. 
relation between the component forces in any direction is F'= - F f-V 

te. If the particle is constrained by a smooth wire 'to describe the brachisto- 
ne on the surface without a change in the field of force, prove that 

-v*siQ X / p =G, v n -cosxlp=H+R, -2G =J R 2 , 

:e -H", G are the components of the impressed forces along the normal to the 
ice, and that tangent to the surface which is perpendicular to the path and 
j a are the components of the pressure in the same directions. Also p is the 
1S of curvature of the path, and x the angle the osculating plane makes with' 
nor raal to the surface. 

^he first is obtained by transforming the equation of motion of a free particle 
riz. v"-s,mxlp=G' by the rule given above, the others then follow from the 
aary equations of motion of the particle P. 

tO0. We may also sometimes find the brachistochrone on a given surface by 
ing a comparison with the brachistochrone on some other more suitable 
ice. 

jet us derive a second surface from the given one by writing for the coordinates 
z of any point P some functions of , 77, f, the coordinates of a corresponding 
t Q. Let these functions be such that 

(da) 3 + (dyY + (d) a = M 2 { (^) 2 + (ffy) 2 + (dm , 

re (J. is a function of , ij, f. Geometrically this equation implies that every 
.entary arc <k drawn from a point P on the surface bears the same ratio to the 
;sponding arc da- drawn from Q, viz. the ratio ^ : 1. 

?he brachistochrone on the given surface is found by making t & minimum, 

e 

fds _ fadir 

~ I v ~ I v ' 

J <J 

the velocity v of P is some given function of the coordinates of P. 

jxprossinp; v in terms of , 17, f, this integral implies that the corresponding 

e on the derived surface is also a brachistochrone, the velocity v' being given 

>' = vllj.. The work functions for the motions of P and Q are respectively 

2 ( U + C) and U' = (U+ 0)lfj.". 

f wo arrange matters so that /j.jv is constant, the velocity on the second 

ice is constant. The brachixtochrones on the given surface then correspond to 

ssictt on the derived surface. 

?liis comparison assists us in determining the point on a brachistochrone with 

2nd given at which the time ceases to be a minimum. 

'he derived .surface may be obtained in many ways, for example by using the 

lod of inversion. Tho theory of this surface is also used in making maps ; 

he United States Coa-,1; Survey, Craig's treatise on Projections. The applica- 

to brachistoehronoK is given by Darboux in his ThSorie generale des Surfaces. 

?.r. A particle P moves on a sphere unJer the action of a centre of repulsive 



r from is v=Ar z . Prove that the brachistochrone from one given point to 
another is a circle whose plane passes through 0. 

Inverting the sphere with regard to 0, the diameter 2a being the constant of 
inversion, the derived surface is a tangent plane. The curve is traced out by Q, 
usually called the stenographic projection of that traced by P. The ratio of the 
elementary arcs described by P and Q are in the ratio r 2 : 4a 2 . Hence if the path 
of P is a brachistochrone for a velocity v=Ar 2 , that of Q is a brachistochrone for 
a uniform velocity. The path of Q is therefore a straight line and that of P is a 
circle. Another proof follows from Arts. 608, 318. 

610. Bertrand's theorem. A series of brachistochrones is drawn on a given 
surface from a point A^ and the arcs AB, AB\ &c. are described in equal times, 
the velocity at A being given. Prove that the locus of B cuts all the brachisto- 
chrones at right angles. 

The following amounts to Bertrand's proof. If possible let the angle AB'B' b& 
acute. Drawing the arc BC so that the angle CBB'>CB'B, the sides of the- 
triangle BOB', will then be elementary and the triangle may be regarded as recti- 
linear. It follows that the arc CB' > CB. The time of describing GB' is > than 
that of describing CB because the velocity at every point in the neighbourhood of 
C is ultimately the same. The time of describing the line AGB is therefore less 
than that of describing AB' or AB. The path AB could not then be a brachiato- 
chrone. This proof is the same as that used by Salmon in his Solid Geometry, 
Art. 394, to prove the corresponding theorem for geodesies. Bertrand's theorem is 
now generally enunciated in a generalized form and to this we proceed in the next 
article. 

611. A surface fi^ being given, let us draw from every point A on it that 
brachistochrone which starts off at right angles to the surface. Let lengths AB be 
taken along these lines so that the time t of transit from the surface along each is 
equal to a given quantity. The locus of the extremities B traces out a second 
surface which we may call 2 . By Art. 592, we have 

dt= &r 2 cos 2 /*>2 ~ i cos QI! V I 

By construction cos ^=0 for each line and, since the times of describing neigh- 
bouring lines are equal, St=0. It follows that the surface 8 2 also cuts the lines at 
right angles. * 

If the surface S a is an infinitely small sphere all the brachistochrones diverge 
from a given point A . The locus of the other extremities of the arcs drawn from -A 
and described in equal times is therefore an orthogonal surface. 

This proof may be applied to brachistochrones drawn on a given surface by 
expressing the conditions at the limits in Art. 607 in a form similar to that in 
Art. 592. 

This theorem though enunciated for a brachistochrone applies generally to 
problems in the calculus of variations. The time t may stand for any ii tegral of 
the form J0 . ds where is a given function of x, y, z, and the curve is such that 
the integral is a minimum between any two points taken on it. 

612. Ex. 1. Prove that the equations of a brachistochrone on a surface of 
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v*=2gz, where r, <f>, z are cylindrical coordinates, z beinc measu, 
from the zero level. Prove also that the brachistochrone touches 
the zero level. 

Ex. 2. A heavy particle is projected from a given point along 
out on the surface of a right circular cone whose axis is ver 
upwards, with a velocity due to the depth from the verter. Prove 
another given point not more than half-way round the cone in 1 
time, the curve of the groove must be such as would, if the cone 
become a parabola with the point corresponding to the vertex as fc 

[Mai 

Ex. fl. Prove that the brachistochrone on a vertical cylin 
particle with a given level of zero velocity becomes the brae! 
vertical plane when the cylinder is developed on the plane. 

JEx. 4. Find the brachistochrone when the velocity at any 
proportional to the distance from a given straight line. Prove t 
on a sphere and cuts all the circles whose planes are perpendi 
straight line at a constant angle, i.e., the curve is a loxodrome. 



Motion of a particle relative to the ear,... 

613. Let be any point on the surface of the earth ; 
\ be its latitude. Then X is the angle which the normal 
surface of still water at makes with the plane of the eq 
Let OL b be a perpendicular from on the axis of rot^ 
Let o) be the angular velocity of the earth, then the earth turns 
round its axis from west to east in the time STT/W. 

As we intend to discuss the motion of a particle P relative to 
axes moving with the earth and having the origin at 0, it is 
convenient to begin by reducing to rest. We therefore apply 
to the particle P an accelerating force equal to ofb and acting in 
the direction LO. We also apply an initial velocity equal to cob 
opposite to the direction of motion of 0, i.e. in a direction due 
westwards from 0. 

When the particle has been projected from the earth it is 
acted on by the attraction of the earth and the applied force o> 2 &. 
The force usually called gravity is not the attraction of the 
earth, but is the resultant of that attraction and the centrifugal 
force. The form of the earth is such that at every point of its 
C.I-.T.A, -(-kid ffkcniltant <ir.fc r\avnorirIiVnlarl v tn f.hp. snrfa.ce of still 



When the moving point P has ascended to a height h, 'the- 
attraction of the earth is altered and is nearly equal to g (1 2/t/a), 
where a is the radius of the earth. Since h is usually not more 
than a few hundred feet and a is roughly 4000 miles, it is obvious 
that the change in the value of gravity is so small that, for a 
first approximation at least, we may regard gravity as a force 
constant in direction and magnitude. Since STT/CO is 24 hours, we 
find that <y 2 a is nearly equal to #/289. Hence if we neglect gh]a 
we must also neglect u% at all points near 0. The applied force 
w 2 i is not neglected because at points near the equator b is 'nearly 
as large as the radius of the earth. 

614. The equations of motion of a particle referred to axes 
moving with the earth have been already formed in Art. 499. 
We have here merely to express the components Q lt Z , # 3 in 
terms of the angular velocity w of the earth. We then substitute 
the values of the space velocities u, v, w in the equations of the 
second order and neglect all terras of the form o> 2 #, ary, o>"z. We 
thus find 

dx n d-oc . dy _ dz n v 

- 



dz n n d z z _ dx 



where X, Y, Z are the impressed forces other than gravity, the 
mass being unity. 

615. It will clearly be convenient to choose as the axis of z 
the vertical at 0. If the axis of x be directed along* the meridian 
towards the south and the axis of y towards the west, we have 

l = ci) cos X, #2 0, 3 == a) sin \, 
since \ is the latitude of the place. 

It is sometimes necessary to take the axis of x inclined to the 
meridian at some angle /3, the angle /3 being measured from the 
south towards the west. We then have 

6 l = w cos X cos f3, 6> 2 = w cos \ sin /3, 3 = co sin X. 

616. If we wish the axes to move round the vertical with 



then have 

9i CD cos \ cos /3, & = <w cos X sin J3, 6 S = w sin X 4- p. 
> components # 1} 2) $3 are not now constants, and in making 

substitutions for u, v, w in the equations of motion their 
srential coefficients will not disappear. But if p be any small 
ntity of the same order as eo, these differential coefficients are 
bhe order o> 2 . The equations of motion will then be still 
resented by the forms given in Art. 614. 

617. As in some few cases it is necessary to examine the 
ns which contain w 2 , we give the results of the substitution 
3n the axis of z is vertical, while those of x, y point respec- 
sly southward and westward : 

?2 /y* Cul/ 

Y v + 2<o sin X - 7 / m' 2 sin 2 X# or sin X cos \z = X, 
dt z dt 

d-y _ . dz _ . . dx ,, 

,- 2eo cos X -7- 2ci) sin X -y- ea y Y, 

dt~ dt dt y 

d^z dit 

-j~ + 2tw cos X -~ w 2 cos 2 \z eo 2 sin X cos \cc = g + Z. 

cut dt 

$18. i'a;. A particle P is attached to a point A at the summit of a high tower 
when in relative rest the particle is allowed to fall freely. The point A being 
height h vertically above 0, it is required to find the point at which the particle 
ces the horizontal plane at 0. 

Faking the axes of x, y to point due south and west, the equations of 
ion are 

x" - 2y'0 3 = 0, y" - Zz'O^ + 2;c'0, t = 0, z" + < 2y'B l - - ff, 

re ^ = w cosX, 3 = - w sin \, and the accents denote djdt (Art. 614). We solve 

e by successive approximation. 

is a first approximation, we neglect the terms "which contain, u. Remembering 

; initially ai, y, x', y', z' are each zero and z = h, we arrive at .r=0, y = 0, 

! t~i0t 2 . 

is a second approximation we substitute these values of #, y, z in the terms of 

differential equations which contain or w. We obtain after an easy integration 



i particle being initially in relative rest we have x'=0, y' O, z'=Q, hence 
0, (7=0, -22 = 0. The initial velocities in space are not required here, but (after 
ias been reduced to rest) these are given by w=0, v-=-hS l , w = Q. To the 
le of v we may add the velocity of 0, viz. -w6. Also when t = 0, we have o; = 0, 
0, z = h; 



We see from the value of z that the vertical motion is unaffected by the rotation 

lia ant-tit nflia +.ITYIQ nf fullitinr iu mwn 1w h l/f2 Si nun <>? = f> t.lirnnnrVmnfc 
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no southerly deviation. Since 6 1 = w cos X we have y = - ^ g ta cos \t 3 ; there is there- 
fore a deviation towards the east"whic\i is proportional to the cube of the time of 
descent. This deviation is greatest at the equator. 

619. Ex. 1. Show that the path of a particle falling from relative rest is 
nearly the curve 325ar/ a =cos~X.s 3 . 

Ex. 2. A. particle is projected vertically upwards in vacuo with a velocity V. 
Prove that when the particle reaches the ground there is no deviation to the 
south, and that the deviation to the west is 4wcosXF 3 /3# 2 . [Laplace iv., p. 341.] 

Ex. 3. A particle falls from relative rest at a point A situated at a height h 
above the point 0. Supposing the resistance of the air to be represented by KV 
wheve v is the velocity and K a small quantity, find the effect on the easterly 
deviation. 

Measuring z upwards and neglecting the terms x'6 s , y'O^, as we now know 
that they are of the order w 2 (Art. 618), the equations of motion becorije 

y" - 20 1 z'= ~ *y'i z"=-g- KZ'. 

The vertical motion is sensibly the same as if the earth were at rest. Substi- 
tuting z'= -gt in the first equation, 

y" + Ky'=- ZgQJ, 



(3/c \ 
!- <). The easterly 

deviation is therefore slightly diminished by the resistance of the air. 

Ex. 4. Prove that, if the attraction of the earth on the falling particle were 
represented by X= -gxja, F= -gyja, Z=-g (l-2z/fl), the time of falling from 
rest at a height 7i, as deduced from the equations of Art. 614, would be increased by 
the inappreciable fraction 5/i/6a of itself. Thence show that the easterly deviation 
is not perceptibly altered. 

Ex. 5. The southern deviation* A particle falls from relative rest at a point A 
situated on the vertical at a point O on the surface of the earth. Let the souiher-n. 
horizontal component of the attraction of the earth be represented by 

X = sin X cos X (Ax + Cz) , 

where A and C are very small functions of the ellipticity and the angular velocity 
of the earth, the point having been reduced to rest. Prove that the southern 
deviation measured on the tangent plane at is sin X cos \gt* (%<*>" + $% C). 

This result is obtained by substituting the approximate values of y and z 
obtained in Art. 618 in the small terms given in Art. 617. Expressions for the 
components of the attraction of the earth are to be found in treatises on the 
"figure of the earth" (see Stokes' Mathematical and Physical Papers, vol. n. p. 
142). These give approximately (after some reduction) C=(2?)i-)2f//a, where 
vn = w 2 ft/# and e = 1/300, hence C f = 2o> 2 nearly. 



Supposing the axis of z to be vertical, the horizontal velocities 
dxjdt and dyfdt are small compared with the vertical velocity 
dz/dt in the first case. The products of the horizontal velocities 
by co are therefore of a higher order of small quantities than the 
product of the vertical velocity by w and should be neglected in 
a first approximation. 

In the second case, on the contrary, dz/dt is small and we 
neglect its product by . The two sets of equations are therefore 
as follows (Art. 614) : 

d-x dz d 2 x dy fi 

-- - = 



di 



dt*' " dt"*~ x> 



d-z 



We notice that when the motion is nearly vertical the com- 
ponents 0J, #2 enter into the equations, while 6 Z does not appear 
until we proceed to higher approximations. It is therefore the 
component of the angular velocity about a tangent to the earth 
which affects the motion. 

On the other hand when the motion of the particle is nearly 
horizontal it is the component of the earth's rotation about the 
vertical, viz. 6 9 , which plays the principal part. 

If we compare the * and y equations for the case in which 
the motion is nearly horizontal with those given in Art. 614, 
when the square of &> is neglected we see that they express the 
motion of a particle moving freely in space but referred to axes 
which turn round the vertical with an angular velocity 6 S . If, 
as is generally the case, the forces X, Y are either zero or in- 
dependent of the changes of the nearly constant quantity z, we 
can thus obtain these equations in an elementary way. The particle 
moves freely in space, unaffected by the rotation of the earth, 
but the axes of reference move round the vertical and leave the 
particle behind. This geometrical interpretation of t-he equations 
may be made more evident by considering some simple cases. 

621. As an example consider the case of a pendulum. When the boh malces 
small oscillations the motion is nearly horizontal. To construct the motion we 
siiTinnse thfi nfindnlnm t,n oscillate freelvin snace (with the -proper initial conditions). 



oscillation appears to revolve about the vertical with an angular velocity equal and 
opposite to the vertical component of the earth's angular velocity. The plane of 
oscillation therefore turns from west to south with an angular velocity w sin X. 
This problem is more fully considered in Art. 624. 

622. riat trajectories. A. bullet is projected from a gun, situated at the 
point 0, with a great velocity V, in a direction making a small angle a with the 
horizon so that the trajectory is nearly flat. It is required to find the motion. 

The initial velocity of the bullet in space (after has been reduced to rest) is V. 
After leaving the gun the bullet describes a parabolic path in space, while the axes 
of reference turn with the earth round the vertical at 0, and the bullet is left 
behind by the axes (Art. 620). Supposing that the initial plane of xz contains the 
direction of projection, the coordinates of the bullet at the time t are evidently 
x Vt cos a, y = - x6 z t where 6 3 -w sin X. 

The deviation y is therefore always to the right of the plane of firing in the 
northern hemisphere, and to the left in the southern hemisphere. If R be the 
range the whole deviation is Rtu sin X. We notice also that the deviation y is 
independent of the azimuth of the plane of firing, and that the time of describing 
a given distance x is independent of the rotation of the earth. 

The third equation of motion (Arts. 614, 615) gives 

= _f/-f20 2 , .-. z = Vt sip a - %gt z - Vut- cos a cos X sin /3, 

UL Q/L 

where "0 2 = -wcosXsin/3 and is the angle the plane of firing makes with the 
meridian. The vertical deviation of the bullet from its parabolic path at the 
moment of reaching a target distant x from the gun is therefore - xtu cos X sin p. 

623. Deviation of a projectile. Ex. A particle is projected with a velocity 
V in a direction making an angle a wuh the horizontal plane, and the vertical 
plane through the direction of projection makes an angle /3 with the plane of the 
meridian, the angle j3 being measured from the south towards the west. If x is 
measured horizontally in the plane of projection, y horizontally in a direction 
making an angle p + $ir with the meridian, and z vertically upwards from the point 
of projection, prove that 

x = V cos at + ( V sin at 2 - \ gP) w cos X sin |3, 
y = (V sin a 2 - ^ gt 3 ) u cos X cos p + Fcos at 2 u sin X, 
z V sin a.t - $gt 2 .- Fcos ai 2 w cos X sin /3, 
where X is the latitude of the place, and w the angular velocity of the earth. 

Prove also (1) that the increase of range on the horizontal plane through the 
point of projection is 4w sin /3 cos X sin a (J sin 2 a - cos" a) P 3 /f 2 , ' 

(2) that the deviation to the right of the plane of projection is 

4w sin 2 a ( cos X cos /3 sin a + sin X cos a) F 3 /# 2 , 
and (3) that the time T of flight is decreased by 22' cos a cos X sin /8 Vu\<j. 

It is not usual in practical gunnery to take account of the rotation of the earth 
except when V is very great, and then only the terms containing V are perceptible. 

624. Disturbance of a pendulum. A particle of mass tn 
is suspended by a fine wire of length I from a point fixed 



lakes a small angle a with the vertical at 0, is let go. It is 
squired to find the motion ; see Art. 621. 

The equations of motion are those given in Art. 614. Taking 
hie axis of z vertical and the origin at the position of equilibrium 
f the mass ra we see that the ordinate z is less than I (1 cos a), 
nd the terms of the form Bdzjdt are of the order a>a 2 : these we 
ball reject. Let us also make the axes of x, y turn slowly round 
be vertical with such an angular velocity p relatively to the 
arjh that 3 = wsinX+p becomes zero, as explained in Art. 
16. The equations of motion are now 




fhere T is the tension of the string, and 6 lt # 2 have the values 
^iven in Art. 616. 

The third equation proves that the tension T differs from ing 
>y quantities of the order Iwa at least. Since asjl and y/l are of 
he order a, and we have agreed to reject terms of the order caof, 
ve must put T = mg in the two first equations. 

Since the two first equations are independent of eo, the motion 
>f a real pendulum "when affected by the rotation of the earth is 
ihe same as that of an ideal pendulum, unaffected by the rotation, 
)ut whose path, viewed by a spectator moving with the earth, 
ippears to turn round the vertical with an angular velocity 
9 = co sin A, in a direction south to west. 

If In? = g, the solutions of the equation are clearly 

x = Acos(nt+C), 2/ = 5 sin (ni + D) ......... (2). 

[t appears that the time of oscillation, viz. STT/W, is unaffected by 
;he rotation of the earth. To determine the constants of inte- 
gration, we notice that when the particle is drawn aside from the 
vertical and not yet liberated, it partakes of the velocity of the 
iarth and has therefore a small velocity relative to the axes. 
Ihis is equal to lcL(a sin \ and is transverse to the plane of 
iisplacement. Taking the plane of displacement as the plane 
3f xz at the time t = 0, the initial conditions are 



It is then easy to see that 

A = lot, Bn = - lam sin \, (7 = 0, D = 0. 

The particle therefore describes an ellipse whose semi-axes are 
A and B. Since the ratio of the axes, viz. co sin \ */(l/g) is 
very small, the ellipse is very elongated and the particle appears 
to oscillate in a vertical plane. The effect of the rotation of the 
earth is to make this plane appear to turn round the vertical 
with an angular velocity, to sin X. 

625. It is known that, independently of all considerations of the rotation of 
the earth, the path of the bob of a pendulum is approximately an ellipse whose 
axes have a small nearly uniform motion round the vertical. This progression of 
the apses vanishes when the angle subtended at the point of suspension by either 
axis of the ellipse is zero ; see Art. 566. As the presence of this progression will 
complicate the experiment, it is important (1) that the angle of displacement should 
be small, (2) that the pendulum when drawn aside should be liberated without 
giving the bob more transverse velocity than is necessary. This is usually effected 
by fastening the bob when displaced to some point fixed in earth by a thread, and 
when the mass has come to apparent rest it is set free by burning the thread. 
The progression of the apses due to the angular magnitude of the displacement 
is in the opposite direction to that caused by the rotation of the earth. 

The advantage of using a long pendulum is that the linear displacement of the 
bob may be considerable though the angular displacement of the wire is very small. 
The bob should also be of some weight, for otherwise its motion would be soon 
destroyed by the resistance of the air; Art. 113. 

62s. As we have rejected some small terms it is" interesting to examine if 
these could rise into importance on proceeding to solve the equations (1) to a 
second approximation. To determine this we substitute the first approximation of 
Art. 624 (2) in the differential equations. The third equation shows that T/m - g 
has two sets of terms. First, there are terms independent of w which lead to the 
solution already obtained in Art. 555, and need not be again considered here. 
Next, there are terms which contain w as a factor and have the form sin(?i/3) 
where p=pt, Art. 616. These when multiplied by xjl o'r yjl give no terms of the 
form sin?it or cosiit. None of the terms which, contain w can rise into importance 
(Art. 303). 

627. The idea of proving the rotation of the earth by majiing experiments on 
falling bodies originated with Newton. But more than a hundred years elapsed 
before any observations of value were made. In 1791 Guglielmini of Bologna 
made some experiments in a tower 300 feet high. The liberation of the balls was 
effected by burning the thread by which they were suspended, and this was not 
done until they had entirely ceased to vibrate as observed by a microscope. The 
vertical was determined by a plumb line, but he had to wait several mouths before 
it came to rest. The results were disappointing for they showed a deviation 
towards the south nearly as great as that towards the east. This discrepancy was 
due to two causes. (1) the numerous apertures in the walls of the tower caused 



altered its position. Other experiments were made by Benzenberg about 1802 in 
Hamburg, but Reich's experiments iu 1881 3 in the mines of Freiberg are 
generally considered to be the most'important. The height of the fall was 158i 
metres and the mean of 106 experiments gave a deviation to the east of 28i 
millimetres, the deviation to the south being about a twentieth of that towards the 
east. These were the experiments that Poissou selected to test the theory; he 
showed that the observed easterly deviation was within a thirtieth of that given 
by calculation. Poisson also investigates the general equations of motion of a 
particle relative to the earth and obtains equations equivalent to those given in 
Art. 617. He then applies them to a variety of problems. Journal de Vecole 
2)oly technique, 1838. 

The defect of experiments on falling bodies is the smalmess of the quantities 
to be measured. In 1851 Foucault invented a new method; he showed that the 
plane of oscillation of a simple pendulum appeared to rotate round the vertical 
with an angular velocity equal and opposite to the component of the earth's 
angular velocity. The advantage of this method is that the experiment can be 
continued through several hours, so that the slow deviation of the pendulum can 
be (as it were) integrated through a time long enough, to make the whole displace- 
ment very large. Foucault's experiment was widely repeated with many improve- 
ments. Among English experiments we may mention those by Worms in 1859 
fit King's College, London, in Dublin by Galbraith and Haughton, at Bristol, at 
Aberdeen, at Waterford in 1895. The accuracy of the method is such that it is 
possible to deduce the time of rotation of the earth. Foucault's observations gave 
23' 1 , 33 m , 57 s , while the repetition of the experiment at Waterford led to 24 h , 7 m , 30", 
the true time lying between the two (see Engineering, July 5, 1895). Though the 
experiment can be easily tried when only the general result is required, yet many 
difficulties arise when the deviation has to be found with accuracy. Indeed 
Foueault admitted that it was only after a long series of trials that he made the 
experiment succeed (see Bulletin de la Socittu Astronomique de France, Dec. 1896). 

Inversion and Conjugate functions. 

628. Inversion*. Let a point P of unit mass move under 
the action of forces whose potential in polar coordinates is 
U =f(r, 6, <jb). Produce any radius vector OP of the path to Q, 
where OP . OQ = k; the locus of Q is called the inverse path of 
that of P and any two points thus related are called inverse 
points. Let OP = r, OQ = p. 

Let P', Q' be two other inverse points near the former, then 
since OP . OQ OP'. OQ', a circle can be described about the 
quadrilateral PQP'Q'. "The elementary arcs PP', QQ' are there- 
fore ultimately in the ratio r : p. If the points P, Q move so as 

* The reader may consult a paper by Larmor in The Proceedings of the London 
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to be always inverse points, their velocities u, u l , are connected by 
the equation uj-i^ = r/p. . 

The position of the point P in space is determined either by 
the quantities (p, 0, <) or (r, d, <). Choosing the former as the 
coordinates, the Lagrangian equations of the motion of P are 

deduced from 

k* 
T = ^u- = -| - (p* + p-d' 2 4 

P 



These equations contain only the polar coordinates of Q. They 
primarily give the motion of a point Q describing the inverse 
path in such a manner that P and Q are always at inverse points. 

Let us now transpose the factor k*/p 4 from T to U. We then 
have (Art. 524) 



The Lagrangian equations derived from these give the motion of 
a particle which describes the same path as that of Q, but in a 
different time. Let the particle be called II. The form of T 
shows that II moves as a free particle, acted on by forces whose 
potential is Z7 2 - We see also that the masses of the particles P 
and II are equal. See also Art. 650, Ex. 2. 

The path of either particle may be inferred from that of the 
other. If the path of the particle P described with a work function 
f(r, 6, <) + G is known, then the other particle II, if properly pro- 
jected, will describe the inverse path, with a work function 



629. To find the relation between the velocities u, v of the 
particles P, II, when passing through any inverse poifits P, Q, 
we notice that by the principle of vis viva ^u- = U+C, |v 2 = ZL. 
It follows immediately that v = tt,k-/p-, and therefore that ur = vp- 
Since the planes of motion OPP', OQQ' coincide, the angular 
momenta of the particles, when at inverse points of their paths, 



known velocity u in the given path must satisf 



The particles P, II do not necessarily pas 
points of their respective paths at the sap 1 " 
be the times at which they pass through an 
points; t + dt, r + dr the- times at which 
neighbouring pair P', Q' of inverse points. 
arcs PP, QQ' are in the ratio r : p while t- 
are in the ratio 1/r : Ijp, it follows by divisio] 
times dt, dr are in the ratio r z : p z . The rel 

is found by integration from -7- = . This 
. ar p- 

given in Art. 524. 

Supposing that the particles P, II are ] 
points on their respective paths, their initio 
inversely as their distances from the centre 01 
initial directions of motion must be in the same p. 
supplementary angles with the radius vector which paoo^ 
both the initial positions. 

630. If the particle P is constrained to move on a surface the argument 
needs but a slight alteration. The inverse point Q describes a curve -which lies on 
the inverse surface. Let (p, 6, <) be the polar coordinates of Q ; then these may 
also be taken as the Lagrangian coordinates of P. Using the equation of the 

inverse surface, we have p' = ~ 9' + ~r\ 0'- Substituting the values of p, p' in the 

expressions for T and U+ C given in Art. 628, we proceed as before and arrive at 
similar results. 

631. The Pressures. When the particles P, II are constrained to move on 
a surface and the inverse surface respectively, the pressures E lf E, at any pair of 
inverse points are such that 2? 1 ? >3 =2? 2 p 3 . 

To prove this we take any axis of z and resolve the forces on the particles 
perpendicularly to the meridian plane zOPQ, Art. 491. "We then have 

1 dA _ 1 dU 
rsinfl di -rsiii0 
1 dA 1 



: ~ ~ ~n T~~T 

p sin dr p sin d<j) 

where A is the angular momentum of either particle about the axis of a, Art. 629, 
and dt, dr are the times respectively occupied by the particles in passing from any 
pair of inverse points to an adjoining pair, 

The forces U 1 , 7i 2 act along the normals to the two surfaces. To understand 
the Reometrical relations, we describe a sphere passing through P, and touching 



product OP . OQ is the same, the sphere will touch the inverse surface also. The 
normals therefore meet in the centre of the sphere and will make equal angles with 
every straight line perpendicular to the radius vector OPQ. The angles a l , a. 2 of 
resolution are therefore equal, if the reactions are taken positively towards the 
centre of the sphere. 

Since p^dt=r-dr and p 2 ZJ 2 =r 2 ([7+ C), we see at once that r 3 J? 1 =/> 3 I? 2 . Since 
ur=vp, we have P- i ju 3 =Rn]v 3 , i.e. the pressures at inverse points are also as the 
cubes of the velocities. 

Ex. Deduce from the relations /3 2 t7 2 =r 2 ( 17+ C), lju~=U+C, 

(1) that the parallel components G, G' of the impressed forces on the particles 
P, II in any direction perpendicular to the radius vector are connected by the 
equation p^G' = t^G. 

(2) that the radial components F, F', are connected by p' i F' + r 3 F= - ir- (U+ C). 

632. Ex. 1. The path of a free particle under the action of no forces is a 
straight line; in this case we have u- = 2U=2C. By inversion the path of a free 

f" 

particle, when v z = u 2 -^ = 2U 2 , is the inverse of a straight line, i.e. a circle passing 

through the origin. This gives Ua=Ck 4 lp*, and the central force -F=4Ck 4 /p 5 . 
This is Newton's theorem that a circle can be described freely about a centre of 
force on the circumference whose attraction varies as the inverse fifth power of the 
distance. 



Ex. 2. Show that a particle can describe the curve p 2 =a 2 cos 2 

tinder the action of a force jP in the origin which varies as -= \ , + - - > . 

p> (a 2 b- 2 p 2 \ 

When the axes a, & of the curve are so unequal that their ratio is greater 
than fJ2, the force JP changes from attraction to repulsion as the particle proceeds 
from the extremity of one axis to the other. Verify this by tracing the curve, 
and show that the curve is convex at the extremity of the lesser axis. 

Ex. -3. Prove that the central forces F, F', under the action of which a curve 
and its inverse can be described about the centre of inversion are so related that 
jf' r '3 j<ya f.a 

--, 75- +-TTT = 2 -o ; show also that the velocities v. v' at inverse points are connected 
h 2 h z p 2 

by vr=v'r'. [This follows easily from the expression for F given in Art. 310. 
When h = h', Art. 629, this agrees with Art. 631, Ex.] 

Ex. 4. A particle P moves on a sphere under the action of a centre of 
attractive force situated at a point on the surface, and the velocity v at any 
point is B /r 2 where r=OP. Prove that the path is a circle whose plane passes 
through 0. 

Inverting the sphere, we find that the stereographic projection is a straight 
line. The result follows at once, see Art. 609. 

"633. Conjugate functions. Let the Cartesian coordinates 
(x, y), (, 77) of two corresponding points P, Q be so related that 



here/ is any real function and i = v'( 1). Expanding the right- 
Mid side we have 

+ 2/1 = <(, T?) + -^(,,7); .................. (2), 

here <j> and -^ are real functions. The transformation is therefore 
fected by using the equations 



le motion of P following geometrically from that of Q. Differ- 
itiating (1) we find 



.-. ^ + ^ = ^.{p + ^} .................. (4), 

-here yu, 2 is a real positive quantity given by 

/*'=/'.(? + ^') /'(-?*) .................. (5). 

Let U = F(x,y) be the work function of the forces which act 
n the particle P. The motions of P and Q may 'be deduced by 
:ie Lagrangian rule from 

T = i^ 2 (P + V s ), U = F (t (, fl ), f ( ,)}, 
tie constant of 17 being included in JP for the sake of brevity. 
Transposing the factor \j? to the work function, the equations 



ive by the same rule the motion of a particle IT, whose mass is 
qual to that of P, which (when properly projected) will describe 
be same path as the point Q, but in a different time, Art. 524. 

To find the relation between the velocities u, v of the particles 
5 , JI at corresponding points of their paths, we observe that 
ince -|M- = U, ^v" = /o, the velocities are such that v = fiu. 

To find the ratio of the times dt, dr we notice that, by (4), 
he corresponding arcs ds, da are such at ds = pdor, while //, = v. 
t follows by division that dt = p-dr. 

634. Ex. It is known that a particle can describe the ellipse x-ja- + y 2 lb" = l, 
ith a force tending to the centre; equal to r. It is required to find the conjugate 
ath and law of force when we use the transformation xyi = (l;3siji) n lc n ~ l . 

Let x = rcos8, ?/ = csintf; = pcos<, ij = p sin $ ; the equation of transfer ma- 
iou then gives 

r = p n lc tl - 1 , Q = nrp. 

The equation of the path is therefore 

f.os- wrfi sin-ijrfi c'in-'t 



Also, /t a =/' 

Again in the elliptic orbit, 
Hence since v = nu, 



The ratio of the angular momenta, viz. v/>/ur, is easily seen to be equal to n. 

When n= - 1, this transformation becomes r = c 2 /p, = -<. The transforma- 
tion reduces to a simple inversion, except that $ is measured positively in the 
opposite direction to 6. 

635. Ex. If the particle P is constrained to move on any given curve with a. 
work function U, while the equal particle II is constrained to move on the 
conjugate curve, with a work function U=fj?U, the pressures JZj, J? 2 on the two 
curves are in the ratio of the cubes of the velocities, i.e. R^u 3 = .R 2 /v 3 . This gives 
also E z = n s R 1 . 



The grouping of trajectories and Jacobi's solution. 

636. The Cartesian equations of the motion of a free particle 
of unit mass are 

dU dJJ dU 
*"<' V ~ dy' * ~~dz (1} ' 

and to these we join the equation of energy 

^ = a;' 8 + 2/ /3 + 2 /a = 227+2(7 (2). 

When the equations (1) have been integrated we have as, y, z 
expressed by three functions of t with six constants whose values 
become known when the initial values a, b, c of the coordinates 
and the initial velocities a', b', c' are given. 

Since t enters into the equations (1) only in the form dt, the 
differential equations are not altered by writing t + e for t. One 
of the constants of integration therefore enters into the solution 
as a mere addition to the time. When we eliminate the time we 
arrive at two equations which are the equations of all the possible 
trajectories in space. The constant e disappears with t, and the 
equations of the possible trajectories contain five constants, of 



fcions of these trajectories to each other it becomes necessary 
rotip them into systems. 

We first group the trajectories according to the values of the 
gy C. Taking any one group, having any given energy, the 
remaining constants are determined for any special trajectory 
n the coordinates of some two points A, B arbitrarily chosen 
fc are given. . r 

337. Action. If ds be an clement of the arc of the trajectory, 
integral V=fmvds is called the action as the particle passes 
\.A to B. If mv- be the vis viva of the particle in any position 
ilso have V=fmv-dt, the limits being the times ^ and t of 
ing through A and B. When we are only concerned with the 
ion of a single particle, it is convenient to suppose its mass 
e taken as unity. 

Considering a single particle, let s be measured from A to B 
g the trajectory of least action and let the length AB be L 
A'B' be a neighbouring trajectory (Art. 590) from some point 
ear A to a point B' near B. Proceeding as in Art. 591, writing 
<f>, we find 



= V-J-BX+&C. + 

I ds J 

re the part outside the integral is to be taken between the 
fcs A and B and the energy G has been varied for the sake 
enerality. It is easy to deduce from the equations of motion 
in Art. 599) that the coefficients of Bos, Sy, Bz inside the 
oral are zero. Also since %v* = U + 0, we have vdv/dC = 1. 
:e vdac/ds is the :c component of the velocity we thus have 
8 V= x'Bx + y'Sy + z'Bz - a'Sci - b'Bb - c'Bc + (t- 1,) BG. . .(4). 

'hen we consider the motion of a system of particles, either constrained or free, 
ill taking different paths, it is more convenient to take t as the independent 
ble. Let us imagine the system, to he moving in some manner which we will 
be actual course. Let the work function of the field be U and let L he the 
ingiau function, then L-T+U (Art. 506). Let 6 1} 6. 2 , &c. he any iudepeu- 
coordinates of the system, a l} .,, &c. their values in some position A occupied 
e system at n, time t l . Then 0, , 6.,, &c. are functions of t, whose forms it is 
bject to discover. 



the fundamental theorem* in the calculus of variations, we have 

- 1 

where u=S9 - &'St, 2 implies summation for all the coordinates 6^, &,, &c. and the 
limits of integration are t 1 and t. Since each separate term inside the integral 
vanishes by Lagrange's equations (Art. 506), we have 



If the geometrical conditions do not contain the time explicitly T will be a 
homogeneous function of #/, &.,', &c. (Art. 510) and therefore S / 0' = 2T. We 

also suppose that for each varied course the velocities are so arranged that the 
principle of energy holds, i.e. T - U=C, though G may be different for each course. 
Hence L = 2T-C, and 5 J Celt o { C (t - ^) } . We now have the two equations 



(A) 



(B). 



The action F of the system is the sum of the actions of the several particles. 
We therefore have V=ftTdt. When the system reduces to a single particle of unit 
mass 2T=x'- + y" 2 + z', and the equation (B) becomes the same as (4), 

638. Let us consider the motion of a single free particle and 
let the energy C be given, therefore 80=0.. Let v lt v., be the 
velocities at A, B; &<r 1} Scr 2 the displacements A A ', BE' \ 1} 2 
the angles these displacements make with the positive directions 
of the tangents at A, B] then, as in Art. 592, (4) becomes 

SV = v. 2 cos 6,>cr.> V: cos t So-j ............ (IV). 



* The proof of.this theorem is as follows. We have 
8$Ldt=$(8Ldt + Ld8t) = [L8t] + $(8L<lt 
Now L is a function of the letters typified by 0, 6', 



where suffixes imply partial differential coefficients. Since 

(W _ dd + dSO <16 _ dSd _ (W dSt 
dt~ dt + dSt ~7li~ dt ~ dt dt ' 

.: $0' - 0"8t=~ (50 - O'St) = u', 

substituting we find 

S (Ldt = FLSn + f X (Lnu + Lfl'oj'l dt. 



-oducing the mass m, this maybe read, the change of the action 
Kissing from one trajectory AB to a neighbouring one is the 
zrence of the virtual moments of the momenta at the two 

?. 

Taking any arbitrary surface which we may call S ls let us 
ip together all the trajectories which cut $ x orthogonally, 
i cos #! = (). On each of these trajectories let us take the 
it B so that the action from the surface Si to B is some given 
ntity. As we pass from one trajectory to a neighbouring one, 
races out a second surface which we may call $,, and at every 
it of S,, we have 8 V = 0. It follows that for this surface 
>posing it to be of finite extent) cos 3 is also zero. The 
ectories therefore intersect the surface S 2 at right angles. 

Considering all possible trajectories we first group them ac- 
ling to the value of the energy. We classify them again by 
cting all those at right angles to some given surface. We 
e now a congruence of trajectories. The theorem just proved 
irts that all these trajectories can be cut orthogonally by a 
;em of surfaces. These orthogonal surfaces are such that, 
ni any two are given, the action from one to the other is the 
ie for all the trajectories. See Thomson and Tait, Treatise on 
hired Philosophy, 1879, vol. I. Art. 332. 

All possible trajectories may be grouped together in the manner 
; described in many different ways. One method is to select 
urface intersecting all the trajectories. Each point of this 
"ace may be regarded as the centre of an infinitely small 
ere which all the trajectories intersect at right angles. The 
face S L is then reduced to a collection of points occupying an 
itrary surface. This is the method of grouping adopted in 
s. 159, 330, 339, &c. By a different grouping we obtain different 
logonal surfaces. 

639. These considerations lead us to a rule which is a special 
3 of that given by Jacobi for the solution of d3 r namical problems. 
ien this method is applied to the dynamics of a particle the 
logonal surfaces are investigated first and the trajectories are 
awards deduced. In the general case of a system of rigid 



C and of the coordinates (cc, y, z), (a, b, c) of the particle in the two 
arbitrary positions B and A. Then by the principles of the 
differential calculus, 

,_ 8F. , dV. dV, dF ,dF, 7 dF, dV. n ... 
dV=-j-ox + --j- 8y + -j-oz+ j- oa + -j,ob+ , nc+ iri SC...(o\ 
dx ay J dz da do ck dC v ' 

the energy being varied for the sake of generality. Comparing 
this with the expression (4) (Art. 637) we see that 

' dV ! i ' dV s e 4 * dV /PN 

x =-r~ , &c., &c., a - -j- , ice., &rc., t ti jfi (6). 

rt$? U'tw _ G> o 

Substituting in the equation (2) of energy, we find 



where U is the value of V when we write for x, y, z their initial 
values a, b, c. These are called the Hamiltonian equations of 
motion. 

It. is obvious that if we can deduce from the equations (7) 
the proper form for the function F, the first set of (6) will give 
the component velocities of the particle and the second set will 
give the relations between the coordinates x, y, z and their initial 
values. The last equation will give the time. 

Jacobi proved that it is not necessary to obtain the general 
integral of either differential equation. It is sufficient to discover 
one solution of the form 

F =/(*, y, *,,) + 7 .. .............. (8), 

containing three new constants a, /9, y. He also proved that the 
introduction of the initial coordinates a, b, c into the expression 
for F is unnecessary. Instead of these he uses the two constants 
of integration here called a, /3. 

641. In the first differential equation (7) and in the complete 
integral (8), the quantities', x, ?/, z are the independent variables. 
Jacobi's rule asserts that if we establish the following relations 
between, x, y, z and a new variable t, the equations of motion (1) 
will be satisfied. These assumed relations are 



i-e !, @i, and e are three new constants. These new .relations 
e x, y, z functions of t, C and the five constants a, @, ct 1} fi lt 
e. 

Po prove these relations we differentiate (9) with regard to t 
thus arrive at three equations of the form 



other equations have /3 and G written for a, but in the third 
zero on the right-hand side is replaced by unity. These 
itions determine x , y', z'. 

\.lso since (8) is a solution of the first of the differential 

itions (7), it must satisfy that equation identically. We 

therefore differentiate (7) after substitution with regard to 

of the constants a, ft, 0. We thus arrive at three equations 

ie form 



.. 

due dxdct . dy dyda .dzdzda. 

other equations have yS and G written for a., but in the third 
zero is replaced by unity. 

Comparing the three equations (10) with the three (11), we 
it once that 



df , df , df 

= 



Iso follows that 



- 

~ dx* dxdy dxdz 
i similar expressions for y", z". 

We may also differentiate (7) after substitution from (8) partially 
. respect to any one of the three variables x,y,z\ 



_ df d-f_ df d"f ^dll 

dx dx- dy dxdy dz dxdz dx ' 

tituting from (12), the loft-hand side becomes by (13) equal 
'. We therefore have 

,,_dU , f _dU ,,_dU 

CO *- y . Y/ - 7 % 2 7 ~~ . 

dx J d dz 

i ^ j 1 ,' /> * 



642. Consider the system of surfaces defined by 

f(x iy>Z> C,a,fB} = K ...... ............... (14), 

where G, a, ft are constants and K the parameter. The equations 
(12) prove that the direction of motion at any point is normal to 
that surface of the system which passes through the point. Thus 
the surfaces (14) cut the trajectories at rigid angles. These tra- 
jectories (with their parameters a^ &) may be deduced from (14) 
by the rules given in the theory of differential equations or more 
easily by Jacobi's equations (9). 

The trajectories in Jacobi's method are thus grouped together 
according to their orthogonal surfaces. By taking different com- 
plete integrals for (8), we group the same trajectories in different 
ways. Art. 638. 

643. As an example which requires no long algebraical process, let us discuss 
the trajectories when the forces are absent. The Hauiiltonian equation is 



One complete integral, suggested by the rules for solving differential equations, is 
T r ={*x + piJ + l J(l-a?-P 1! )z}J(2C)+y .................. (16), 

another complete integral is 

!'={(.! -a)*+{?/-/3) s + s-}M2C') ........................ (17). 

If we choose the first integral the surfaces V=K are planes and the trajectories 
are grouped into systems of parallel lines, the lines taking all directions. If we 
choose the second integral, the surfaces V = K are spheres having their centres on 
the plane of xy. The trajectories are grouped into systems of straight lines 
diverging from points on that plane. 

To illustrate the use of equations (9) let us substitute in them the second 
integral. We have at once 



where ?- a =(.r-a)' J + (j/ -pj- + z-. These evidently give a system of straight lines 
diverging from the point x = a, y=/3, 2 = 0, described with a velocity \/(2C). 

644. When the coordinates chosen are not Cartesian the 
expression for the kinetic energy does not take the simple form 
given in (2). Let the kinetic energy T be given by 

2T=P0'*+Q<I>'* + W (19), 

where P, Q, R are functions of the coordinates 6, $, ty. Let us 
now take as the Hamiltonian equation 

1 A/rv 1 (dV\*_ n 

+ n Lu + Ur -^ + 20 (20). 



. 645.] JACOBL'S SOLUTION. 397 

needing exactly in the same way as before, we prove that if 
V=f(0,4>,*,0 t a,0)+v ............... (21), 

an integral of (20), the first integrals of the Lagrangian 
ations of motion (Art. 506), are 

PB'-^ 0<h'- d f 

W-M. w-30. 

trajectories, &c. are given by 



Te i, /3 15 and e are new constants. 

This enunciation includes the most useful cases of Jaco"bi's 
i. But his method applies also to any dynamical system, in 
ch T is a quadratic function of the velocities. For these 
eralizations we refer the reader to treatises on Eigid Dynamics. 

45. Ex. 1. Apply Jacobi's rule to find the path of a projectile. 
'he Hamiltonian equation is 



eparating the variables, we find that one complete integral is " 



0(J 

lx. 2. Apply Jacobi's method to find the path of a particle in three dimensions 
t a fixed centre of force which attracts according to the Newtonian law. 
'aking polar coordinates we have 

2T=r' 2 + ?- 2 ^ + r 3 sin 3 00', U=^ . 

Hamiltonian equation (Art. 644) may be put into the form 

\{dV\- . . , ,) fdVy 1 (dV\- A 

V ( -r) ~ 2 M'' - 2GW + ( -73- I + . - >r ( TT J =- 
I \dr/ j \d0y ein^Vd^/ 

f \ve equate these three expressions respectively to a, -a + /3cosec 2 and 
sosec 2 0, we obtain three differential equations in which the variables are 
rated and whose solutions satisfy the Hamiltonian equation. Let the inte- 
i of these be K=/ 1 (r, a), F =/,(, a, (3), F = / 3 (0, /3). It is obvious that 
/1+/2 + /3 + 7 is a complete integral from which all the trajectories may be 
ced. 

Jar. 3. Apply Jacobi's method to fiud the motion of a particle in elliptic co- 
lates (X, /j., v) when the work function is 
(M 2 - ) /-, (X) -I- (> - X 2 ) / 3 



A 2 ) f ~ 

\ 

= - 2 {(M a - =)/! (X) + (/-' - X 2 )/ 2 M + ^ 2 - M-) / (") } - 2CD, 
where I) = (X 2 - pr) (/x 2 - v") (v- - X 2 ) . Since 

(A/.'-' - ^ 2 ) + (v* - X s ) -1- (X- - M 5) = 0, 
X 2 (A 2 - v 3 ] + fj."- (v- - X 2 ) + v- (X 2 - M=) = 0, 
.V Cu 2 - " 2 ) + M 4 (" 2 - ?^ 2 ) + v* (X- - M-) - - D, 
the differential equation is satisfied by assuming 

fdV\- 

(X 2 - h-) (X 2 - k") --- } = - 2/j (X) + a + ^X 2 + 2CX 4 , 
\d\J 



with similar expressions for drjd/ui aud dl'/dv. In these trial solutions the variables 
X, /JL, v have been separated, the first containing X, the second /x, and the third v. 
Supposing the integrals to be V=F 1 (X, a, /3, (7), V = F (/*, &c.), F = .F 3 (/, &c.), the 
required complete integral is then V = I'\ + F* + F 3 + y. The solution then follows 
by simple differentiations with regard to the constants a, /3, C. 

This expression for 17 is given by Liouville in his Journal, vol. xn. 1847. He 
uses it in conjunction with Jacobrs solution. 

We may also write the expression in a different form. Let jpji p.,, p 3 be the 
perpendiculars from the origin on the tangent planes to the three confocals which 
intersect in any point, and let X, /j., v be as before the semi-major axes. We find 
by using the expressions for these perpendiculars in elliptic coordinates (Art. 577) 
V = Pi 2 *\ (X) + P^FS () + p a -F a (v) . 

Taking U=j)~F(\), (omitting the suffixes) we see at once that the level surfaces 
intersect the ellipsoids in the polhodes. . The direction of the force at any point P 
is therefore normal to the polhode which passes through P. It may be shown by 
differentiation that the components, 2 1 and N, of the force, tangential and normal 
to the ellipsoid which passes through P, are 



where S n =~ + ; + " . The Cartesian components A', I", Z are 
X u b n c n 



with similar expressions for 1' aud Z. 

We may obtain simpler expressions by combining the three terms of U. Putting 
/ t (X) = - X-"+ 4 , /, (n) = - /x 2 " +4 , A ("} = - f- n+ -', we see that U ia equal to the sum 
of the different homogeneous products of X'-', /jJ-, v- of n dimensions, each product 
being taken with a coefficient unity. This symmetrical function of the roots of 
the cubic in Art. 57G may be expressed as a rational function of the coefficients. 
We thus find possible forms for U in Cartesian coordinates. For example, putting 



another example, put / : (X) = - X 8 etc., we then have 
U - X 4 + /r 4 + v 1 + XV + /iV- 

= (*- + y- + -)- + (* a + y a -t- z 

ere i4 and J5 are two constants. 



646. Principle of least action. Let the extremities A, 
of the trajectories be given and let the particle be constrained 

move from one point to the other along a smooth wire, the 
.ergy being given, Art. 636. Of all the different methods of 
nducting the particle from A to B there may be one which is 
e trajectory the particle would take if unconstrained. We 1 see 
r Art. 637 that for this course the value of BV is given by 
nation (4). But since the points A, B are fixed, Bx, By, Sz 
nish at each end. We therefore have 8F= 0. It follows there- 
re that the free trajectory is such that the change of action in 
,ssing from it to any neighbouring constrained course is zero. 
'ie action for a free trajectory with given energy is either a 
aximum, a minimum, or is stationary. , 

Conversely, if the path from A to B is required which makes 
e action a max-min, the principles of the Calculus of Variations 
quire that the coefficients of Bsc, By, 82 inside the integral (3) 

Art. 637 should be zero, provided the geometrical conditions 
the problem permit Bx, By, 82 to have arbitrary signs. Assuming 
.is, the vanishing of the coefficients leads, as already explained, 

the equations of motion. The result is that tlie free trajectory 
om A to B is then the path of maw-min action given by the 
dculus of variations. 

A similar theorem holds for the motion of a system either free or connected by 
ometrical relations. Let any two configurations or positions A, I) be given. If 
; conduct the system from A to I> by any varied paths as described in Art. 637 we 
,ve (since the variations of the coordinates of these positions are zero) 
o\Ldt= -C(5i-Sf,) ...... (A), 5l'2Tdt = (t-t l )8C ...... (B). 

Let us now suppose that iu these varied paths the particles, without violating 
e geometrical relations, are conducted with such velocities that the fncrgy 
= T - U has a given value, (the same as in the actual course,) then 60=0, and the 
uation (B) shows that tlu> action J2T</ is n max-min or is stationary in the actual 
tli. 

The equation (A) gives a companion theorem. Let us suppose that in the varied 



riur.uir.ucj uc jjjiAni AUIIUJN. JJiAr. viii. 



647. The action from one given point to another cannot be a real maximum 
if the velocity is always the same function of the position of the particle. Every 
element of either of the integrals \v*dt or jWs is positive and therefore, whatever 
path from A to B may be taken, we can increase the whole action by conducting 
the particle along a sufficiently circuitous but neighbouring path. Thus, if be 
any point on the free course AB we can conduct the particle along that course 
to C, then compel it to make a circuit, and after returning to the neighbourhood 
of C conduct it along the remainder CB of the free path. Additional positive 
terms are thus given to the integral and the action is increased. The energy of the 
motion is unaltered, tmt the time of transit is longer. 

Since every element of the integral is positive, there must be some path joining 
A and B which makes the action a true minimum. If the theory of max-min hi 
the Calculus of Variations gives only one path, that path must be a minimum. 

648. It may be that there are several free paths by which the particle could travel 
from A to B. Selecting one of these, say ADB, we may ask if the action along it is 
a true minimum. Let a neighbouring free path starting from A (the energy being 
the same) intersect ADB in C. To simplify matters let no other free path 
intersect ADB nearer to'J. than C. If B lie between A and C there is only one 
free path from A to B which is in accordance with the principles of mechanics, and 
that path makes the action a true minimum ; Art. G47. If B is beyond G, there 
are two neighbouring free paths from A to C. It may be proved that the action 
from A to B is not in general a true minimum, the action for some neighbouring 
courses being greater and for others less than for the free path AB (Art. 653). 

649. It may be that there is no free path froril A to B, yet ^here must be a path 
of minimum action. For example, a heavy particle projected from A with a given 
velocity can by a free path arrive only at such points as lie within a certain 
paraboloid whose focus is at A, Art. 159. The path of minimum action from A to 
a point B beyond the paraboloidal boundary is not a free path. When deduced 
from the Calculus of Variations it falls under the case mentioned in Art. 64C. Its 
position is such that it cannot be varied arbitrarily on all sides, i.e. the signs of 
the variations 5.c, 5y, fc are not arbitrary along the whole length of the course. 

Such limitations exist when the path runs along the boundary of the field of 
motion (Art. 299). We therefore draw verticals from A and B to intersect the 
level of zero velocity (which in this case is the directrix) in C and D. Let us 
conduct the particle from A along AC to a point as near C as we please, and thence 
along a course coinciding indefinitely nearly with the directrix to a point as near 
D as we please. The particle is finally conducted along the vertical DB to the 
given point B. Throughout this course the velocity is always supposed to be 
A/(2//2) where z is the depth below the directrix. The velocity being ultimately 
zero along the directrix the whole action from A to B is reduced to the sum of the 
actions along the vertical paths AC, DB. The path close to the directrix cannot 
be varied arbitrarily, because the particle cannot be conducted above that level 
without making the velocity imaginary. This minimum patli is therefore not given 
by the ordinary rules of the Calculus of Variations. 



ectrix; Art. 605. The directrix being given in position, the initial and final 
ints A, B of the course may be so far apart that no such parabola can be drawn. 

this case the brachistochrone is found by conducting the particle along the 
rtical straight line AC in accordance with the given law of velocity, thence with 

infinite velocity along the directrix CD, and finally along the vertical line DJB 
S. 

The further discussion of these points is a part of the Calculus of Variations, 
me remarks on the dynamics of the problem may be found in the author's 
gid Dynamics, vol. n. chap. x. 

650. Ex. 1. Prove that the same path is a brachistoohrone for v s =f(x, y, -z) 
d a path of least action for v' 2 =Alf(x, y, z); Art. 599. 

The brachistochrone is deduced from the calculus of variations by making 
tjv a minimum ; the path of least action by making fa 'ds a minimum. These 
ist give the same curve if v'T^lv ; (Jellett and Tait). 

Ex. 2. Prove that, if a path be described by a particle P with such a work 
action that v 2 =/(r, 6, <f>), the inverse path can be described by a particle II with 

4 // C 2 \ 

velocity v' t such that v' z = -5 /( , 0, ) t where rp= fc a ; Art. 628. 

To find the first path we make fads a minimum. Since ds'/ds^pfr, the second 
th is found by making fa'dspjr a minimum. These are the same integrals. 
ds mode of proof applies equally whether the particle is free or constrained to 
>ve on a surface. 

651. Ex. 1. Prove that in an elliptic orbit described about the focus 8, the 
le is measured by the area described about the focus S and the action by the 
le described about the empty focus H. 

If p, p' be the perpendiculars on the tangent from S and H, we know that 
'=Jj 2 . Since v = /i/jp, the action fads becomes $p'ds . 7i/6 2 ; the area described 
out H being \lp'ds, the result follows at once. [Tait, Dynamics of a particle.] 

Ex. 2. In an ellipse described about the centre G, perpendiculars PM, PN are 
iwn from P on the major and minor axes GA, CB, and A, B represent the 
iptic areas PMA, PNC A respectively. Prove that the action from A to P is 



Ex. 3. Prove that the action in describing au ar.o of a central orbit is 
dr. When the central force is J?=/A/r n and the initial velocity is 



it from infinity, prove also that the action is -tan-^-0, where B is 

sasured from the maximum or minimum radius vector; Art. 360. 

Ex. 4. A heavy particle describes a parabola. Prove that the action from any 
int A to another B is K times the sectorial area ASB, where <S' is the focus, 
= 160/Z and I is the semi-latus rectum. 

Prove also that, if the chord AB pass through the focus, the action along the 

vnhrvliV riot.Vi 10 m-ontor tVin.n t.li'nt. nlrmor t.Tie nniirnn A H. f!T). T)Ti wllfirfi AC!. BD 



652. Ex. 1. "When a heavy particle is projected from a point A with a given. 
velocity to pass through a point J3, there are in general two possible parabolic 
paths. Prove that the action is a minimum along that parabola in which the arc 
A B is less than the arc A G where C is the other extremity of the chord drawn 
from A through the focus. 

The action is a minimum when B is not beyond the intersection with the 
neighbouring parabola drawn from A ; Ai't. G48. Since the chord of intersection 
ultimately passes through the focus of either of these neighbouring parabolas, Art. 
159, the result given follows at once. 

Ex. 2. When the force is central and varies according to the Newtonian law, 
there are in general two elliptic paths which a particle could take when projected 
from A with a given velocity to pass through B. Prove .that the action is a 
minimum along that ellipse in which the arc AB is less than AC, where O is the 
other extremity of the chord drawn from A through the empty focus : Art. 339. 

653. Ex. A particle describes a circular orbit about a centre of force 
represented by F=/u.lr n , situated in the centre 0. It is required to find the change 
in the action whan the particle is conducted with the same energy from a given point 
A to another B on the circle by some neighbouring path lying in the plane of the 
circle. 

Let a be the radius, then taking the normal resolution, the velocity 
v <J(u/a n ~ l ). The principle of energy for the varied path gives 



Also 0=5 - r --_}_ , since the energy C is the same for both paths. 

Let the equation of the varied path be r=a(l + p) where p is some function 
of 0. Substituting we find 



l)p 2 +...] (1). 

Here p is equivalent to the Sr of the Calculus of Variations. 
Since (rfs) 2 =r 2 (dQ}" + (dr) 2 , we find by the same substitution 
ds 



The action therefore when 6 increases from to d is 



where p-= 3 - n as in Art. 367, and the limits are 6 = to d. lit/ Jibuti tilting fur p 
the value corresponding to any assumed variation of the path, the change in the 
action follows immediately. 

If the particle starting from A were to describe a neighbouring free path with 
the same energy, we know by Art. 307 that the first intersection of the new path 
with the circle is at a point given by 6=-rr/p nearly. 



true minimum if the angle AOB<vlp; see Art. 594, 648. To prove this we use 
an artifice due to Lagraiige*. Since 



where X is an arbitrary function of 0, we may write the integral on the right-hand 
side of (3) in the form 



The term X/r taken between the limits is zero, since both paths begin at A and end 
at B. Let us choose the function X so that 



.................................... (6). 

Since this integral is essentially positive it follows from (3) that the action along 
every varied path from A to B is greater than that along the circle. 

This argument requires that X should not be infinite within the limits of 
integration. By taking pa.=\w e where e is a quantity as small as we please the 
values of X given by (5) can be made finite from = to 0=7r/p-e' where e' is a 
quantity as small as we please. The argument therefore requires that the point B 
should not make the angle AOB>Trjp. 

When the angle AOB is greater than trip we can prove that the action along 
some varied curves extending from A to B is less, and along others is greater, than that 
in the circle. 

'To prove this let us conduct the particle from A to B along the varied path 
whose equation is p = L sin #0. Let /3 be the angle AOB, then since p vanishes at 
each end, g is arbitrary except that g$ is a multiple of ir. Since p@>ir one value 
at least of g is less than p and the others are greater than p. Substituting in (3), 
we find that the integral is 



the limits being = to ff=/3. The smaller values of g make I negative, while the 
greater values (which correspond to the more circuitous routes) make I positive. 
The conclusion is that token the angle AOB>irjp, the action along the circle is not 
a true minimum. 

654. Ex. A particle moves in a plane with a velocity v = (x, y) beginning 
at a given point A and ending at B. The path taken being that of minimum action, 
it in required to find in Cartesian coordinates the equation of the path and the change 
of action when the path is varied in an arbitrary manner. 

Let the elementary action vdx = <j> / J(l + y' z )dx be represented by f(x, y, p)dx, 
where p has been written for tj' = dij/dx. Then writing y + Sy, p + Sp for y and p t 

* Lagraiige ThSorie dcs fonctions Analytiques 1797. He refers to Legendre, 
Memoirs of the Academy of Sciences 1786, and adds that it must be shown that X 
does not become infinite between the limits of integration. Not being able to 
aotfio tV)io nnnct.irvn IIP innf. miHRf>fl .Tfi.r.nhi's discoverv. See also Todhuuter's 



404 PRINCIPLE OF LEAST ACTION. [CHAP. V11I. 

(but not varying .1) the whole increase of action on the varied curve is by Taylor's 

theorem, 

8A = J[/,fy +f P Sp + & {f n (87/) a + 2/ KP 8y^+/ M ,(*j)) a } + &c.] da, 

where suffixes as usual represent partial differential coefficients. Integrating the 
second term by parts, as in Art. 591, we have 

8 A = [ffSy] + /{(/- f p ') 5y + &c. } da, 

where the part outside the integral, being taken between fixed limits, is zero, and 
accents denote total differentiation with regard to x. The path of minimum 
action is found by equating the coefficient of 5y to zero, Art. 591. This path is 

therefore given by 

/*-/i/ = ....................................... (1), 

and the change of action in any varied path by 

SA^^I[f V!/ (5y) n - + 2f yp 8ijSp+f pp (dpT']dx ..................... (2). 

To find the path in Cartesian coordinates we integrate the equation (1). This 
can only be effected when the form of the function is given. The integration 
presents only those difficulties which are discussed in treatises on differential 
equations. We now proceed to find the change in the action given by (2). 

To determine the sign of 5 A, we write (2) in the form 

SA =[X {8y) a ] + J /[(/,- 2V) (fy) + 2 {/,- 2X) 9y3p+fo (Sp)*]dx ...... (3), 

where the term outside the integral is zero, provided X does not become infinite 
between the limits of integration. 

Let yl f (x, c 1 , c 2 ) be the integral of (1), then changing the constants into c 1 + a, 
c 2 + j3 where a, /3 are indefinitely small, 

++ .............................. (4), 



is also a solution of (1). We choose the constants c 1? c 2 so'that the curve y = F 
passes through the limiting points A and B. Making the varied curve (4) also 
pass through A, we have an equation to find /3/a. Hence 



f&F dF B\ 

= a -j-+:3-- )=M (5), 

\rfcj dc. 2 a/ v ' 



is the equation of a neighbouring path of minimum action beginning at A and 
making a small arbitrary angle with the path AB, the magnitude of the angle 
depending on that of a. If G is theirs* point of intersection of these' two paths, 
then u is not zero between A and C. 

Differentiating (1) we see that Sy = u satisfies the equation 



Returning to the integral (3) let us choose X so that 

(/w,-2X)=-/ MJ ' ................................. (7). 

Substituting in (6) we find 

( fu'J ~ J" f'JP ) u ~ ~ .>" (fwt> ~ 2^) U 



ast term being obtained by substituting for u' from (7). This becomes 



quantity under the integral sign in (3) is therefore a perfect square. Eemem- 
ig (7) we see that 



value of X is by (7) 

9 _ 



dv v M'\ 



[ence in order that both X and the subject of integration in (9) may be finite 
necessary that u should not vanish between the limits of integration. The 
ad limiting point B must therefore not be beyond C. It is supposed that v 
dvjdy are finite between the same limits. See Art. 648. 
upposing this condition to be satisfied, every term of the integral (9) is 

live if f p p is positive from A to S. Since fpp = v (1+j? 2 )"^, and the velocity v 
pposed to keep one sign, throughout the motion, this condition also is satisfied. 
change of action caused by a variation of path is therefore always positive and 
mount is determined by (2) or (9). 

!his investigation can be applied to brachistochrones and may also be extended 
ly cases in which the subject of integration, viz. f(x, y, p), is a function only 
xe coordinates"?/, x, and the first differential coefficient. In order that the 
se AB given by (1) should be a true minimum, no variation must exist which 
make SA negative. The conditions for this are (1) the point B must not be 
nd C, as explained ^in Arts. 594, 648, (2) the differential coefficient d 2 //dp a 
t be positive throughout the whole course AS. 

f cPfjdp* were negative for any portion PQ of the course given by (1), let us 
the remaining portions AP, QB so that Sy is as nearly equal to M as we 
se, the portion PQ being varied in some other manner. In this variation such 
ainence is given to the negative elements of the integral (9) that SA is made 
,tive. It is also evident from (7) that X is finite if d 2 //dp 2 , dPfldpdy are finite. 



A SWARM OF PARTICLES. 

Note on Art. 414. 



THE argument will be made more complete if we suppose that the boundary of 
the swarm is an ellipsoid instead of a sphere. Owing to the manner in which the 
forces of attraction depend 011 the shape of the swarm, the results for an ellipsoid 
are not altogether the same as those for a sphere. 

Talcing the same axes as before, the coordinates of the projection of any particle 
P on the plane of motion of the centre are > + , 77, while f is the distance of P 
from that plane. Treating the ellipsoid as homogeneous and of density 7), the 
component attractions of the swarm at any internal point are A%, By, C, where 
A, B, C are functions of the ratios of the axes of the bounding ellipsoid and their 
sum is iirD. 

The equations (1) of Art. 414 are slightly modified by having their last terms 
replaced by - A$, -U?}', a&d instead of (3) we have 




*^ = 

The equation for f is evidently 

(ii). 



Putting = a cos (pt + a), i) = bsiTa.(-pt + a), and f=c sin (qt + y) we find by pro- 
ceeding aw in Art. 414, 

{p*-(A-3n s )}{p a -B}-4p*tf = 0, q- = 7i"+C ............... (III). 

The condition for stability is therefore A >3ir. 

In an ellipsoid A > B if the axis in the direction of is less than that in the 
direction of -r\. It follows that if the axis of is the least axis, A is greater for 
an ellipsoid than for a sphere. The swarm is therefore more stable for an ellip- 
soidal than for a spherical swarm provided the least axis of the ellipsoid is 
placed along the radius vector from the sun. 

Let us suppose that all tbe particles are describing the same principal oscillation. 
The projections of their paths on the plane 17 are therefore given by = acos0, 
y = b sin 6, where 0=pt + a. These paths are coaxial ellipses described in the same 
periodic time 2-7T/2J, the semi-axes of any ellipse being a, b. By substituting these 

values of , ?? in the second of equations (I), we find ~ = ^ ~ ; it follows that all 

' ' 



The ratio of the axes of the ellipses is not altogether arbitrary. By using (III) 
we find 



where A, B and therefore j? 2 are known functions of the ratios of the axes of the 
sllipsoid. We may deduce from the values of A, B given in the theory of Attrac- 
tions that Ac? is less or greater than Rb~ according as a 2 is greater or less than b 2 . 
[t then follows from this equation that in both the principal oscillations the axis 
af the ellipsoid in the direction of the radius vector from the sun is less than the 
jxis of the ellipsoid in the direction of motion of the centre. 

If P, Q, R be any three particles describing similar co-axial ellipses in the same 
time with an acceleration tending to their common centre, it is not difficult to 
prove that the area of the triangle PQR is constant throughout the motion. Let 
us apply this theorem to the motion of the projections of the .particles on the 
plane of %q. Joining adjacent triads of particles, we divide the whole area into 
slementary triangles. If the swarm is homogeneous, the areas of these triangles 
ire initially equal and we see that they will remain equal throughout the 
motion. The swarm will therefore remain homogeneous. 

Consider next the motions of the particles perpendicular to the plane of 17. 
These are harmonic oscillations and are all described in the same time 2ir/q. 
rhe amplitude of each oscillation is the ordinate of the ellipsoid corresponding 
to the ellipse described by the projection and this is constant for the same particle. 
rhe distance between two adjacent particles moving in the same ordinate in the 
same direction is increasing or decreasing according as they are approaching or 
receding from the plane of 77. As there are as many particles approaching as 
receding, the uniformity of the density is not affected by this motion. 

When both the principal oscillations are being described simultaneously the 
state of the motion becomes more complicated. The outer boundary is not strictly 
jllipsoidal, being dependent on both the states of motion. Since also the rotations 
in the principal oscillations are in opposite directions, we can no longer neglect 
ihe collisions between the particles. 

To take account of the collisions we must have recourse to a statistical theory 
inalogous to the kinetic theory of gases. But this would lead us too far from the 
methods of this treatise. 

For an example of the application of the kinetic theory the reader is referred 
;o a memoir by G. H. Darwin, On the mechanical conditions of a swarm of meteorites, 
c., Phil. Trans. 1889. He supposes a number of meteorites to be falling together 
"rom a condition of wide dispersion and to have not yet coalesced into a system of 
i sun and planets. No account is taken of the rotation of the system. 

Callandreau 'has discussed the case in which a comet, regarded as a spherical 
swarm of particles, is heterogeneous, the density being a function of the distance 
'rom the centre. The effect of a passage near Jupiter has also been taken into 
iccount. See his Etude siir la thcorie des comStes periodiques. He considers it 
orobable that the periodic comets are undergoing a gradual disintegration and he 
points out that according to this hypothesis a few comets captured by the action 
)f Jupiter could by repeated subdivisions produce all those known to exist. See 
The Observatory. Feb. 1898. 



LAGRANGE'S EQUATIONS. 

Note on Art. 524. 

THIS rule may be put into another form. We know that if L = T+U+Cbe the 
Lagrangian function and 9, <}>, &c. the coordinates, the equations of motion are 

d dL _dL d dL __dL ,... 

dide'~de 1 It d$'~d$' ......................... ( '' 

We now see that we may use the same equations, if we substitute 

(2), 



where M is any arbitrary function of the coordinates 0, <j>, &c. which we may find 
suitable when solving the equations. 

The expression for T 2 differs from T only in the fact that the differential co- 
efficients are taken with regard to a different independent variable, which has been 
represented by T. Thus 

<,. g^o.,,3,. 

When the equations have been solved the paths of the particles are found by 
eliminating r without enquiry into its meaning. 

The equation of energy is supposed to be T- U=C ; the constant C is therefore. 
known when the initial values of 6, 0, &c., 6', <', &c. are given. 

We notice that one solution must be analogous to that given by the principle 

TO 

of vis viva. We therefore have ~ = H(U+C). Since this must agree with the 

equation T=U+C, it immediately follows that T=T. i ( (T \, 1\ = M"T. The 

" \dt / 
relation between T and t is therefore Mdr=dt. 

When the paths of the particles are alone required, we may eliminate the time 
from the Lagrangian equations by using a neio function instead of the Lagrangian 
function. 

. In this method we choose some one coordinate 6 to be the independent variable 
and regard the others 0, \j/, &c. as unknown functions of 6 whose forms are to be 
determined by the altered equations of motion. Let 

T=44 ll /a +/i ia 0v + 44 B 0' 2 +4 S! ,0y+ ..... : ............ (4), 

where accents denote differential coefficients with regard to the time. Let also 
T'=^A ll + A^ } + ^A^^ + A.,^ l ^ l + ..................... (5), 

where the suffixes of 0, i/>, &c. here denote differentiations with regard to the new 
independent variable 6. 

(IT dT'. dT dT'. n 



The equation of energy gives 



T'9*=U+C, .:6' = ........................ (7). 



_._ . ,. d AT ' dT dU , 

The Lagrangian equation -T . - -7 = becomes 
e dt d<>' d<> d 



i" ) de \ T dfal ~ d<t> T' dp 
vhere all the differential coefficients are partial except the djdO. 
Kemembering that U is not a function of fa , this becomes 



If then we use Q = {(U+C) T'}^ as if it were the Lagrangian function and 
f egard 9 as the independent variable, we have the equations 



_ 
d6 d d' ' 



f rom which the paths may be found. 

This result follows easily from the theorem of Art. 524 by putting dr=d6, aud 
we have here reproduced so much of that article as is required for our present 
purpose. If dr=d9, we have MdQ = dt and therefore by (7) of this note 

/ y \i 
31= ( r . Substituting in (2) the Lagrangiau function becomes 



We notice that however the expressions for the vis viva and the worlc function 
may be different in different problems, yet ,vo long <ts the product (U+ C) T' remains 
unchanged, the paths are determined ly the same relations between the coordinates 
9, <f>, f-c. 

Since in the Lagrangian equations, the letters d, <, &c. represent arbitrary 
functions of the quantities or coordinates which determine the position of the 
system, it is evident that we have here taken as the independent variable any 
arbitrary function of the coordinates. 

If some one coordinate, say <p, is absent from the product (77 + (7) 2" (though T 
contains the differential coefficients of <jf>), we see that one solution of the equations 
of motion is 



where a is an arbitrary constant. If C is arbitrary, the product Q cannot be 
independent of <j> unless 2" and U are separately independent of <p. But when C 
is given by the initial conditions this limitation is not necessary. If we substitute 
for dT'/dfa and T' the values given by (6) and (7) this integral becomes dT/d^' = 2a, 
which is the same as that obtained in Art. 521. 

1 We may deduce this extension directly from the Lagrangian equations. Suppose 
T=3l !i/i, ,<?'- + &c.}, U+C= ,./(#, ^, &c.), 

i- u I jyj \ T n 

Milinvn -\T \a c, f.TviAH^v, ^F ft ^ ,0. ,,-l^ln J X'r, o ^n n nf fnnnti'nvia nf A. Tn fViiu 



for gives 



If then the initial circumstances are such that the equation of energy is 

dT 

T;= U+ C, we have -; . = a. 
dip 

As a simple example, consider the case of a projectile moving under the action 
of gravity. We have T=\(x' z + y'"), U=-ffy. Since the product of these is 
independent of x we choose some other coordinate as the independent variable. 
Writing x l ^=dxjdy we have 



This by an easy integration leads to the parabola (x - /3) 2 =4a 2 (y + C- a 2 ). 

The elimination of the time from the Lagrangian equations is given by Painlev6 
in his Lemons sur I'integration des Equations differentielles de la Mgcanique, 1895. 
By an application of the principle of least action he obtains the function here 

called Q and writes the equations in the typical form -7-7- = - . From these 

. dffi dq n <% 

he deduces (page 239) that the Lagrangian equations may be written in the two 
forms 

<3 L <W_dT_dV *_ dT> _&r..Q 

dt dq' dq ~ dq ' dr dq' dq ' 

where T'=T(U+C) and dr=(U+C) dt. This special result follows from that 
given at the beginning of this note by putting 1/Jf = U+C. Its importance lies in 
the fact that by this change the motion is made to depend on that of a system moving 
under no forces. 

The elimination of the time from Lagrange's equations is also given by Darboux 
in his Legons sur la theorie generate den surfaces, Art. 571, 1889. He expresses his 
results in the same form as Painlev^. 

We may obtain an extension of the theorem (2). In such problems as those 
discussed in Art. 255 the Lagrangian function takes the form 

L=L 2 + L, + L ................................... (12), 

where L n is a homogeneous function of 6', 0', &c. of the order n, the coefficients 
being functions of 6, (f>, &c. but not of t. We then find as in Art. 512, Ex. 3, that 
the equation of energy becomes 

2 -A,= C ....................................... (13). 

Proceeding as in Art. 524, we change dt into dr and write 



C) .............................. (14). 

We may now use this as the Lagrangian function. 
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CORIOLIS. Theorem on relative vis viva, 257. 

CRAIG. Particle on an ellipsoid, 568. Treatise on projections referred to, 609. 
CURVE. Motion in two dimensions, fixed, 181, rough, 191, moving, 197. Three 

dimensions, fixed, 626, moving, 528, changing, 533. 
CYCLOID. A tautochrone, 204, theorems, 206, rough, 212. Kesisting medium, 210. 

A brachistochroue, 601, 602, theorems, 603, Ac. 
CYLINDERS. Motion on, 544. Brachistochrones, 612, Ex. 3. 
D'ALEMBERT. The principle, 236. 
DARBOUX. The apsidal angle, 427. Force in a conic, 450. Kelation of brachiato- 

chrones to geodesies, 609. Elimination of the time in Lagrange's equations, 

page 410. 

DARWIN. Periodic orbits, 418, note. Swarm of meteorites, page 407. 
DEGREES OF FHEEDOM. Defined, 252. 
DESPEYRONS. Problem on time in an arc, 203, Ex. 1. 
DIMENSIONS. General theory, 151. In central orbits, 316. 
DIRECT DISTANCE. With this law of force, rectilinear motion with friction, 125, 

and resistance, 126. Time in an arc of lemniscate, 201, Ex. 2, 3. Central 

force, &c., 325. 
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DBIK ANSWERS. In rectilinear motion, 98. In two dimensions, 266. 

FECTIVE FORCE. Defined, 68, 235. Eesultant effective force and couple, 239. 

Virtual moment, 507. 
LIPSOID. Cartesian coordinates, 568, a case of integration, 569, 575. Elliptic 

coordinates, 576, a case of integration, 578, 582. Spheroidal coordinates, 

584. Central force, 570, 571, 572. Motion on a line of curvature, 583. 
CiipTic COOEDINATES. Two dimensions, 585, three, 676. Translation into 

Cartesian, 576, 580. 
LIPTIC MOTION. Time found, 342, 345. Disturbed by impulses, 371, &c., by 

continuous forces, 376. Change of eccentricity and apse, &c. by forces, 380, 

by a resisting medium, 383. Kepler's problem, 473, Lagrange, 479, Bessel, 

480. Elliptic velocity, 397. 
rcKK. Resistance to a comet, 385. 

[EitGY. Principle of, 250. In central forces, 313. See also vis viva. 
'ICYCLOID. A central orbit, 322. Force infinite, 472, Ex. 2. A tautochrone, 211. 
IUIANGULAR SPIRAL. Pressure, 190, Ex. 8. Moving spiral, 198, Ex. 2. A tauto- 

chrone, 211. A central orbit, 319, particle at centre of force, 470. 
ILER. Problem on a rebounding particle, 305, Ex. 4. On motion in a parabola, 

350. With two centres of force, 585, note. Lemniscate, 201, Ex. 2. 

Brachistochrones witb a central force, 691, note. 
NIXE DIFFERENCES. Problems requiring, 305. 
RHYTH. Differential equations, 243. Theory of functions, 489. 
>UCAULT. Pendulum referred to, 57, 627. Theory, 624, 626. 
trc'rioN. Bough chords with gravity, 104, centre of force, 133. Bough curve, 191. 

Discontinuity, 125, 191. 

IOST. Elliptic velocity, 397. Singular points in a circular orbit, 466. 
vuss. Coordinates, 546, 547. 
EODESIC. Line, 539. Circles on ellipsoid, 548. Roberts, 571. Brachistochrones 

Bertrand, 610, Darboux, 609. 

LAISHER. Time in an ellipse, 347, Ex. 1, 476. Force in a conic, 450, note. 
RAY AND MATHEWS. Treatise on Bessel functions, 286, Ex. 9. Kepler's problem, 

481. 

REENHILL. An integral, 116. Motion of projectiles, 169. Cubic law of 

resistance, 177. Elliptic functions, 213, note, 364. Paths for a central 

force ij.u n , special values of n, 366, note. Stability of orbits and asymptotic 

circles, 429, note, Conical pendulum, 555, note. 

ROUPING. Of trajectories of a particle. Theory, 636, 638. Special cases, 169, 

330, 339, &c. 

UGLIELMINI. Experiments on falling bodies, 627. 
'AERDTL. Traces path of a planet in a binary system, 418, Ex. 2. 
IALL, ASAMI. Satellites and mass of Mars, 403. Singular points in central orbits, 

465, note. 

[ALL MAXWKLL. On Algol, 405, Ex. 1. 

!ALPIIAN. Law of gravitation, 393, Ex. 1. Force in a conic, 450, note. 
!Ainr/rox. Law of force in a conic, 453. Hodograph, 394. 
[AIIMONIC OSCILLATION. Definition, frequency, amplitude, &c., 119. 
Heavy particle on, fixed, 527, moving, 534. 

Motion on, Liouville's solution, 583, Ex. 4, another problem, 543, 



HILL. Stability of the moon's orbit, 417. 

HODOGRAPH. Elementary theorems, 29. Central orbits, 394. Itself a central 

orbit, 398. 

HOPKINS. Infinitesimal impulses, 148, note. 
HOESE-POWEE. Denned, 72. 
HUYGENS. Terminal velocity, 111. 

IMPULSES. How measured, 80. Infinitesimal, 148. Smooth bodies, 83, &c. 
INERTIA. Explained, 52, 183, note. Moment of, 241. 
INFINITE. Force, 100, 466. Subject of integration infinite, 99, 202. 
INGALL. Motion of projectiles quoted, 169. 
INITIAL. Tension and curvature, 276, &c. String of particles, 279. Starting from 

rest, 280. Initial motion deduce from Lagrange's equations, 617. Three 

attracting particles fall from rest, 284, Ex. 6. 
INTEGRALS. Of the equations of motion. Two elementary, 74, 75. Bectilinear 

motion, 97, 101. General and Particular integrals, 244, 245. Summary of 

methods in two dimensions, 264. Integrals of Lagrange's equations, 621 

and page 408, Liouville's, 522. A general case in three dimensions, 497, in 

Jacobi's method, 645. 
INVERSE SQUABE, law of. Eectilinear motion, 130. Particle falls from a planet, 

134. Central force, 332, &c. See Time. 
INVERSION. Of the motion of a particle, 628. Of the pressure on a curve, &c., 631. 

Of the impressed forces, 631, 632. Calculus of variations, 650, Ex. 2. 
JACOBI. Integral for a planet in a binary system, 255, 415, 417. Case of solution 

of Lagrange's equations, 523. Two centres of force, 585, note. Method of 

solving dynamical problems, 640, 644. Criterion of max-min in the calculus 

of variations, 594, 648. 

JELLETT. On brachistoohrones, 591* note, 650, Ex. 1. 
KEPLER. The laws, 387. Law of gravitation in the solar and stellar systems, 390. 

Kepler's problem, 473. 

KOETEWEG. Stability, asymptotic circles, &c., 429, note. 
LACHLAN. Treatise on modern geometry referred to, 219. 
LAISANT. On a case of vis viva, 258. 
LAGRANGE. Energy test of stability, 296. Conical pendulum, 655, note. Two 

centres of force, 585, note. 
LAGRANGE'S EQUATIONS. Proof, 503, &c. Elementary resolutions deduced, 512. 

Ex. 1, 2; vis viva deduced, Ex. 3. Small oscillations, 513. Initial motion, 

517. Methods of solution, 521, and page 408. Change of the independent 

variable, 524, and page 408. Transference of a factor, 524. Elimination of 

the time, page 409. 

LAMBERT. Time in an elliptic arc, 352. 
LAME. On curvilinear coordinates, 525. 
LAPLACE. On three attracting particles, 406. Series for longitude of a planet, &c., 

476. Other expansions, 487, Ex. 3, 4, 5. Convergency, 488. 
LAEMOR. Calculus of variations, 591, note. Inversion, 628, note. 
LAWS. Of motion, 51. Of resistance, 171. Of Kepler, 387. 
LEAST ACTION. Principle of, 646. A minimum, 647, 648. Case when there is no 
free path, 649. Relation to brachistochrones, 650, <fee. Parabola, ellipse 
and any central orbit, 651. Terms of the second order, 663, 664. 



LEMNIKCATE. Time in an arc, 201, Ex 2 3 n 

Two centres of force, pressure 190 'EX 11*?* ^ k"* in the aode ' *>- 
central orbit, 363, Ex. 2. A brachislocbrone' B T?\^' *' The *** a 
LEVKBRIER. True and mean anomalies, 347 ' 

LIMITING VELOCITY. Explained, in. Theorems 115 116 * 
LINEAR EQUATIONS. Theory, na. Elementary cases' 199 T n 
LIOUVILLE. The line arrangement of three attain, J * , Oscillatioi - 

of Lagrange's equation, 622. ^^*"^*>***' Solution 



centres of force, 585, note. Solu by J*V ^ 568 ' 
problems, 645. * JaC blS meth d of a das* of 

LLOYD AND HADCOCK. Treatise on Artillery, &c leg note 

MA NI N, Rectilinear motion, 139. In two dimensions, 303. Central orbits, 

MASS. Units, 63. Problems on bodies without mass 267 Of a i , 

MAXWELL. Laws of motion quoted, Bl. planet ' m ' 

MEAN DISTANCE. Of a planet. Mean value of r n , 344. 

MiLLtm. Comparison of standards, 63. 

MOMENTUM. Linear, 54, 79. Angular, 79, 492. Conservation of 

angular, 92. Equation of moments in two dimensions, 259 

forces, 306, in three dimensions, 492. 
MOVING AXKK. In two dimensions, 223. Geometrical relations between relative 

and actual path, 229. Oblique axes, 232. In three dimensions 498, deduced 

from Lagruuge's equations, 512, Ex. 2. Moving curves 197 Moving 

central orbits, 369. ' ' 

MmiWEAJ). On the laws of motion, referred to, 51, note. 
MAYKVKKI. The law of resistance, 171. 
NEWTON. Laws of motion, 51. Constant of gravity, 67. Law of elasticity, 83. 

Two attracting spheres, 134, Ex. 3. Central forces, a circle, 318; a conic 

about any centre, 450, a moving orbit, 359. 
NIVKN. Motion of projectiles, 169, note. 
Uium-H. Bortrand on cloned orbits, 428. Orbits near the origin, 437, at a great 

distance, 438. Classification of orbits for F=/j.u n , 436. A central orbit is a 

brachiHtoohrone, 606. 

OHTIIOUONAI, COORDINATES. Examples and Lame's generalization, 525. 
OHCILLATIONH. Small rectilinear, 137. Problems, 138. Small curvilinear, 199, 

finite.', 200. One degree of freedom, 285, two, 287. Principal oscillations, 

292. Of Kunpended particles, 300. About a steady motion, 304. Iiisuf- 

iicicncy of a first approximation, 302. Of a series of n particles, 305. Use 

of Lugrangc'H equations, 613. 
PAINLKVK. Particle on an ellipsoid, 568, note. Elimination of time from Lagrange's 

t!(|imtionn, page 409. 

1'Aii.vLr.itt FOHCJCH. Constant, see Projectile. Variable a conic described, 323, 462. 
PAUALLKLOUIIAM LAW. Velocity, 4, acceleration, 28, angular velocity, 43. Vectors, 

222. 
PATH. Laplaco's differential equation, 268. Solution in some eases, 269, &c. 

Central forces, 309. 
I'KNi.ur.uM. Change of place, 207, Ac. See Circle and Conical Pendulum. Eolation 

of the eurth, 621, 624, Ac. 
POINT TO POINT. Path under gravity, 159. Under a central force, 330, 339. 



POISSON. Expansion of true anomaly, &c., 487, Ex. 3. Effect of the rotation of 
the earth, 627. 

PKESSTJBE. Two dimensions, 184. Three dimensions, 526, &c., 536, 552, 660, &c. 
A constrained motion may be free, 190, 193, 194, &c., 629, &c. Does the 
particle leave the curve? 195. 

PBOJECTILES. In vacuo, 154, by Jacobi's method, 645. Eesistance KV, 162. 
Resistance w n , 168, cases of n=2, 172, n=3, 177, =0, 176, Ex. 5. Given 
trajectory find the resistance, 179. Rotation of the earth, high and flat 
trajectories, 621. Deviation from parabolic motion, 623. 

POISSEUX. The spirals of, 322. 

RECIPROCAL SPIRAL. A central orbit rB=a, 358. Radial velocity constant, 358. 
Arrival at the centre of force, 472. 

REICH. Experiments at Freiberg, 627. 

RELATIVE MOTION. Acceleration relative to a moving point, 39, 276; to a moving 
curve, 197. Relative and actual paths, 229. Coriolis, 257. Three dimen- 
sions, relative to the meridian plane, 495, to a moving curve, 630. 

REPRESENTATIVE PARTICLE. Defined, 295. 

RESISTING MEDIUM. Rectilinear motion, light particle, 102. Heavy particle on a 
chord, 107, falls freely, 115, &o. Curvilinear motion of a heavy particle, 
162180. Law of resistance, 171. Resistance in the solar system, 385. 

ROBEETS, R. A. Integral calculus referred to, 116. 

W. B. W. Motion on an ellipsoid, 568, 571. 

ROOEE. On brachistochrones, 591, note, 612, Ex. 3. 

ROOCHE. Convergence in Kepler's problem, 488. 

SALMON. Solid geometry referred to, 577, 610. 

SANG. Heavy particle on a circle, 217. 

SCHIAPAKELLI. Disintegration of comets, 414, note. 

SECOND APPROXIMATIONS. Rectilinear motion, 141, curvilinear, 202, 302, 303. 

Central orbits, 367, 426. Conical Pendulum, 662, 564. 
SERRET. Lemniscate, 201, Ex. 2. Two centres of force, 585, note. 
SIMILAR. Configurations, 265, Ex. 9, 10. Line arrangement of three particles, 409, 

&c. Triangle arrangement, 407. 
SINGULAR POINTS. Of infinite force, 466. Arrival at the centre of force, 468. 

Special cases, 470, 472. 
SLESSEE. Acceleration for moving axes, 500. 
SPHERES. Impacts of smooth spheres, 83, &c. Energy lost, 90. Impulses of 

spheres inside moving vessels, tied by strings, &c., examples, 94. Motion of 

a point on a sphere, 542, &c., 555, &c. 
STABILITY. Energy test, 296. Of oscillations, 287. When the law of force is the 

inverse /cth, 298. Of the moon's orbit, 417, 418. Of central orbits, 439, 444. 
STOKES. Resistance to comets, 386. On the figp'-e of the earth, 619, Ex. 5. 
STONK. Longitude is elliptic motion, 476. 
STRING op PARTICLES, n heavy suspended particles, 305. Initial tensions, &c., 279. 

Train and engine, 150, Ex. 5, 305, Ex. 3. Pulleys, 78, Ex. 10. String passes 

over a surface, 545; 
SUFFICIENCY. Of the equations of motion, 243. Insufficiency of a first approxi- 
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SURFACE. Small oscillations of a heavy particle about lowest point, 301. About 

steady motion, 553. Motion on any surface, 535, &c. Cylinders, 544. 

String, 545. Developable, 549. Of revolution, 541, the zones, 550, &c. 

Paraboloid, 554. Sphere, 542, 555. Ellipsoid, 568. 

SWARM. Stability of a spherical swarm, 414. Ellipsoidal swarm, page 406. 
SYLVESTER. Motion in a circle 321, with two centres of force, 194. 
TAIT. Relation of brachistochrones to free paths, 691, 650. Brachistochrone 

when the velocity varies as the distance from the axis of Z, 612, Ex. 4. 

Least action in elliptic orbits, 651. 

TAUTOCHRONE. Linear equation, 119. Examples of tautochronous curves, 211. 
THREE ATTRACTING PARTICLES. Initial radius of curvature, 284, Ex. 6. Triangle 

arrangement, 407. Stability, 408. Line arrangement, 409. "Unstable, 412. 

Motion from rest in either arrangement, 413, 284, Ex. 6. 
TIME. In an arc, 199, 200. In a central orbit, ellipse, 342, hyperbola, 348, 

parabola, 349. Ellipse of small eccentricity, 345. Euler's and Lambert's 

theorems, 350, 352. Ambiguities in sign, 350, 353. 
TISSERAND. Comet in a resisting medium, 384, &c. Disintegration, 414. Criterion 

of the identity of a comet, 415. Proof of a theorem of Laplace, 487, Ex. 4. 
TISSOT. The conical pendulum, 555, note. 

THOMSON AND TAIT. Laws of motion, 51. Orthogonal surfaces of trajectories, 638. 
TODHUNTER. Error in a Newtonian problem, 134, Ex. 3. On brachistochrones, 604. 
TOWNSEND. Memoir on brachistochrones, 591, note. 
TRANSON. On hyper-acceleration, 233. 

Two ATTRACTING PARTICLES. Orbit and time, 399. Mass of a planet, 402. 
Two CENTRES OF FORCE. A circle is a possible orbit F=/xu 5 , 194. Ellipse described 

F=fM 2 , two dimensions, 355, three, 529. I (1 =/AU 3 , lemniscate, 587, Ex. 4. 

Liouville's general solution, 585, &c. In three dimensions, 588. 
UNIFORM. Velocity and acceleration, 2, 15, (fee. Angular velocity, 41. Defini- 
tion, 53. 

UNITS. Space and time, 46. Mass, 63. Force, 64. Work, 71. Horse-power, 72. 
VELOCITY. Components, 11. Moment of, 6 9. In a central orbit from infinity 

and to the origin, 312. 

VILLARCEAU. Law of gravitation, 390, note. Force in a conic, 450, note. 
Vis VIVA. See Energy. Defined, 69. Constrained particle, 184. Principle for a 

fixed field, 246, rotating field, 255. Vis Viva of a rigid body, 253. Coriolis 

on relative vis viva, 257. Deduced from Lagrauge's equations, 512, Ex. 3. 
WORK. Defined, 70. Kate of doing work, 72. Work function, 185. Central 

force, 186. Elastic string, 187. Effective forces, 507. 
WORMS. Experiments on Foucault's pendulum, 627. 
WYTHOFF. Memoir on dynamical stability, 406, note. 
YOUNG. Eule for the attraction of table land, 208. 
ZENGEK. Mean and true anomalies, 347, Ex. 2. 
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